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We develop a novel denotational model for probabilistic and concurrent imperative programs, a class of programs
with standard control flow via conditionals and while-loops, as well as probabilistic actions and parallel compo-
sition. Whereas semantics for concurrent or randomized programs in isolation is well studied, understanding
their combination remains challenging. The crux of the problem is that interactions between control flow,
probabilistic actions, and concurrent execution cannot be captured by straightforward generalizations of
prior work on pomsets and convex languages, prominent models for those effects, individually. Our work
introduces the first denotational model for probabilistic concurrent programs with unbounded looping, a
major step towards verification of these programs. We prove that the model has good domain theoretic
properties, important for semantics of unbounded loops, as well as two adequacy theorems, showing that the
model subsumes typical powerdomain semantics for concurrency and convex powerdomain semantics for
probabilistic nondeterminism. We illustrate the reasoning power of the new model with an analysis of the
randomized solution to Dijkstra’s Dining Philosophers problem, adapted from Lehmann and Rabin.

CCS Concepts: « Theory of computation — Parallel computing models; Denotational semantics;
Probabilistic computation.

1 Introduction

Program semantics is a longstanding research area, underpinning many static analysis and formal
verification techniques. From simple imperative languages, to higher-order functional ones, to the
more recent probabilistic and quantum paradigms, the development of programming languages is
often accompanied by a close study of the mathematical objects that capture the meaning of the
language’s syntactic constructs. The underlying semantic objects not only influence verification
techniques, but also how a language can be extended.

Semantics are typically presented in either an operational or denotational style. Operational
semantics give a local account of the program behavior by defining the possible atomic steps in
each configuration. By contrast, denotational models are more global, giving a full view of all
the behaviors of a completed program in one of the aforementioned carefully selected semantic
domains. That domain may give insights beyond the final memory configuration, such as whether
or not the program is guaranteed to terminate, the probability of reaching each end state, or
information about other observable effects. The need for well-defined semantics of unbounded
loops also motivated the development of domain theory, an area of research providing technical
tools to represent infinite computations via fixed points [Scott 1970; Scott and Strachey 1971]. With
increasingly complex program constructs, the need for more involved domains grew; two prime
examples are probabilistic and concurrent programs.

Probabilistic programs have been widely studied—going back to the seminal works of Kozen
[1979] and Mclver and Morgan [2005]—and their semantic domains require extra algebraic structure
to capture the distribution of outcomes generated by operations such as sampling and coin flips.
The added convex structure brings additional complexity to questions of language extensions and
program analysis, but the last decades have brought success stories on taming the complexity
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C = skip (No-op)
| a (Atomic Actions)
| C1;C (Sequential Composition)
| Ci|C (Parallel Composition)
| C&C, (Nondeterministic Choice)
| Cie,C (Probabilistic Choice)
| if b thenC; else C, (Guarded Branching)
| whilebdoC (Looping)

Fig. 1. Syntax of a concurrent imperative programming language C € emd.

through program logics and predicate transformer calculi [Barthe et al. 2018; den Hartog 1999;
Mclver and Morgan 2005; Morgan et al. 1996a; Zilberstein 2025; Zilberstein et al. 2025b, 2026].

Concurrent programs have prominent applications in distributed systems and have long been a
target of program analysis, as concurrency bugs are hard to detect and prevent. Many approaches
to concurrency semantics have been pursued, some arising from process algebra research and
some from more practical hardware considerations (e.g., memory models). In terms of denotational
semantics, partially ordered multisets (pomsets) [Brookes 2004; Gischer 1988; Grabowski 1981; Pratt
1976] provide a prominent model, expressing causality between actions and parallel branching as a
partial order.

However, the situation is more subtle when programs have not only concurrent behavior, but
also control-flow-structures—i.e., if-then-else and while-loops. For example, in recent work on
Concurrent Kleene Algebra with Tests (ckaT) [Jipsen and Moshier 2016], the proposed model
(series-parallel guarded strings) turned out not to adequately capture the behavior of concurrent
programs: using CKAT, one can prove that the equation b-C -b = 0 holds for any test b and program
C. In other words, no program can change the outcome of any test or, equivalently (and undesirably),
any test is an invariant of any program! This oversight in the interaction between concurrency and
tests highlights the need for semantic models that accurately capture the meaning of programs.

Semantics of concurrent and probabilistic programs, separately, are subtle and complex. Unsur-
prisingly, their combination introduces additional challenges, exacerbated when programs also
have control-flow constructs. In this paper, we develop a denotational model for programs that mix
probabilistic and concurrent constructs in the presence of while loops and conditionals. We work
with a simple concurrent imperative programming language, whose syntax is shown in Figure 1. In
addition to the usual control flow operations, the language also includes: parallel execution C; | Cy;
nondeterministic branching C; & C,, where a scheduler chooses whether to execute C; or C,; and
probabilistic branching C; @, C;, where C; is executed with probability p and C; is executed with
probability 1 — p. The actions a € act can perform basic operations like variable assignments;
atomic operations like compare-and-set; and probabilistic operations such as random sampling.

Studying the semantics of the language in Figure 1 is not only interesting from a theoretical
point of view; for decades, randomization has been used to enhance the capabilities of concurrent
programs [Morris 1978; Rabin 1980, 1982]. For example, Dijkstra’s famous Dining Philosophers
Problem—a distributed synchronization scheme—has no fully distributed deterministic solution
[Dijkstra 1971], but it has a simple randomized one. Despite the simplicity of the randomized
algorithm, the correctness argument is quite intricate. As Lehmann and Rabin [1981] remarked:
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“Proofs of correctness for probabilistic distributed systems are extremely slippery; in
fact the proof presented here (hopefully correct) is only the last one in a sequence of
incorrect proofs.”

Further, their proof was based on an informal understanding of the algorithm, not on a formal
model extracted from the syntax of a program. Later efforts based on Markov chains [Hart et al.
1983] also do not formally link to program syntax. Given that bugs often arise when translating
algorithms into code [Chandra et al. 2007; Liu et al. 2007], semantic models for reasoning directly
about programs provide a higher level of assurance.

Despite the importance of mixing randomization and concurrency, denotational models for
probabilistic concurrent programs with unbounded looping did not previously exist. We present the
first such model in this paper, taking a major step in the development of verification techniques to
analyze behaviors of many concurrent randomized protocols—including the Dining Philosophers—
which avoid deadlock with probability 1 (they admit infinite traces where processes never really
progress but whose probability converges to 0). We draw insights from prior work on concurrent
and probabilistic semantics, but solve several challenges unique to their combination and the
interaction with control flow constructs. In a nutshell, the contributions of this paper are:

e In Section 3, we introduce pomsets with formulae, our new semantic structure for capturing
the meaning of probabilistic concurrent programs.

e In Section 4, we prove that pomsets with formulae have good domain-theoretic properties,
meaning that they are suitable for reasoning about infinite computations such as while loops.
One key result is an extension lemma for lifting monotone operations on finite pomsets to
Scott continuous operations on infinite ones.

e We define guarded choice, and sequential and parallel composition operations on pomsets
with formulae (Section 5); those operations are then used to define the denotational se-
mantics for the concurrent imperative language from Figure 1, with uninterpreted actions
(Section 6.1).

e We define a linearization operation (via the extension lemma), parametric on the computa-
tional domain, to convert pomsets into state transformers (Section 6.2). Whereas pomsets
capture the parallelism between actions in the program, linearization collapses that paral-
lelism into all the possible outcomes of interleaving the threads in different ways.

e In Section 7, we instantiate our model in the convex powerdomain and prove our first ade-
quacy result (Theorem 7.2): the parallel-free fragment of our linearized model is equivalent
to prior probabilistic semantic models [He et al. 1997]. We also provide two examples of
how our model can be used to discover the probabilistic outcomes of concurrent programs.

o In Section 8, we instantiate our model in a nondeterministic powerdomain, and give our
second adequacy result (Theorem 8.2): the non-probabilistic fragment of our model is
equivalent to prior pomset models of concurrency.

o Asafinal, larger case study, in Section 9 we show how pomsets with formulae allow us to
reason about the randomized Dining Philosophers; differently from prior work [Lehmann
and Rabin 1981], here the protocol is implemented as an actual program with a formal
semantics, rather than informal pseudocode.

e The results from Sections 3 to 6 are mechanized in Lean 4 [Moura and Ullrich 2021]. The
Lean mechanization is available as an artifact in the ACM Digital Library, and also in an
actively maintained Github Repository [Zilberstein 2026a]. A map from the results of the
paper to their respective definitions in Lean is available in the README . md file of the artifact.
The structure of the Lean development follows the paper and was written by hand. Some of
the Lemmas in the artifact were proven with the help of Harmonic’s Aristotle tool [Achim
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et al. 2025]. A full account of the Al use is documented in the git history (see Zilberstein
[2026a]); all commiits that used Al have Aristotle listed as a co-author.

We discuss related work and conclude in Sections 10 and 11. All proofs are provided in the appendices.
An earlier version of this work was presented at the CONCUR 2025 conference [Zilberstein et al.
2025a]. This version extends the conference paper by giving full definitions throughout the paper,
generalizing the approach to support the C; & C; and C; @, C; programming constructs, providing
more insights on our model, more examples to help motivate our choices, and has an accompanying
Lean implementation.

2 An Overview of Probabilistic Concurrency Semantics

There are several challenges and pitfalls when it comes to interpreting programs that are both
probabilistic and concurrent. To illustrate the subtleties, consider the following program:

C £ x:~ flip (%) ;(y =0y :=1);if y then skip else x = x + 2 (1)

C sequentially composes three sub-programs: first, the result of a fair coin flip is stored in x; then,
two concurrent threads race to determine the value of y; and finally, a conditional based on the
value of y may result in incrementing the value of x by 2. One can see that after executing C, the
value of x can be any integer between 0 and 3, and that value depends both on random sampling
and nondeterminism (from the concurrent scheduling). The parity of x is fixed after the coin flip
(returning 0 or 1, each with probability %), but then the scheduler can influence the final value of
x by choosing in which order to run the updates to y. Importantly though, x will be even with
probability exactly % regardless of the behavior of the scheduler.

Any semantic domain for interpreting program (1) must encompass probability distributions of
program states, while at the same time accounting for nondeterminism introduced from parallel
branching. One might attempt to give semantics to program (1) using a naive composition of
distributions and powersets (as monads), but, as it is well known from prior work, such a combination
leads to non-compositional semantics [Parlant 2020; Varacca and Winskel 2006; Zwart 2020; Zwart
and Marsden 2019]. While there are several domains for combining probability and nondeterminism,
we use the convex powerdomain, which is quite well-studied in that it is a monad [Jacobs 2008] for
sequential composition, it is a directed complete partial order (pcpo) [Keimel and Plotkin 2017;
Tix 1999, 2000; Tix et al. 2009] for finding fixed points of iterated computations, and it has well
behaved equational laws [Bonchi et al. 2021; Mislove 2000; Mislove et al. 2004].

2.1 The Convex Powerdomain

We now give a basic account of the convex powerdomain C. At its core, the convex powerdomain
consists of nonempty sets of probability distributions. The sets represent nondeterministic possibili-
ties, and the distributions represent the random outcomes that can occur for each nondeterministic
choice. Additional properties ensure that C is a monad (and thus has well-behaved sequential
composition) and a Dcpo (and can thus represent infinitary computations). For more details on the
pcpo structure and monad operations, refer to Section 7 and Zilberstein et al. [2025b, §3].

Given a countable set X, a discrete probability distribution on X isamap g € D(X) £ X — [0,1]
such that 3, cx p1(x) = 1. Convex combinations are defined for distributions (u®, v)(x) = p-pu(x) +
(1-p) - v(x) and sets of distributions S®, T = {u®, v | p € S,v € T}. Aset S € D(X) is convex
if S=S@,Sforall p € [0,1], ie, S contains all convex combinations of its elements. Convexity
ensures that sequential computations can be defined compositionally. See Varacca and Winskel
[2006, §6.5] for a counterexample showing how sequential composition fails without convexity.
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The convex powerdomain on X consists of nonempty convex sets of distributions!:
CX)2{SCDXU{L}) | Sisnonempty, convex,...}

Above, 1 is a distinguished element, which represents nontermination. The domain C allows us to
give semantics to all atomic actions, by using a function of the form? [-] ., : act > S — C(S),
where S = var — val is the set of variable valuations. For example, the semantics of the coin flip
action x :~ flip (p), for any p € [0, 1], is given by a set containing one single distribution, where
x is set to 1 with probability p and it is set to 0 with probability 1 — p:

[x =~ flip (p)] or (5) = {[z{i z (1)} : IIJ—P]}

Since C(S) is comprised of sets of distributions, it can also represent nondeterministic choice, which
we denote by &. Operationally, S & T is not simply a choice between S and T, but rather it is a
choice of a distribution over S and T, corresponding to a scheduler that can use biased coin flips to
make decisions [Varacca 2002]:

saT= | ] se,T
peio]

2.2 The Need for a New Model: Pomsets with Formulae

Our goal is to develop a denotational model to compositionally reason about concurrency in a
manner that is compatible with the convex powerdomain. Pomsets are the predominant denotational
technique for concurrent programs [Brookes 2004; Gischer 1988; Grabowski 1981; Pratt 1976],
however standard pomsets cannot handle the mixture of control flow and probabilistic computation.
The key issue is that existing pomset models do not track control flow, and instead rely on the
following equation, stating that a command followed by an if-statement can be decomposed into
two traces, with the split lifted to the top:

C;if b then C, else C; = (C;assume b;C;) & (C;assume —b;C5) (2)

However, if C performs a probabilistic action, then Equation (2) amounts to reordering probabilistic
and nondeterministic effects without obeying the proper distributive law [Mislove 2000].

More concretely, prior denotational models for concurrency [-]p, : emd — P (pom) (given
later in Figure 7) map programs to pomset languages (sets of pomsets) where each pomset & € [C]p,
corresponds to a particular resolution of the tests in the program. For program (1), the pomset
language approach yields the semantics on the left of Figure 2, where the problematic Equation (2)
is implicitly applied. Arrows a; — a; indicate causality, i.e., a; must occur before a;. When there
is no arrow between two actions, they can be interleaved in any order, as is the case with y := 0
and y := 1 in Figure 2. There is a significant problem in [C], : as we will see soon, there is no
straightforward way to piece together the entire distribution of outcomes from the two distinct
structures.

Crucially, our new pomset structure tracks the results of control-flow tests (which can rely on
randomization). Tests are tracked symbolically by associating a Boolean formula to each node
of the pomset to record the resolution of tests needed to reach that point. We call these new
structures pomsets with formulae, which capture both parallel composition and guarded branching®.

1The actual definition relies on a few more properties, which we report in Section 7 and which are needed to ensure a DcPo
structure.

2Here and in the rest of the paper, we usually curry function definitions, e.g. by writing f : A — B — C instead of
f : Ax B — C; moreover, as usual, the arrow type associates at right, so A — B — C is a shorthand for A — (B — C).
3Formulae contain more information than what conflict relations usually provide, e.g., in event structures: a conflict can
only exclude execution of some branches, whereas formulae record the entire outcome of tests that lead to every node.
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. = x4 2 X =x+2
: ; N
assume y = 1 assume y # 1 2(y=1)
2N 2N N
[[C]]PLz y:=0 y=1 _ y=0 yi=1 [C]= y=0 yi=1
N, N, NPS
+ T T
x = flip () x =~ flip (1) x =~ flip (1)

Fig. 2. Pomset language model (left) vs pomset with formulae model (right) for program (1).

As such, one single structure describes all the possible program traces, avoiding the need for a set
of structures and simultaneously remaining compositional in the presence of probabilistic actions.

The semantics in our new model then takes the form [-] : emd — pom; the semantics for
program (1) is shown on the right of Figure 2. Compared to [C[p , our new model has merged the
set of structures into one single structure, where the two opposing tests are replaced by a single
node labelled ?(y = 1). The outgoing edges are labelled T and F, indicating that they can only be
followed if the test passes or fails, respectively.

2.3 Linearization and Infeasibility of Prior Approaches

Now, we may wish to know the possible probabilities for each outcome resulting from running
program (1). To that end, in Section 6.2 we develop a linearization procedure L: pom — S — C(S)
for interpreting a pomset as a state transformer, mapping a start state to the set of distributions of
end states that could be obtained by different interleavings of the concurrent actions. Linearizing
[C] from Figure 2, we get the following set of distributions:

slx =0y=1] - 1p
=Ly:=1] +— 1
chepe =] ET T ospas
> - 2
slx=3,y:=0] = 3(1-¢q)

Linearization provides new insights about the program, which were not obvious in the pomset
structure. The scheduler can make y equal to 0 or 1 with any probability, which matches our
operational understanding of the program: the scheduler can choose to execute the commands in
either the order y := 0;y := 1 or y := 1;y := 0, based on a coin flip with any bias. In addition, the
scheduler’s choice occurs after x i~ flip (3), so the scheduler picks one probability when a 0 is
flipped (p) and a second probability when a 1 is flipped (g). However, regardless of the scheduler’s
choice of p and g, x is even (or odd) with probability exactly % This formal semantics matches the
intuition for the program, since the parity of x is fixed by the initial coin flip.

We now contrast the semantics above with pomset language semantics to show that the program
C cannot be meaningfully interpreted using prior techniques. Recall that in [C]p, each pomset
corresponds to a particular resolution of the test, i.e, y = 1 and y # 1. So, in the first pomset
we will always have x € {0,1} whereas in the second pomset x € {2,3}. Let us now try to
obtain a meaningful state transformer semantics from C by linearizing each structure and then
merging the results. To do so, we assume an evaluation function for boolean tests of the form
[[~]]test : test > 8§ — {0, 1} and we use the following semantics for assume, where failed tests
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evaluate to a special ? symbol, which halts the program execution:

s> 1 if [[b s)=1
[assume b] ., (s) = { i[[v — 1% if %b%ﬁj Esi =0

Now, letting ey and a; be the left and right pomsets in [C[,,, we apply linearization to both
structures to obtain:

[ s[x=0y:=1] — 3p1
Lla)(s)=1| slx=1Ly:=1 = iq 0<pLq <1
? - 1-1(p1+q) |
[ slx=2y=0] > 1ip ]
Laz)(s) =] s[x=3y:=0] - 1ig 0<prq <1
? — 1—%(p2 +q2) |

Already, we can begin to see a problem; in L([C])(s) the scheduler picks two probabilities, but
here the scheduler picks four probabilities, giving it a higher degree of freedom to influence the
outcome of the program. We could try to define an operation > to merge the two semantics. As a
first attempt, let us try to generate a new set of distributions by summing the non-? probability
mass in every pair of distributions from the two sets such that the mass of ? in one is equal to the
non-? mass in the other:

ifs #?

SeaT 2 {uvav|peSveT,u?)=1-n?)} (pw)(s)é{ g’(s)”(s) s,

Indeed, this gives us L([C])(s) € L(a1)(s) >« L(a3)(s): take any g € L([C])(s), which is
generated by fixing some probabilities 0 < p,q < 1. Picking p; = p, 1 = g, p2 = 1 — p, and
q2 =1—q,weseethat p € L(a1)(s) > L(a2)(s). However, L(a1)(s) >« L(a)(s) contains extra
distributions that are not in L([C])(s), and are not correct outcomes of the program. For example,
letting p; = p; = 1 and q; = g2 = 0, we get:

s[x =0,y :=1] |—>%
Doy D | e Ll L
s[x:=3,y:=0] >0

But the distribution above cannot be an outcome of running the program, since x is even with
probability 1, deviating from the expected operational behavior!

So a different implementation of s« is needed, which is more discerning about the compatibility
of pairs of distributions from the two sets. But as it stands, there is no information in £L(a)(s)
and L(a2)(s) to indicate compatibility. While we do not claim that it is impossible to recover
compatibility information during linearization, our investigation suggests that it would not be
straightforward. A proper linearization of the pomset language [C]p, would essentially amount to
a lockstep execution of the two pomsets, so that both branches can be taken with the appropriate
probabilities. That lockstep execution corresponds to a straightforward linearization of the single
pomset with formulae [C], where each test already has information about both branches. Pomsets
with formulae instead provide the correct semantic structure for this domain. In the remainder
of the paper, we develop the formal details of our pomset with formulae model and associated
linearization procedure.
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3 Semantic Structures

In this section, we define the mathematical structures that will form the basis of our semantic model.
As we already discussed in Section 2, these structures must account for both the deterministic and
the parallel branching behavior of the language from Figure 1. We begin by recalling basic order
theory definitions in Section 3.1 before defining the specifics of the structures that we will use
throughout the remainder of the paper in Sections 3.2 and 3.3.

3.1 Preliminaries

We begin by giving basic definitions from order theory and the pomset literature. First, we introduce
partial orders, which are used to represent causality in our semantic structures.

Definition 3.1 (Poset). A partially ordered set, or poset, is a set equipped with a partial order: that is,
a pair (X, <) consisting of a set X and an order relation < C X X X which is reflexive, transitive
and antisymmetric. When the order is instead irreflexive (i.e, x ¢ x for all x € X), the poset is
called strict and the order relation is denoted by <.

Given a strict poset (X, <) and x € X, we define the upward and downward closures:
T={yeX|x<y} x|l ={yeX|y<x}h
and its set of immediate successors and predecessors as
succ(x) 2 {y e xT | Pz.(x <z < y)} pred(x) = {y € x| | Bz.(y <z < x)}

All the above operations can easily be extended to sets of elements, e.g., XT = (U ex xT, for any set
X. The set of minimal and maximal elements of a poset are given by:

max = {x € X | succ(x) = 0} min £ {x € X | pred(x) = 0}

To define our new structures, we need a few more definitions on posets that will play a role in
proving the existence of fixed points, essential for giving a semantics to unbounded loops. First, we
recall the notion of downward closed sets, which are those subsets of a given poset that contain all
the predecessors of all their elements.

Definition 3.2 (Downward Closed Set). Given a poset (X, <), aset Y C X is downward closed, written
Y ¢ X, iffforall y € Y it holds that y| C Y.

Second, we need a notion of a poset being finitely preceded.

Definition 3.3 (Finitely Preceded). Given a poset (X, <), an element x € X is finitely preceded if there
are finitely many elements smaller than it; i.e., |x]| < co. The poset (X, <) is finitely preceded if
every x € X is finitely preceded.

Third, we define the level of an element x in the poset, lev(x), which denotes the length of the
longest path from a minimal element to x (due to Meyer and de Vink [1989]).

Definition 3.4 (Level). Given a finitely preceded poset (X, <), define lev: X — N:
lev(x) = sup {n |3x0,...,xn eX.xp€min Ax,=x A VYi<n.xjq € succ(xi)}
We also define its inverse lev™': N — P (X):

levl(n) 2 {x € X | lev(x) = n}
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Let nodes be a countable universe of nodes, that will be denoted by x,, z, . . ., whereas subsets
of nodes will be denoted by N, X, Y, . ... We start by defining the class of Boolean formulae using
nodes as the variables:

form s ¢ i=true [false | Y1 A |1 V2 | =Y | x
Formulae are interpreted by valuations v: nodes — B, where B = {0, 1}; the satisfaction relation,
written o k ¥, is defined in the standard way:

Definition 3.5. The satisfaction relation & C (B"°%) x form for Boolean formulae is given by:

v F true always v F false never
VEYL A Y, iff vEY;andoE iy VEYL Vi iff vEYroruEy,
vE Y iff vry VEX iff o(x)=1

The variables of a formula i/, written vars(y/), are those nodes that appear in . We write:

e sat(y) iff there exists a valuation v such that v £ ¢;
o Y=y iffvEy’, for every v £ /; and
s Yoy iffy = ¢ and Yy’ = .
We conclude this section with the definition of a directed complete partial order, a standard domain
theoretic definition, which will allow us to reason about fixed points (more details in Section 4.2).

Definition 3.6 (pcpo). Given a poset (X, <), a subset D C X is called directed iff it is not empty and,
for every two elements x;, x; € D, there exists x € D such that x;,x; < x. The poset (X, <) isa
directed complete partial order (Dcpro) iff, for every directed subset D, sup D exists; furthermore,
(X, <) is called pointed if there exists an element L € X such that 1 < x for all x € X.

3.2 Labelled Partial Orders with Formulae

The core of our semantic structure is a new type of labelled partial order, called a labelled partial
order with formulae (LPOF). In order to formally represent mathematical objects like the ones in
Figure 2, each node must have a unique identifier, so that we can describe its relationship to the
other nodes. Using the node’s label (e.g., the actions and tests in Figure 2) is not sufficient, since each
label may appear multiple times. But since the specific identifiers used are ultimately irrelevant, we
will later abstract them away by working with equivalence classes of LPOFs.

Definition 3.7 (LPoF). Let (L, <) be a pointed, finitely preceded pcro with bottom element L. A
labelled partial order with formulae (LPOF) over L is a 4-tuple a = (N, <, A, ¢) where:

(1) N C nodes is a countable set of nodes;
(2) (N, <) is a (strict) poset such that:
(a) it is finitely preceded, that is |x]| < co, for every x € N;
(b) every level has a finite number of nodes, i.e., [lev™'(n)| < oo for all n € N; and
(c) itis single-rooted, that is: |min | = 1.
(3) A: N — Lis a labelling function such that succ(x) = @ whenever A(x) = L.
(4) ¢: N — form is a formula function satisfying:
(a) sat(p(x)) and vars(¢(x)) C x|, for all x € N;
(b) ¢(y) = ¢(x),forall x < y.

We denote by Ipof (L) the set of all LrOFs over L.
For some LPOF a = (N, <, 4, ¢), we use N, <o, Ay, and ¢, to refer to its constituent parts;

similarly, we annotate all functions with the LpoF they refer to, e.g., x|, succy(x), min,, etc. We
now explain the conditions in Definition 3.7.
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As is typical in pomset semantics, the partial order in (N, <) denotes causality: x < y iff x must
be scheduled before y. If x £ y and y £ x, then x and y execute concurrently and can be interleaved
in any order. For example, see the diagrams below:

U1 Y2 7N
N A Y1 Y2
X N A

RSN

From left to right, the first LPOF represents a sequential (totally ordered) program, where x < y < z.
The second LpOF has a parallel branch, so that x < y; and x < y,, but y; and y, have no relation.
This means that y; and y, execute concurrently: one is not required to come before the other. The
last LrPOF also has a branch, but the branches eventually merge, as y; < z and y, < z. Here, y; and
y, still execute concurrently, but both must be executed before z.

With this in mind, conditions (2a) and (2b) are standard; in particular, since a node represents an
action of a program, having finitely many predecessors ensures that every action may be scheduled
in a finite amount of time. Infinitely preceded actions are omitted from the structure, as they will
never be executed. Moreover, requiring that every level has a finite number of nodes is a weakening
of the usual finite branching property: we allow a node to have infinitely many successors, but
they cannot be all at the same level; this suffices to carry out our proofs. We defer the discussion
on condition (2¢) to Remark 1 later on.

Concerning condition (3), labels correspond to Boolean tests and actions, performed during a
program execution (e.g., Figure 2). Unlike standard pomset models, actions can be probabilistic,
and our model is consistent with known sequential probabilistic semantics (Theorem 7.2). For
the moment, we leave labels unspecified, only assuming the presence of L, used to denote a
nonterminating computation, which is fundamental in approximating the fixed point semantics of
while-loops. Since L denotes nontermination, nodes labelled with L cannot be predecessors of any
node, as the successors of L would never be executed.

Condition (4) is about formulae, which are crucial for modeling conditional constructs (if-then-
else and while-loops), such as

if b; then a; else if b, then a, else a3

where by and b; are tests and ay, ay, as are actions. This program corresponds to the LPoF below,

where A(x;) = ¢ for all £ € {by, by, ay, ay, as}, ws w; means that ¢(w;) © ¢(w) A w and ws Wo
means that ¢(w;) © ¢(w) A =w (i.e, w is labeled with a test, whose outcome leads to w; or wy,
depending on the Boolean outcome depicted on the colored arc):

@(xa,) = —xp, A Xp, Xa, Xa;  ©(%Xay) = Xp, A 2Xp,
T’\ F
@(xq,) = xp, Xa, Xp, @ (xp,) = ~xp, (3)
~N o4
¢(xp,) = true Xp,

Hence, every node x labelled with a Boolean test yields a (binary) branch and its (two) successors
have the same formula as x, with an extra conjunct that is either x or —x, according to the outcome
of the test. With this in mind, Definition 3.7(4) is quite intuitive:

e Requiring sat(¢(x)) amounts to expressing the fact that every node x is reachable, i.e., there
exists a truth assignment v such that v £ ¢(x). The truth assignment tells, for every node
labeled with a Boolean test, whether that test passes or not. In our example, x,, is reachable
when both the tests b; and b, fail; this is exactly what satisfiability of ¢(x,,) entails (viz.,
that both b, and b, must be false to satisfy —xp, A —xp,).
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e This intuition justifies the other two requirements of Definition 3.7(4): reachability of a
node can only depend on the values of the tests that precede it (and so ¢(x) can only use
nodes that precede x) and, since along a path we shall only add conjuncts, the formula of a
higher-level node is stronger than the formulae of all of its predecessors.

3.3 Pomsets with Formulae

Although LPOFs express causality and branching behavior, they are not ideal semantic structures
because information about node identifiers is extraneous. We instead work with partially ordered
multisets (pomsets), which abstract away from the specific names used. Pomsets are equivalence
classes of LroFs. To formalize equivalence classes, we first need to define isomorphism of LPOFs.
Intuitively, two LPOFs are isomorphic if they are equal, modulo renaming the node identifiers.

Definition 3.8 (LPOF Isomorphism). Let a and f be LpoFs and f: N, — Nj be a bijection between
their nodes. Define f(a) = (N, <, A, ¢) as

N2 {f(x) [xeNe} <={(f).fW)|x<ay} A2Aaof @=fogzof’
where f(¢) syntactically renames the variables of i in the obvious way. Then, we say that « and f
are isomorphic, written a = f, iff there is a bijection f: N, — Ng such that f(a) = .

Given the above definition of isomorphism, we can now define pomsets to be isomorphism
classes of LPOFs.

Definition 3.9 (Pomsets with Formulae). Let [a] = {f € lpof (L) | &« = } be the isomorphism class
of a. A pomset with formulae (or, simply, pomset) @ € pom(L) is an isomorphism class of LPOFs:

pom(L) = {[a] | « € lpof (L)}

4 Domain Theoretic Properties

Although Definitions 3.7 and 3.9 do accommodate structures with infinitely many nodes, we have
not yet developed the tools needed to construct, manipulate, and compactly represent them. In this
section, we develop those tools, based on Domain Theory [Abramsky and Jung 1995; Scott 1970,
1972; Scott and Strachey 1971].

4.1 Orders on LpoFs and Pomsets

The first step is to define an order relation, which describes what it means for one semantic structure
to approximate another one. For LPOFs, the intuition is that & Cyor f iff f can be obtained by
expanding L nodes in « into larger, more defined structures; in a sense, we can say that  has more
behaviors than a. For example, each unfolding of a while-loop produces a larger structure (w.r.t.
Cipof)» as shown in Section 6.1. Since LPOFs can only be expanded from L nodes, the label set L
must be pointed (i.e., L € L); however, the order on L need not be flat: labels themselves can also
become larger when passing from « to f (e.g., if actions are nondeterministic assignments from
a given set, this corresponds to enlarging the set of possible choices). The order on labels can be
useful to model invariant sensitive execution, introduced in Probabilistic Concurrent Outcome Logic
[Zilberstein 2026b; Zilberstein et al. 2026]. Notationally, Bot, denotes the set of nodes labelled with
1,ie,Boty = {x € Ny | As(x) = L}.

Definition 4.1 (Ordering on LPOFs). We let & Cppor f iff:
(1) Ny €| Ng, ie, N, is a downward-closed subset of Np;
(2) <o = <p N (Ng X Na)§
(3) Forall x € N:
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(@) Aa(x) < Ap(x);

(b) ¢a(x) = pp(x);

(c) succq(x) = succp(x) \ BoteTp.
Example 4.2. Consider the following three LpPOFs:

z z

a=yi(L) Y2 B= (L) yTz Y= Y2

N A K, A KA
X x X
where node y; is labelled with L in & and f, whereas all other nodes have non-_1 labels. Following
the intuition given above, both « and f are attempts to specify that the computation in y is
truncated at y;. However, only a Cy,or y because, if | represents a diverging computation, then z
will never have all the causes it needs to be executed and so it must disappear. Indeed, f Zjor ¥
because, even though Ng €| Ny, condition (3c) of Definition 4.1 is violated: z € succg(y;) but
z ¢ succy (y2) \ BotﬁTy, since y; € Botgand y; <y z.

The order on LpPOFs yields a partial order (see the proof in Appendix B.1):
LEMMA 4.3. (lpof (L), Epof) is a poset.

Moving to pomsets, we use the same order relation on the underlying LPoF structures of the
pomset.

Definition 4.4 (Ordering on Pomsets). Let & Cpo Biff 3o € ar. 3B € B. o Cyor P

In fact, the Cpop, order can be defined equivalently by taking any § € B, or by taking any « € o
that has enough unused node identifiers. The proof is in Appendix C.1.

LEMMA 4.5. The following two statements hold:
(1) @ Cpom p & VB € B.da € a.alyy f;and
(2) @ Cpom B = Va € a. |nodes \ Ny| =co = 3 € f.aCpor f

As a consequence of Lemmas 4.3 and 4.5, Cpop, also yields a partial order (see Appendix C.1).

COROLLARY 4.6. (pom(L),Cpom) is a poset.

4.2 Suprema and Directed Complete Partial Orders

Infinite pomsets, particularly those resulting from iterated computations such as while-loops, are
constructed most readily using fixed points. We begin by laying out some standard domain theoretic
definitions and results, which will allow us to prove that fixed points over pomsets exist. For a
more detailed introduction, refer to Abramsky and Jung [1995].

Definition 4.7 (Scott Continuity). Given two DcPos (X, <x) and (Y, <y), a function f: X — Y is
Scott Continuous if

e it is monotone: f(x) <y f(x’), for all x <x x’; and

e it preserves suprema of directed sets: sup,.., f(x) = f(sup D), for all D C X directed.

The well known Kleene fixed point theorem states that any Scott Continuous function f: X — X
on a pointed Dcpo (X, <) with bottom L € X has a least fixed point, which is given by sup,, oy f* (L),
where f? = id and ™! = f o f". We will now proceed to show that (pom(L), Epom) is a DcPO, and
hence it is a suitable domain for defining fixed points. To do so, we must first show how to find
suprema of directed sets of LPOFs. Suprema of LPOFs are given by a direct construction, shown in
the following lemma (for the proof, see Appendix B.1).
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LEMMA 4.8. For any directed set D C lpof (L), sup D = (N, <, A, @), where:

N = U Ng <= U <p Ax) = sup  Ag(x) o(x) = Yy
BeD BeD BeD:xeNg

and Yy = @g(x), for all f € D such that x € Ng.

In Lemma 4.8, ¢ is well-defined since, for every x € nodes and f, ' € D that contain x, it
must be that ¢g(x) = ¢p(x). Indeed, since D is directed, there must exist a y € D such that
B.B" Epor v and, by Definition 4.1(3b), we have that ¢z(x) = ¢,(x) = @ (x). As an obvious
corollary, {lpof (L), Epof) is a DcPO.

CoRoLLARY 4.9. (lpof (L), Cipof) is a DcPoO.
Proor. Follows immediately from Lemmas 4.3 and 4.8. O

Notice, however, that lpof (L) is not pointed, since the node at the root can vary; hence, there is
no single LPOF that is smaller (w.r.t. Cpor) than all other LPoFs. For example, two singleton LPOFs
with nodes x and y (where x # y) as their roots do not have any common lower bound. So, lpof is
incompatible with the Kleene fixed point theorem, one of several reasons why it is not a suitable
basis for a program semantics. The situation will change when moving to pomsets (Lemma 4.10),
which abstract away from the specific node identifiers.

However, finding suprema of directed sets of pomsets is more challenging; it cannot be done by
direct construction, like in Lemma 4.8, because pomsets do not give a straightforward way to match
up the node identifiers from one structure to the next. Consider an ascending chain of pomsets
(a@n)nen, as shown below:

@y Epom @1 Epom @2 Epom @3 Epom -«

It is relatively easy to inductively construct a corresponding chain of LPOFs ap Cyof a1 Cpof * - -
such that @, € a, and |nodes \ a,| = o for each n € N. First, fix any ay € @, such that
|nodes \ ap| = co. Such an element must exist; if the selected «g has only finitely many unused
nodes, then we can simply permute it to use only half of nodes, which is still countably infinite
and thus has the same cardinality as nodes itself.

Next, for all n € N, we pick some @41 € @p41 such that a, Cyor apyq and [nodes \ apyq| = 00
as follows. By Lemma 4.5(2), some a,; must exist, but it may not have infinitely many unused
nodes. If @11 only has finitely many unused nodes, then we can permute only N, ., \ Ny, to use
half of |nodes \ ay|, which is still countably infinite. Finally, Since (lpof (L), Epof) is a DCPO, then
SUp,, iy n Must exist. Now, letting & = [sup,, ¢y @n], @n Cpom @ for all n € N by the definition of
Cpom, and hence « is an upper bound of the chain. However, it is more complicated to establish
that « is the least upper bound.

To do so, we take any § such that &, Cpom B for all n € N and show that & C,p, B. Using
the chain (a;,),en from before, it is easy to see that there exists a §,, € B for each n € N such that
& Cipof Pn, but that does not mean that there is a single f € B that is an upper bound of all of them.
To show that such a f exists, we fix any € B and show that there exists a sequence of bijections
(fa)nen such that f;,(a,) Crpor B, for all n € N, where each f,,4; is obtained by extending f;, so that
Jfa(x) = far1(x) for all x in the domain of f;,. This gives us a new isomorphic chain (f,(an))nen,
which still has the property that f,(a,) € a, for all n € N, but also that sup,, . fo(@n) Egpor f-

Although there are potentially multiple such f, functions for each n € N, under the right
conditions, those f,, functions form a finitely branching tree of infinite size. Therefore, by K6nig’s
Lemma, the tree must have an infinite path, which corresponds to the chain (f,(an))nen [de Bakker
and Warmerdam 1990]. Finally, since we know that sup, .y fn(an) is the least upper bound of the
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chain and that f,(@,) Epos B for all n € N, then it must be that sup,, . fu(@n) Cpor B. Since
Sup, ey fn(an) € o and B € B, then & Cpop B and so « is the least upper bound.

Although the proof sketch above gives the general idea, the formal details are more complex and
are given in Appendix C.3. Ultimately, we conclude that pomsets have a pointed bcpo structure,
where the bottom element is a singleton pomset with label L.

LEMMA 4.10. {(pom(L),Cpom) is a pointed Dcpo.

4.3 Compactness and Approximation

When manipulating pomsets, it is often convenient to work with finite structures. Finite structures
are particularly useful for linearization (Section 6.2), which is most naturally defined recursively:
at each step, we process some node and then proceed to process the remainder of the structure
in the same way. But that recursion is not well-founded for infinite structures, as the number of
remaining nodes to process does not decrease each iteration.

Instead, we can define linearization (and related operations) recursively on finite approximations
of the infinite structure. To linearize the entire structure, we simply take the supremum of the
linearization of the finite approximations. In this section, we develop the necessary theory to justify
why that approach is correct. First, we formally define finite pomsets.

Definition 4.11 (Finite LPOFs and Pomsets). Let lpof ¢, (L) and pomy;, (L) denote the set of LPOFs and
pomsets with finitely many nodes, respectively.

lpofin (L) = {a € lpof (L) | [Na| < oo} pomgn (L) = {[a] | a € lpof 4, (L)}
Given that, a finite approximation of a pomset « is a finite pomset § such that f Cpom .

Definition 4.12 (Finite Approximations). For any @ € pom(L), let the set of finite approximations of
« be defined as follows:

Lelsin = {B € pPomg, (L) | B Epom e}

In order to define operations such as linearization on finite approximations, it is crucial that the
aggregate of the finite approximations includes all the information about the infinite structure,
which is true because every node (even in an infinite structure) must appear at a finite level, and
therefore every node is represented in some finite structure. To formalize that argument, we prove
that & coincides with the supremum of its finite approximations (see Appendix D).

LEmMMA 4.13 (FINITE APPROXIMATIONS). For any a € pom(L), & = sup | & |,

The notion of finite approximations intersects with the well-studied concepts in domain theory
of approximation orders and compactness, whose definitions are given below [Abramsky and Jung
1995].

Definition 4.14 (Approximation and Compactness). Given a bcpo (X, <), the approximation order
< C X X X is defined as follows: x < y iff for any directed set D C X such that y < sup D, there
exists z € D such that x < z.

An element x € X is compact if it approximates itself (x < x). We denote the set of compact
elements of X as K(X) £ {x € X | x < x}.

The approximation order is sometimes called the way-below relation or the order of definite
refinement [Smyth 1986]. Intuitively, x < y means that x is a “simpler representation” of y because x
is below an approximant of y in any sequence that converges to y. So, any element that approximates
itself must already be a simple representation, hence it is called compact. In the case of pomsets,
the compact elements correspond exactly to the finite pomsets (see Appendix D).
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LEmMA 4.15 (CoMPACTNESS). K(pom(L)) = pomg,(L).

In particular, that means that pomy;, (L) is the smallest basis for pom(L) [Abramsky and Jung
1995, Corollary 2.2.5]—i.e., it is the smallest set of structures that can approximate any pomset. In
fact, the approximation order < corresponds exactly to finite approximation (for the proof, see
Appendix D); hence, we will furthermore use & < f and « € | B, interchangeably.

COROLLARY 4.16 (APPROXIMATION). & < B iff a € | Blg,-

The final step is to show that functions defined on finite pomsets can be extended to functions on
infinite pomsets in a well-behaved way. As mentioned previously, the extension of f is performed
by taking the supremum of f applied to each finite approximation. For that supremum to be
defined, f must be monotone, otherwise the set of results may not be directed, and hence it may
not have a supremum. In that case, we prove that the extension is not only well-defined, but also
Scott continuous in the following lemma inspired by Meyer and de Vink [1989] (the proof is in
Appendix D).

LEMMA 4.17 (EXTENSION). Let f: pomg,(L)" — T be a monotone function on the pcro (T, <). Then
f*: pom(L)" — T, shown below, is well-defined and Scott continuous:

f(ay,...,an) 2 sup -+ sup f(ay,...,a})
o <o ap<an

Scott continuity is important because it means that f(«) = f*(«) for all @ € pomg, (L), i.e.,
extension does not change the behavior of f when applied to finite pomsets.

5 Pomset Operations
Thus far, we have seen the formal definitions of the structure of pomsets, but we have not defined
operations to build pomsets compositionally. In this section, we define those pomset operations,
which mirror the program syntax of Figure 1.

We first define the singleton LPoF (£), on node x with label ¢ € L, which generalizes to (£) on
pomsets and will be used to give the semantics to skip and atomic actions:

(O
(€)

Singletons are the basic building blocks for pomsets; larger pomsets will be constructed by compos-
ing singletons. In the following sections, we will see three such operators for composing pomsets.

1>

{x},0, [x — £], [x — true]) € Ilpof (L)
{{) | x € nodes} € pom(L)

1>

5.1 Guarded Choice

As we saw in Section 2, the key novel functionality of pomsets with formulae is the ability to
encode guarded branching using Boolean formulae to express the sequence of tests that must be
passed and failed to reach each point in the structure. We now define the operation:

guard: nodes X L X lpof (L) x lpof (L) — Ipof (L)

the guard(x, ¢, @, f) operation constructs a pomset with a test £ at the root x, and two branches
corresponding to the cases where ¢ passes and fails, respectively. More specifically, the formulae in
a are altered to specify that the root node x must be true and the formulae in § dictate that x is
false. Assuming that N, N Ng = 0 and x ¢ N, U Ng, we let guard(x, £, a, f) = (N, <, A, ¢) where
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we overload A s.t. ¢ A true = true A ¢ = ¢, and:

N £ {x} UN, UNg < £ <,U<pU ({x} x (Ny UNp))
4 ify=x true ify=x
My) = Aa(y) ify e Ny e(y) =\ va(y) Ax  ify € Ng
Ag(y) ifyeNg pp(y) A—x ify € Ng

So, guard(x, b, a, B) joins « and f with a new root node x, whose label is b, and additionally, the
formulae in a and f are updated to require that b passes or fails, respectively. As an example,
guard(xp,, by, (a1>xa1’ guard(xp,, by, <a2>xa2’ (a3)xa%)) produces the LpoF depicted in (3), which is
repeated below.

@©(xq,) = ~xp, A xp, Xa, Xa;  ©(Xay) = —xp, A xp,
~ F
@ (xq,) = xp, Xa, Xp, @ (xp,) = ~xp,
N
¢(xp,) = true Xp,

For finite pomsets, we define guard: L X pomg,(L) X pomg,(L) — pomg,(L) simply as the
equivalence class of the corresponding LPOFs:

guard(¢, a, B) = {guard(x, t,a p) ’ a€a feBN,NNg=0,x¢ N, U N/;}
Unsurprisingly, guard is monotone, as making either branch larger will make the composed structure
larger too. The proof is in Appendix E.1.

LEMMA 5.1 (MONOTONICITY OF guard). Let & Cpom @’ and f Cpom B; then, for every £ € L, it holds
that guard(f, a, B) Cpom guard(f, a’, B’).

Given that, we can define guard: L X pom(L) X pom(L) — pom(L) for infinite structures by

extension, and we get that it is Scott Continuous for free.

guard(f, @, B) £ sup sup guard({, &', B’)

o' <a ﬂ’ <<ﬁ

COROLLARY 5.2. The operation guard is Scott continuous.

Proor. Immediate from Lemmas 5.1 and 4.17. O

5.2 Sequential Composition

The sequential composition operation « § § is meant to enforce that all actions in & must occur
before any of those in f. The causality dependency interacts with guarded branching, as we will
now see, which makes the formal definition of § more challenging. Consider the following LPOFs
(where we denote with x the singleton (£), when the label is not relevant):

z Zx Zx
y Y1 Y2 AN yr Y2 0 0
axsy= 1 b. KA |sz=y1 w2 | X 2 |$5z=w y2 4
x x K A x N
X X

The sequential composition of two singletons (4a) simply creates a causality between them. When
the program has forked into parallel (unguarded) branches (4b), § introduces a diamond structure, as
is typical in pomset semantics. However, if the program has a guarded branch (4c), then the following
actions must be copied after each branch. Without copying, the formula of a single occurrence of z
after both y; and y, would include both x and —x, and thus be unsatisfiable. Moreover, copying
is also essential to correctly account for loops: in the program (while b do a) ; a’, if we only
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created a single node labelled with a’, then that node would not be finitely preceded, invalidating
Lemma 4.13; for a more detailed account, see Section 6.1 and Appendix A (that however uses the
semantics of our reference language, that will be provided in Figure 4).

When a structure contains L nodes, so that some paths are stuck, the behavior of § is more
complicated. Consider the following LpoFs, where node y; is labelled with L and all other nodes
have non-.L labels:

yi(L) w2 T
a. BN R y1(L) Y2
x

X (yl(L) yz)oz_yl(L) v
: 32=
T’\ fF

X

N2 2 ©)
X X

When composing the singleton z after a guarded branch with one stuck path (5a), z is only added to
the non-stuck branch. In the program execution, only one branch will be taken, so z can be safely
executed as long as the test x is false. However, the same is not true for parallel branching: in (5b),
both y; and y, will eventually be scheduled, so z must occur after y;—which is equivalent to not
occurring at all—thus it does not appear in the final structure. This behavior ensures monotonicity
of § (Lemma 5.3).

Building on the above intuitions, we first define § for finite LPOFs, and then extend our definition
to infinite ones using Lemma 4.17. In the rest of this section, we assume that «, f € lpof;, (L). We
start by defining the notion of stuck computations, extensible nodes, and branches. The formula
stuck, indicates which nodes are guaranteed to encounter a L later in their execution. Extensible
nodes x € ext, are those that can take some computation path without encountering a L-node.

stuck, = \/ Pa(x) exty = {x € Ny | po(x) = stucky}

x€Bot,

In (4), all nodes are extensible, whereas in (5a) to the left of the §, only x and y, are extensible and
in (5b) none are extensible. The set of branches br, contains all of the maximal formulae that can
be obtained as the conjunction of formulae of extensible nodes:

brog 2 {pa(S) |0 C S C exty, ¢u(S) = —stucky, VT.S C T C ext, = —sat(¢,(T))}

where, for a set S C N, we define ¢4 (S) = Aes @a(x). For example, in (4a,b), br = {true} since
there are no tests; in (4c), br = {x, =x} since both outcomes of the test are not stuck; in (5a),
br = {—x} since the program is stuck if x passes; and in (5b), br = 0, since all paths are stuck.

As a more involved example containing both guarded and parallel branching in a single structure,
we give three LpOFs in Figure 3 along with their stuck nodes, extensible nodes, branches, and
the result of sequentially composing them with the singleton Lror (£),,. To lighten notation, we
assume that o, oy and a3 have the same nodes and we only show the L labels (associated to z; and
z3 in oy and just to z; in a,). The three LpPoFs form an increasing chain with @y Cppop @ Cppor @3-
In addition, the stuck nodes, extensible nodes, and branches are monotone with respect to the
LPOFS. As the structure becomes more defined, the formula stuck,, becomes stronger, since a more
specific condition must be true in order to encounter a L. Similarly, the set of extensible nodes
grows monotonically, since more nodes become extensible as the structure becomes more defined.
And finally, the set of branches grows monotonically too, since more tests are uncovered as the
structure grows.

In a1, all nodes are stuck, since the leftmost branch will always lead to L and so there are no
branches. In @, the only stuck node is z;, arising when y; is true; all other nodes are extensible
but the only branches to be considered are those in which y; is not true. In a3, there are no stuck
nodes, since all elements are non-_L; hence, all nodes are extensible and the branches include all
the possible Boolean combinations on y; and y,.
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zi(L) zo(L) z3 24 zi(L) zp z3 24 zZi  zm zZ3 oz
T,\ /\F T[\TF T\TF TI\TF T}\fF T’\]‘F
a = Y1 Y2 Eipof @2 = Y1 Y2 Epofr 3= U1 Y2
NG XA
X X X
stucky, =y1 V Yy © true & stucky, =1 = stuck,, = false
exty, = 0 < extq, = Naz \ {Zl} c exty, = Naa
Y1 A\ Yo
- /\ 5 /\ - 5
bre, =0 C  brg, = an c brg, = YAy
Y1 A Y2 Y1 A Yo,
Y1 A Ty
Wy Ay, Wayi Ay,
zi(L)  z(L) z3 oz T
a ;W — T’\ylztp TKnyF a ; w = Z](J_) Z Z3 Z4
\ A T’\yfF ’T\y /Fl
x 1 2
N /
x
WyiAy, Wy A-y, Wy Ay, Wy Ay,
a3 §w = Z1 W Z4
,T\yl /F( ,T\ Y2 /F[

Fig. 3. An example of sequential composition and some of the functions used to define §.

As we saw in (4c), we will need an isomorphic copy fy = f for each branch ¢ € br,. These
copies are generated by a function f: br, — [f] such that the nodes of f(i) are disjoint from
those of « and of every f(¢') where i # ¢/’. The function f is drawn from the following set:

CopY, g e {f br, — [f] iVlﬁ € bra. (Np(y)y "Neg =0 A V' # V.Nry) N N = @)}

Given a, § € lpof,(L) and f € copy, g, we define sequential composition a 55 f = (N, <, 4, ¢)
where the components are defined as follows (notationally, we let Sy, = f(¥)):

NN, | N, <é<aUU(<ﬁWU({xENa|¢=>goa(x)}xNﬁV/))
Y ebry Yebry
. | Aa(x) ifx € Ng 4 | Pal(x) if x € Ny
Alx) = {Aﬁw(x) if x € Np, o(x) = :%(x) A ifx e Ng,

(where, again, § A true = true A / = ¢). So, the nodes of a § 8 are the nodes of a, and all the
nodes of the isomorphic copies 8. The new order preserves the causalities in & and in each fy,
and additionally requires that B, occurs after all the nodes in the branch /. All labels are preserved,
and formulae in f are updated to also include .
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Returning to Figure 3, let f(¢/) = (¢),, " be a copying function. We see that a; 3¢ (£),, = ai; the
sequential composition does nothing since there are no branches to extend and all nodes are stuck.
On the other hand, a; §5 {£),, generates two copies of w, since there are two branches and as § (£},
requires four copies of w, since there are four branches.

Sequential composition for finite pomsets is defined by taking the equivalence class of all
underlying LroFs. Note that copy, 4 is clearly nonempty for any a, f € lpof ¢, (L), since a and 8
contain only finitely many nodes and br,, is also a finite set.

asp{asrflaca fep, fecopy,s}

Following from the monotonicity properties of stuck, extensible nodes, and branches, sequential
composition is also monotone (the proof is in Appendix E.2):

LEMMA 5.3 (MONOTONICITY OF §). If & Cpom @’ and f Epom B, then @ § f Cpom @’ § B

We see monotonicity at play in Figure 3, where new copies of w appear as more branches become
un-stuck. Given that, we define sequential composition of infinite pomsets by extension, and we
get for free that it is Scott continuous:

@3B sup sup a'3p’
o' <a ﬂ’<<ﬂ

COROLLARY 5.4. § is Scott continuous.
Proor. Immediate from Lemmas 5.3 and 4.17. ]

REMARK 1. We can now explain condition (2c) in Definition 3.7, requiring single-rootedness, which
may seem strange in a framework with concurrency; indeed, the usual semantics of two commands
put in parallel is obtained by taking the (disjoint) union of their pomsets (and this yields several
possible minimum elements in the resulting pomset). However, having multi-rooted Lrors would
make sequential composition not monotone. For example, y Cy0r y 2, but:

Yy

A

Y z
x5y A zlpof N A :x;(yz)
X X

This is undesirable and easily fixed with the mild requirement of single-rootedness in Definition 3.7.

5.3 Parallel Composition

We finally define parallel composition. We assume that L contains a special (non-.L) label fork that
denotes thread forking and let nFork, = N, \ {x € min, | A,(x) = fork} denote the set of nodes
of a without its fork-minimal elements (if any). Then, for both finite and infinite LPOFs « and f,
and for any x ¢ N, U Ng, we let a ||x = (N, <, 4, ¢), where

N = {x} UnFork, U nForkg

< = ({x} x (nFork, U nForkg)) U (<q N (nFork, X nForky)) U (<g N (nForkg X nForkg))
fork ify=x true ify=x
My) £ Ae(y) ify € nForky o(y) =1 ¢o(y) ify e nFork,
Ag(y) if y € nForkg pp(y) ify € nForkg

Notice that the branching that arises from || is conceptually (and practically) different from the
branching that arises from a test: the branching due to || does not exclude any branch, whereas
the two branches due to a test are mutually exclusive. That mutual exclusion is apparent in how
the formulae of @ and §§ are handled. The formulae remain the same under parallel composition,



20 Noam Zilberstein, Daniele Gorla, and Alexandra Silva

whereas they are extended with a new conjunct (specifying the value of the test at the branch)
under a guard. The complication arising in our handling of parallel composition through fork is
that we want one single node labelled with fork, even if we put many LPoFs in parallel.

For example, by putting in parallel the singleton LroFs made up, respectively, by nodes y; and y;
and by nodes z1, z, and z3 (and where fork is the label of the root nodes, say x; and x; respectively),
we obtain the LPOFs «, f3, and their parallel composition as follows:

Y1 < Y2 22 . 23

) Y2 Z1 Z2 z3 Z1
I N p= Nt allx B = N2

x1(fork) Xy (fork) x(fork)

where x; and x, disappear and the new root is x, labelled fork. From here on, we will use the
symbol to depict fork labels in pomset diagrams.

As a side note, observe that the way in which we defined parallel composition entails that
& Epor @ |lx B if and only if @ = (L), the LPOF a has just a node x labelled with ; the second
LPOF has node x labelled with fork that precedes a node labelled with L and all the nodes of .
Also, a somewhat unusual notion of associativity for parallel of LPoFs holds, viz. (& [|x f) Ily ¥ =
@ |ly (B ||z y); the expectable notion of associativity is recovered for pomsets, where we abstract
away the specific node set*. Like before, we define parallel composition for (both finite and infinite)
pomsets on top of that for LPOFs:

|| p={alxflaca fep, x¢&N,UNg}

REMARK 2. Unlike the previous pomset operations, || is not monotone (not for LpoFs nor for pomsets).
Indeed, consider & = (L), B = (), and y = (£1) || {£2); although & C,, y, we get that

1 { 6 6t
alp= ,\/\ Lpom \T/\ =yl B

This is not surprising: if || were monotone, then the function f(@) = (¢} || @ would have a fixed
point, but that fixed point would be an infinitely branching structure, which is invalid.

In fact, it is impossible for || to be both associative and Scott continuous. If it were continuous,
then f(a) £ (f) || @ would have a least fixed point Ifp(f) = (£) || ({£) || ---), and, due to
associativity, this pomset would be infinitely branching, which invalidates Lemma 4.13.

Since || is not monotone, we need a different way to approximate infinite pomsets composed in
parallel, which we now describe. Let root(y) be the label of the root node of the pomset y; then,

y <1y’ 2 y <y’ and root(y) = root(y’) = fork or root(yp’) # fork

ie,y <; y’is similar to the standard approximation order < on pomsets, but it prevents a
fork node at the root of y’ from being converted to L, which would cause the root of a parallel
composition involving y’ vs y to have a different number of successors (the bad case from Remark 2).
Returning to the example in Remark 2, [@] Cpom [y] and also [a] < [y], whereas [a] «; [y],
since the root of y is fork but the root of & is not fork. We need two properties of <. First:

sup y=supy=y (6)

y<1y’ y<y’

By Lemma 4.13 and Corollary 4.16, SUP, <y ¥ = y’. If root(y’) = fork, then {y | y <1 '} = {y |
y < 9’} \ {Lpom}, which clearly has the same supremum, as we have only removed the bottom

4We remark that § on LPOFs also satisfies a non-straightforward associativity, that however becomes the usual one when
passing to pomsets.
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[skip] = (fork)
[a] = (a)

[Ci;Ce] =[] s [C]
[CiIC] = [a] II'[C]

[C; & C5] £ guard(&, [C1], [C2])

[C1 @, Co] 2 guard(®,, [C1], [C2])

[if b then C; else C,] £ guard(b, [C1], [C2])

[while b do C] 2 Ifp (®(cpy)
where @) () = guard(b, [C] § a, [skip])

I>

1>

Fig. 4. Pomset semantics of commands [-] : emd — pom.

element from the set. If root(y’) # fork, then the orders are equivalent. The second property that
we need is

Lo I Blin \ {Lpom} = {a’ | B’ | &' <1 @, B" <1 B} (7)

This can be easily seen by observing that L, is not included in the right set, since all parallel
compositions have fork at the root therein. Moreover, the successors nodes (but not their labels) of
the root are also fixed in both cases: on the left they are fixed because the root is fixed, and on the
right they are fixed due to the < order, since any fork node at the root would be removed by the
parallel composition. Above level 2, both sets allow for any approximation of & and f.

6 Denotational Semantics

We now define the denotational semantics for commands C € emd (see Figure 1) based on pomsets
with formulae. Although actions and tests at this stage are uninterpreted, our pomsets allow for
actions and tests with a variety of different computational effects, which we will see in Section 6.2.
Actions a € act are drawn from a DcpPo {act, <,¢t) and tests b € test are drawn from a pcrPo
(test, <tet). In order to interpret C; & C; and C; @, C,, we assume that & € fest and ®,, € test for
all p € [0, 1]. We first define a compositional denotational model for this language in Section 6.1,
and then in Section 6.2 we show how to interpret pomsets as state transformers, to learn their
behavior on particular inputs.

6.1 Pomset Semantics

We will now discuss the semantics of programs C € emd as pomsets, which record both the
causality between atomic actions and the branching behavior of tests. Given two finitely preceded
DCPOs (act, <qer) and (test, <ts), the label set label = act U test U {fork, L} consists of actions,
tests, fork, and bottom nodes, which form a pointed pcro (label, <), with L as the bottom and <
defined as follows:

< 2 ({1} x label) U {(fork, fork)} U <aet U <test

We will also henceforth use pom £ pom(label) to refer to pomsets over this label set.

The semantic function [-] : emd — pom, mapping commands to pomsets, is shown in Figure 4.
Its definition is straightforward using the pomset operations. In particular, skip and basic actions
are singletons, sequential composition uses §, and if-statements use guard. Nondeterministic and
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probabilistic choice also use guard, but with the special test symbols & and ®,, giving us:

a as a az

1
[a1 & as] = T’i&fF [[611 Dp azﬂ = N @:‘F

Notice that the two pomsets above are very similar, and similar to

ai az
[if b then a; elsea;] = X 7
b

The three will be distinguished when linearizing the structures in Section 6.2. In particular: when
linearizing the first one, we will nondeterministically select one of the two branches; when lin-
earizing the second one, we will consider both branches, the leftmost with probability p and the
rightmost with probability 1 — p; and when linearizing the third one, we will select one of the two
branches, according to the evaluation of the guard b.

While-loops are interpreted as the least fixed point of the characteristic function ®(c ) : pom —
pom. Clearly @) is Scott continuous, as it is defined by the Scott continuous operations guard
and § (see Corollaries 5.2 and 5.4). So, by Kleene’s fixed point theorem, ®c ) has a least fixed point
given by:

[while b do C] = Ifp (@(C,w) = Slelg (Dr(lC,b> (J_pom)
n

where f° £ id and f"*! £ f o f". Considering a loop [while b do a] with a single action a as its
body, we can unroll the definition several times to get the following infinite chain:

1
; f
1 a °
T N 7 a °
+ Epom a’i 7\. Epom ! /IF Epom *** Epom T’\ b 7‘F
™y F ; . "
X 2 a .
T F
b ~ 7
b
(I)(z“’w (Lpom) (I)ia,b) (Lpom) (D%a,b) (Lpom) SUPpen cDr(la,b) (Lpom)

The supremum of this chain is clearly an infinite structure with a terminating branch for each
n € N, and an infinitely ascending spine. The L node is pushed to a progressively higher level after
each unrolling, so in the supremum it does not appear at all.

Below, we show [(while b do a) ; a’], containing a loop with a single action in the body followed
by another action:

Q—> -
*—

X 7 A
Ty F 9 a Tt o
T T T
a [ ] a [
TKb7\F Txbz‘F

As discussed in Section 5.2, sequentially composing another action a’ after a loop produces a copy
of a’ for each branch, resulting in countably many copies of a’. This approach is necessary to make
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a’ finitely preceded. More discussion on how to unroll loops, and on the interplay between this
and sequential composition, can be found in Appendix A.

The semantics obeys a binary branching property, guaranteeing that test nodes branch into
exactly two successors, one where the test passes and another where it fails. Further, variables can
only be introduced into formulae after a test. From now on, we assume that all pomsets have this
property, which is clearly preserved by the operations of Section 5.

Definition 6.1 (Binary Branching). A pomset @ € pom has the binary branching property if, for
every « € « and every x € N, such that A,(x) € test, succy(x) = {y1, y2} such that:

(1) (pa(yl) 4 %c(x) A X,
(2) pa(y2) © @a(x) A —x; and
(3) pred,(y1) = pred,(y2) = {x}.

Furthermore, if x is not the successor of a test, then ¢, (x) & A yepred,, (x) Pa(Y)-

6.2 Linearization

We now discuss how to produce a state transformer from the pomset semantics of Section 6.1,
which is useful for understanding the input-output behavior of programs resulting from scheduling
concurrent threads. We thus fix set of states S, ranged over by s, and let the state transformer be
obtained via linearization, which considers all interleavings of the threads in order to interpret
the semantics of a complete program as a function from inputs to collections of outputs. Once the
program is linearized, more threads cannot be composed in parallel, as the causality information is
gone. Nevertheless, linearization is useful to understand the program’s behavior, and relate the
behavior to other semantic models, as shown in Sections 2 and 8.

When performing linearization, we will interpret programs in a computational domain D, which
must support nondeterminism—in order to model the different ways that threads can be interleaved—
but may support additional computational effects too, which we will model using monads. Hence,
we assume some familiarity with basic notions of monads and Kleisli categories; for a detailed
introduction, we refer to [Awodey 2006]. More precisely, we need the following:

(1) A domain D and set of states S, such that (D(S),C) is a pointed pcro with bottom Lp.
(2) A nondeterminism operator & : D(S)* — D(S) that is monotone, i.e., &;e; di E &ier d]
ifd; C dl.’ for all i € I, where I is a nonempty, finite index set.
(3) A probabilistic choice operator &, : D(S)? — D(S) (&, is only used to interpret commands
of the form C; @, C;. If those commands do not appear, then ®, can be left undefined, as
we will see in Section 8).
(4) An additive monad in the category pcro (D, 7, (=)"), meaning that:
(a) the operations n: X — D(X) and (-)": (X — D(Y)) — D(X) — D(Y) obey the
monad laws fTon = f,n" =id, and (¢" o f)T = g7 o fT.
(b) Kleisli extension is
e Scott Continuous: Sup scp, SUPcpy f(d) = (supD)" (sup D’);
e strict: f7(1Lp) = Lp;and
o additive: f1(&,crd) = &rer £(d) and £ (dy @ dy) = £ (dy) @p £ (d)
(5) Semantics for actions [-],, : act - 8 — D(S) and tests [-],. : test > S — D(B)
such that:
(@) [~] . is monotone: if a <qot @’, then [a] .., (s) E [a’] 1oy (5)-
(b) [—]eqt is monotone: if b <tegt b, then [b] . () T [b'] g (5)-
(©) [&] st (5) = &xeqo1y n(x) and [[@p]] test (s) =n(1) @ n(0).



24 Noam Zilberstein, Daniele Gorla, and Alexandra Silva

. | n(s) if next(a, ¥, S) =0
Lipos (@ 9.5)(s) £ { cxentag.s) Lnode(e, 1,5, x)(s) if next(a, §,5) # 0

Lipof (., SU D) ([Aa()] gt (5))  if Aa(x) € act
Liest (@, 1, S, x) (s)T([Aa(x)]]test (s)) ifAq(x) € test
1lp if Ag(x) =L

Lipof(a,,S U {x})(s) if A, (x) = fork

Loode(a, lﬁ, S,x)(s) =

o | Lpof(ay A x,SU{x})(s) ifb=1
Liea (4,5, x) () (b) = { LZof(OC, U A—xSU{x})(s) ifb=0

next(a, ,S) 2 {x e N, \S | x| €S, ¥ = ¢u(x)}

Fig. 5. Linearization for finite LPOFs Ly,r: Ipof fin (label) X form x P (nodes) — S — D(S).

There are many domains that obey these properties, depending on which computational effects
are present. These include the Hoare, Smyth, and Plotkin powerdomains for nondeterministic
computation [Abramsky and Jung 1995; Plotkin 1976; Smyth 1978] (where the latter two additionally
deal with nontermination), the convex powerdomain [He et al. 1997; Morgan et al. 1996b] and the
powerdomain of indexed valuations [Varacca 2002, 2003; Varacca and Winskel 2006] (for mixed
probabilistic and nondeterministic computation), and other domains for nondeterminism with
exceptions [Zilberstein et al. 2023, 2024]. In Theorems 7.2 and 8.2, we will show that standard
semantics in two of those domains are recovered from our pomset semantics.

We will start by defining a linearization operation on finite LPoFs, which is shown in Figure 5.
Linearization is defined recursively, until there are no more nodes to schedule. It must be defined
on finite structures, otherwise the recursion is not well-founded, but it can be extended to infinite
structures using the extension lemma. In .Elpof(a, 1, S), the set S C N, contains all the nodes
that have already been processed and i is a path condition, indicating the outcomes of the tests
associated to the nodes in S.

The function next(e, i, S) gives the nodes that are ready to be scheduled, which consists of all
nodes that obey the path condition ¢, and whose predecessors are already in S. If next(e, ¢, S) is
empty, then L¢ (@, ¥, S) simply returns the current state s using the monad unit 7, since there
are no more nodes to schedule. If not, then it nondeterministically selects a next node using &. If
the next node is an action, then it interprets the action using [-] ,.; and uses Kleisli composition to
compose the result with the linearization of the remaining LpoF. If the next node is a test, then that
test is evaluated and the path condition is updated to account for the outcome of the test. If the
next node is L, then the linearization is L p, and fork is treated like a no-op.

We next use Lin: pomg,(label) — S — D(S) to define linearization on finite pomsets.
Clearly Lyof(a,true,0) = Lpor(f, true,0) if a = B, so Lsin () can be defined for any arbitrary
representative LPOF a € & using the trivial path condition true and an empty set of visited nodes:

Liin([a]) = Lipor (a true, 0)

Linearization of finite pomsets is monotone, which relies on the fact that action and test evaluation
is monotone; the proof is in Appendix F.1.

LEMMA 6.2 (MONOTONICITY OF Lgin). If & Cpom B, then Lein(a)(s) E Lsin(B)(s).
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Therefore, linearization can be extended to infinite pomsets £: pom — S — D(S) by taking
the supremum over all of the finite approximations, and the extension is well-defined and Scott
continuous.

L(a) = Lg(a)

COROLLARY 6.3. L: pom — S8 — D(S8) is Scott continuous.
Proor. Immediate from Lemmas 6.2 and 4.17. ]

To ensure that linearization acts as desired, we provide a sanity check lemma to relate the
linearized semantics to standard monadic denotational semantics. Linearizing skip gives the monad
unit; linearizing a singleton action has the same behavior as interpreting the action; linearizing a
sequential composition is equal to Kleisli composition of the individual linearizations; linearizing
an if-statement is equal to linearizing one of the two branches, depending on the truth of the guard;
and the linearization of a while-loop is equal to the least fixed point over a different characteristic
function ¥(s ). The function ¥y; inherits Scott continuity from the Kleisli composition operator,
therefore the fixed point exists. The proof is in Appendix F.6.

LEMMA 6.4 (LINEARIZATION). The following properties hold:

L([skip]) =1 L([a]) = [a] ot L[ C]) = LG o LD
-[:([[Cl & Czﬂ)(s) = L([[Cl]])(s) & L([[Czﬂ)(s) L( [[Cl Dp Cz]])(s) = L([[Cl]])(s) Dy L([[Cz]])(s)

o1 i
L([if b then C; else C;])(s) = [b’ — { ﬁg%gé%;gg ii:’ ; (l) ([6] est (5))

L([while b do C]) = Ifp (¥ £(1c]).))

Il if b’ = ¥
where W75y (g)(s) = [b' — {g(i{(s)) igllj’ z(l) ] (18] test (9))-

Lemma 6.4 is quite significant; it implies that £([C]) corresponds to standard monadic semantics
in a variety of domains. We will see two such examples in Sections 7 and 8. Properties about parallel
programs are notably missing from Lemma 6.4. In fact, no such compositional properties exist,
since parallel composition can completely change the behavior of each thread. As a simple example,
consider the following programs:

Ci=x=Lifx=1theny:=1lelsey:=0 Cr2x=0
Using Lemma 6.4, we can derive the linearization of C; as follows.

L[C](s) = L([if x = 1 theny := 1 else y = 0]) (L([x = 1])(s))
= L([if x=1theny = 1elsey = 0])(s[x :=1])
_ { Ly =1])(s[x =1]) ifs[x:=1](x)=1
L([y =0](s[x=1]) ifs[x=1](x)=0
=n(s[x =1][y =1])

So, by linearizing C; on its own, we get that y will always be set to 1. In addition, L([C;])(s) =
n(s[x := 0]). However, it is not hard to see that C; | C; has an execution where y is set to 0,
even though neither £([C;]) nor £([C,]) display that behavior. So, it is impossible to determine
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L([C1 | C2]) compositionally from £L([C;]) and L([C;]). Deriving properties about parallel ex-
ecutions is a significant area of research, and requires more advanced logical methods such as
Rely-Guarantee [Jones 1983] or Separation Logic [Brookes 2004; O'Hearn 2004], which are out
of scope for this paper; such techniques, based on pomsets with formulae, have been explored by
[Zilberstein 2026b; Zilberstein et al. 2026].

7 Applications to Probabilistic Concurrency

We now revisit the convex powerdomain, which was first introduced in Section 2. First, we give
the full formal definition of the computational domain, and show that it is suitable for linearization
given the constraints of Section 6.2. We will then show that our linearized semantics corresponds
exactly to the standard convex powerdomain semantics of non-parallel languages. Finally, we will
show additional examples of the semantics generated for probabilistic concurrent programs.

7.1 Formal Definitions

We begin by providing the omitted definitions from Section 2, regarding the pcro structure of the
convex powerset. We start by defining the order on probability distributions. For any set X, let
X, =X U {1} and the order over distributions Ty C D (X, ) X D(X, ) be defined as follows:

UEp v iff VxeX. p(x) < v(x)

Note that g Ep v means that (L) > v(L), since as distributions become larger, the leftover mass
of nontermination shrinks. The bottom of the order is Ly = [L +— 1]. A set of distributions
S € D(X,) is upward closed if, for all u € S, it holds that y Ty v implies v € S. In addition, S
is Cauchy closed if it is closed in the product of Euclidean topologies [MclIver and Morgan 2005,
Definition 5.4.3]. Now, the convex powerset is defined as follows:

Definition 7.1 (The Convex Powerdomain).
C(X)2{SCD(X,) | Sisnonempty, convex, upward closed, and Cauchy closed}

Convex powersets are ordered via the Smyth order [Smyth 1978] C¢ € C(X) X C(X), defined
below:

SCeT iff VveT. JuesS. pCopv

Since the sets above are upward closed, the Smyth order collapses to reverse subset inclusion:
SC¢ Tiff S 2 T, which makes the convex powerdomain (C(X),C¢) a pointed bcro with suprema
given by set intersection and bottom L = D (X, ) being the set of all distributions. For the full
details, refer to [Zilberstein et al. 2025b].

Finally, we give the definitions for the monad operations [Jacobs 2008], namely unit: X — C(X)
and Kleisli extension (-)': (X — C(Y)) = C(X) — C(Y). We let

N 2 {lx—=1l) IO 2] D) p)-ve | peSVx e supp(p). vx € fi(x)
xesupp(p)

where (), : (X — C(Y)) —» X, — C(Y) is defined as follows: f1 (x) = f(x) if x € X and
fi(L1) £ L¢ otherwise. As is required in Section 6.2, it was proven in Zilberstein et al. [2025b] that
the Kleisli extension for C defined above is Scott continuous and additive:

sup f1(S) = (supD)’(supD’) ' (&si)=&f*(si> i@, =f1(S) &, (1)

feb.SeD’ iel iel



Denotational Semantics for Probabilistic and Concurrent Programs 27

[skip]c(s) = n(s)
[Cr: Call o (9) 2 [C2DL ([Ca]c ()
[Cr & Co] o (s) = [Ci] ¢ (5) & [Ca] ¢ (5)
[C1 @, G o(9) 2 [Cill¢ (5) @ [Calg (5)

; o) [Cle(s) if [B]reg (s) = n(1)
[if b then C; else C;] - (s) £ { HC;]]E(S) " [[b]]iz ) = 1(0)

[while b do C],(s) = Ifp(¥([c]eby) ()
[[a]]C(s) 2 [[aﬂact (S)

Fig. 6. Convex powerset semantics [~]¢ : emd; — S — C(S) due to [He et al. 1997; Mclver and Morgan
2005; Zilberstein et al. 2025b], where ¥ is defined in Lemma 6.4 and b is a pure test, meaning that for every s
there exists bs € {0, 1} such that [b] ;g (s) = n(bs).

7.2 Parallel-Free Semantics and Adequacy

Let emd ; be the subset of commands from Figure 1 that do not contain parallel composition. Based
on these operations, Figure 6 shows the convex powerset semantics for the parallel-free fragment
of the language, [-], : emd; — S — C(S), which s is precisely the same semantics used in
prior work for reasoning about programs that are both nondeterministic and probabilistic [He et al.
1997; Mclver and Morgan 2005; Zilberstein et al. 2025b]. However, [~ does not capture parallel
computation, which requires the more sophisticated semantic domains that we develop in this
paper. Nonetheless, it is an important point of comparison to ensure that our pomset with formulae
model does indeed give the desired meaning. The Scott continuity property above ensures that
Y(icleby: (8 = C(S)) = S — C(S8) is Scott continuous, and therefore the semantics of loops is
well defined.

We now arrive at our first adequacy theorem, showing that our pomset model recovers the
standard probabilistic semantics [C]; : S — C(S) shown in Figure 6, based on the convex powerset
for a parallel-free fragment of our programming language.

THEOREM 7.2 (PROBABILISTIC ADEQUACY). The following diagram commutes:

emd; n pom
o JL
(§—=C(S))
In other words, L([C]) = [C], for allC € emd.
Proor. By induction on the structure of C. The cases follow immediately from Lemma 6.4. O

7.3 Examples

In this section, we provide two simple examples showing our semantics at work.
Example 7.3 (Entropy Mixer). Consider the entropy mixer program shown below:
EM = y:=0; (x = y; (skip ®1 x 1= —x) | y = 1)

The EM program models a system where multiple sources of entropy are mixed, with the goal of
obtaining a high quality source of randomness as output [Zilberstein et al. 2026]. The value of y is
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influenced by the nondeterministic behavior of the scheduler and, although x is derived from y, we
want to ensure that x is ultimately distributed uniformly. First, we give the pomset semantics of
the program:

Next, we will derive its linearized meaning. Clearly, the y := 0 action must come first, so the
linearization of the program applied to state s is equal to the linearization without y := 0 in state

s[y = 0]:
L(EM) (5) = £ ([[x = y; (skip @, x = ) | y = 1]]) (s[y = 0])

Next, we come to the fork node, and the scheduler chooses whether to execute x := y ory := 1
as the next action. If x = y is executed next, then the value of x will be 0, and y := 1 can be
scheduled at any later time without affecting the outcome, as none of the remaining commands
depend on y. If instead y := 1 is executed first, then there is only one possible schedule for the
remaining commands, and x will be set to 1. So, we can reduce the linearization to the following
nondeterministic choice:

| e T

Using Lemma 6.4, we can further reduce the sub-expressions to be simple probabilistic choices
between two states.

MRS M G e | SRS i)

Finally, since the expressions on either side of & are equivalent, and since the convex union is
idempotent, then the entire linearization reduces to a single probabilistic choice:

etz

So, regardless of the scheduler’s behavior, x will be uniformly distributed after running the program.
The effects of nondeterminism introduced by parallel composition are completely annihilated by
the later random choice.

Example 7.4 (Busy-Waiting and Fairness). In the following program, the left thread busy-waits (and
counts its number of iterations) until the right thread releases a resource:

WAIT = b= 1;(x =0;whilebdox =x+1 | b= 0)

We can use pomsets with formulae to determine the probability that the first thread will wait for a
certain number of iterations n. First, we give the pomset semantics of the program, which is the
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infinite structure below:

[WAIT] = x=

Now, we begin to derive the linearization as follows:

L([WAIT])(s) = L([x = 0;while bdo x = x + 1] || {(b = 0))(s[b = 1])

= L (((X = O) 3 Sug q)?x:_x+l,b>(l)) ” <b = 0)) (S[b . 1])

= sup £ ({012 0) 5@y (D) 11 (b= 0)) Gslb = 1)
neN

In the last step, we are able to move the supremum to the outside because £ is Scott continuous,

and because the supremum only affects nodes above level 2, so it commutes with || in the same

way that <«; does in Equation (7). So, the behavior of the program is equivalent to the supremum

of linearizations of the following chain of finite approximations:

1
/l\
1 x=x+1 ]
T ~ A
1L b=0 x=x+1 e b=0 ?b b:=0
T j C ’T\?b/; C T 1 [
x:=0 =pom ! Spom xX=x% ® =pom "
T N A
. x:=0 b
AN T
. x:=0

Let g, a1, . . . be the structures above. In each «,,, the scheduler could choose to always advance
the first thread—and not the second one—until it reaches the L node. So, L¢ € L(ay)(s[b = 1])
for all n € N; nontermination is a possible outcome of each finite approximation. Since supremum
in the convex powerset corresponds to set intersection, then nontermination being an outcome of
each finite approximation means that the scheduler can cause the full program to not terminate:

(VneN. Lg e L(ay)(s[b:=1])) = Lc e ﬂ L(ay)(s[b = 1]) = L([WAIT])(s)
neN
However, that defies standard intuitions about the WAIT program, which tells us that a reasonable
scheduler will not only run the busy-wait thread. As a remedy, we need to ensure that the scheduler
is fair, meaning that each enabled thread is never delayed for an infinite amount of time.
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However fairness is generally not a compositional property, and it is well-known that it breaks
Scott continuity of program operators [Apt and Plotkin 1986]. Intuitively, we can see the non-
continuity in the chain above. In each «,, nontermination occurs by delaying b := 0 for only a finite
number of steps, therefore nontermination is a possible outcome in every finite approximation. But
in sup,, ¢y @n, nontermination can only occur by delaying b := 0 for an infinite number of steps,
which is not allowed due to fairness. That would mean that L(sup, o &n) # sup, oy L(@y), ie.,
L is not Scott continuous subject to a fair scheduler.

We will instead use a concept called probabilistic fairness, due to de Alfaro [1999]. Given a
program with N threads, each of the N threads must be scheduled with some minimal probability
0<e< % on each step. Rather than being a global property on infinite traces, probabilistic fairness
is a local property at each step of the program, and it does not break Scott continuity of £. To make
our model probabilistically fair, we simply use a new definition of nondeterministic choice, where
we now additionally constrain |I| < N.

&Si = {Zﬂ(i) Vi

i€l i€l

ﬂED(I), VlEI/l(l) > ENV; ES,’}

That is, a nondeterministic choice over a finite index set I is the set of all convex combinations
of elements from each S;, where each i € I must occur with probability at least e. We can now
proceed to analyze the WALT program, and determine bounds on the probability that the program
terminates with x = n for each n € N.

Following the fork, x is set to n on level 2n + 1 of the first thread for every n € N. That means
that WAIT will terminate with x = n if the first thread was scheduled for the first 2n steps, and the
second thread is scheduled on either step 2n + 1 (immediately before x is set to n) or step 2n + 2
(immediately after x is set to n), in which case the loop will exit before incrementing x again.

Let p; be the probability that the first thread is scheduled at step i given that the second thread
has not yet been scheduled. Following the reasoning above, the probability that x = n is given by
the following equation.

2n 2n
Plx=n] = (npi) “(p2ne1(1 = pansz) + (1 = pans1)) = (l—lpi) - (1= pant1pans2)
i=1 i=1

Given the probabilistic fairness assumption, each p; is bounded between ¢ and 1 — ¢, so we can
minimize P[x = n] by letting p; = ¢ for all i < 2n and paps1 = pansz = (1 — ¢). Similarly, we
maximize P[x = n] by letting p; = 1 — ¢ for all i < 2n and paps1 = pon+2 = €. That gives us:

EM(1-(1-¢)?) <P[x=n] < (1-¢)%"(1-¢)

To maximize the probability of nontermination, the scheduler should minimize the probability of
ever running the second thread by setting p; = 1 — ¢ for all i € N. That allows us to bound the
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termination probability as follows:

P[term] = Z P[x =n]

neN
2n

= Z (]_[ Pi) (1 = pan+1Pan+2)

neN \ i=1
> ) (-9 (1-(1-¢?

neN
=(1-(1-9%- ) (1-2?)"

neN
1

2(1—(1—8)2)'m = 1

But since the probability of termination cannot be strictly greater than 1, then the program must
terminate with probability exactly 1, regardless of how the scheduler behaves.

8 Purely Nondeterministic Concurrency

Pomset semantics for purely nondeterministic languages, without additional effects such as random-
ization, are well studied [Gischer 1988; Grabowski 1981; Pratt 1986]. As we saw in Section 2, such
semantic models use pomsets that only record one form of branching: parallel branching and not
guarded branching. To account for deterministic control flow (i.e., if-statements and while-loops)
sets of pomsets are used, where each structure in the set corresponds to a particular resolution of
the tests in the program [Kappé et al. 2020; Laurence and Struth 2014] (see Figure 2 for an example).
That approach relies on the problematic equation:

C(C1&Cy) = (CC) &(C;Cy) ®)

Although Equation (8) is generally accepted in purely nondeterminstic domains, it is invalid in
domains that mix in probabilistic computation, such as the convex powerdomain. To see why,
consider the case where C performs the probabilistic action x := flip (%) then, the left side of the
equation states that x is resolved before the nondeterministic choice is made, whereas the right
side states that that the nondeterministic choice is made first. On the left, the scheduler has more
power, as it can make its choice to schedule C; or C, based on the outcome of the coin flip; on the
right, it cannot see the outcome of the coin flip until after the choice is made.

In terms of the semantic domains that we introduced in Section 6.2, Equation (8) corresponds to
a second kind of additivity:

=& fi@ where f(x)=& fix) ©)
i€l i€l
This kind of additivity is valid when the domain D does not include a secondary type of branching
(like probabilistic choice), as in the case for powerdomains, which give semantics to nondeterministic
programs. In this section, we will show how to recover pomset language semantics from our pomset
with formulae model, and that the two models are equivalent when Equation (9) holds.

8.1 Pomset Language Semantics

We will emulate pomset language semantics using pomsets with formulae. Since in this section we
are concerned with purely nondeterministic concurrency, we work in a restricted version of the
language from Figure 1, called cmdg, that does not contain the C; @, C; construct; accordingly,
we presume that @, ¢ test. First, we define a label set labelp;, which does not contain L or tests,
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[skip]p, = {(fork)}
[alp. = {(a}}
[Ci; Co]lp = [Cullpy 3 [Callpy
[Ci1Co]p = [Cilp Il [Co]lpe

[C1 & Coflp = [CillpL U [Co]lpy
[if b then C; else Cy]p, = ({(assume b)} 3 [Ci]p. ) U ({(assume =b)} 5 [C2]p,)
[while b do C]p, = Ifp (E(C,b))

where  E(cp)(S) = ({(assume b)} 5 [Clp 55) U ({(assume =b)} 5 [skip]p, )
S¢T2{a:f|lacsSpeT}
SIT={allplacS peT}

Fig. 7. Standard pomset language semantics [-]p, : emdg — pomLang.

but now actp| includes an action assume b for every test b € test \ {&}, which guarantees that b
holds in the current computation branch:

labelp, = actp_ U {fork} where actp, = act U {assume b | b € test \ {&}}

We omit L because pomset languages are sets of finite pomsets, and therefore we can construct
each structure directly without the need to approximate larger structures with L nodes.

pomLang = P (pomy,, (labelp))

We now define standard pomset language semantics [—]p, : emdg — pomLang in Figure 7.

Although the semantics is technically defined using pomsets with tests, our restrictions to the
label set make pomLang isomorphic to the standard definition [de Bakker and Warmerdam 1990;
Gischer 1988; Meyer and de Vink 1989; Pratt 1986]. The label set labelp; does not contain any
tests; so, by the binary branching property (Definition 6.1), the formula of every node must be
true, essentially meaning that the formulae in the LPOF structure are completely unused. Going
further, the definition of sequential composition collapses to the standard one (for the proof, see
Appendix G):

LEMMA 8.1. IfBoty = 0, 9o (x) = true for all x € N, and f = [true — f], then:
N!ZSfﬁ =Ny UNg and <aspp = <aU<pU (Ng XN/;)

In the pomset language model, each & € [C]p, corresponds to a particular sequence of test
resolutions. When an assume fails, the trace is eliminated. When a branch occurs, i.e, in an if-
statement or while-loop, the set of traces is duplicated to account for both the “true” and “false”
branches, as we saw in Figure 2.

Loops are interpreted as the (possibly infinite) union of all finite traces. Infinite pomsets are not
needed, since we instead use infinite sets. The semantics of loops is given by the least fixed point of
Z(cby, which is Scott continuous in the bcro (pomLang, C), since suprema (given by U) always
exist, and are associative and commutative. The skip appears in the false branch to correspond to
®(cp) (defined in Figure 4).

8.2 The Hoare Powerdomain

Powerdomains give semantics to programs that combine nondeterminism with looping or recursion
[Plotkin 1976; Smyth 1978]. In this section, we create a powerdomain instantiation of our semantics
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from Section 6 and prove that the resulting model corresponds to well-known models of non-
probabilistic concurrent programs [Kappé et al. 2020; Laurence and Struth 2014]. We work in the
Hoare or lower powerdomain, named as such for its connection to partial correctness and Hoare
Logic [Floyd 1967; Hoare 1969]. Indeed, the Hoare powerdomain identifies the terminating traces
of a program, but not that the program always terminates; from a concurrency perspective, it
corresponds to a safety property [Lamport 1977].

For simplicity, we presume that the orders over actions <,.; and tests <t in this section are flat.
Then, the Hoare powerdomain consists of sets of states, ordered by subset inclusion (P (S), ),
which is known to be a pointed bcpo with supremum given by union U and 0 as bottom. Let the
remaining operators be defined as follows:

&si=s: n(s) £ {s} ORI HO!

iel iel seS
Since @, ¢ test, we do not define a ®,: P(S)? — P(S) operation It is also well known that
(P, 1, (—)T) is a Scott continuous, strict, and additive monad [Zilberstein et al. 2023]. In addition,
# upholds Equation (9) since the set unions in & and (-)" are commutative and associative. Now,
action evaluation [~] ., : actpL — S — P(S) is given below, where assume actions result in
{s}, if the test could nondeterministically be true in state s, and (), otherwise:

o | [a]ae (5) ifa € act
[lacte, () = {{S | 1t€ [6] 405t (s)} if a = assume b

We also define a specialized linearization operation Lp : pomLang — S — P(S), which is
simply a union over the linearization of all traces:

Lo (8)(s) = | Lan(a)(s)
€S
Since all formulae are true, the next nodes to schedule are exactly those whose predecessors have
all been processed, i.e., next(a, true,S) = {x € N, \ S | x|, € S}, which corresponds to standard
interleaving definitions of linearization [Pratt 1986].

8.3 Translation and Adequacy

We will now prove that pomset language semantics [—]p, (Figure 7) corresponds exactly to the
Hoare powerdomain instance of our semantic model from Section 6. To do so, we first need to
define a translation tr: pom — pomLang from pomsets with formulae to pomset languages. To
define tr, we start with a translation on finite LroFs, which additionally takes a formula ¢ to encode
the resolution of tests in the current trace:

tripof (@, ) = (Ny, <y, Ay, [ > true])
where [— + true] is the constant true function and
Nwé{xeNallﬁ:Npa(x),/la(x);é&} <¢é<aﬂ(Nl//XN¢)

Aa(x) if Ay (x) ¢ test
Ay(x) £ { assume A,(x) ifdx(x) € testand ¢y = x
assume —A,(x) if Ay(x) € test and ¢y = —-x

The nodes of tryr(, 1) are those nodes x € N, such that y = ¢, (x) and A,(x) # &. The first
condition, ¥ = @4 (x), indicates that x agrees with the outcomes of the tests described by the path
condition . Nodes with label & are deleted to avoid superfluous no-op nodes in the translated
structure. Test nodes with label b are converted into either assume b or assume —b, depending on
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whether that node is true or false in 1. We define translation on finite pomsets by taking a union
over all branches ¢/ € bry:

trin([@]) = {[trpor (. ¥)] | ¥ € bro}

Finite translation is monotonic (Lemma G.2)—trgin (@) C trsin(B) if & Cpom f—therefore we can
extend to infinite pomsets with the extension lemma:

tr(er) = trg, (o)

Now, with the definition of tr, we can state our next adequacy theorem, showing that our pom-
set with formulae model corresponds exactly to the usual concurrency semantics in the Hoare
powerdomain; the proof is in Appendix G.5.

THEOREM 8.2 (NONDETERMINISTIC ADEQUACY). The following diagram commutes:

emdg I pom

[-Ip L

pomLang T (S - P(S))

The upper commuting triangle does not depend on the Hoare powerdomain, so it is tempting to
say that pomset languages give an adequate model in other domains too. However, as we showed in
Section 2, just because a semantic structure exists does not mean that it conveys the desired meaning.
Indeed, the fact that £ = Lp_ o tr relies on two particular properties of the Hoare powerdomain.
First, Equation (9), which is invalid in probabilistic domains. Second, Lp| is computed as a union
over a possibly infinite set (the union is infinite whenever the program contains a while-loop).
Unbounded nondeterminism is known to cause problems in many domains—including the Smyth
and Plotkin powerdomains [Apt and Plotkin 1986; Back 1980; Sendergaard and Sestoft 1992]—thus
no infinitary version of & exists.

So, although programs in any domain can be interpreted as pomset languages, those semantic
objects may not give an adequate meaning to the program. Particularly in probabilistic domains—i.e.,
the convex powerset—prior pomset language models [Kappé et al. 2020; Laurence and Struth 2014]
do not give us a way to find the relative probabilities of the different outcomes after actually running
the program. Our new approach, using a single structure that records both causality and control
flow, is more suitable for interpreting the semantics of concurrent programs in new domains, such
as probabilistic computation. As we saw in Section 2 and Theorem 7.2, pomsets with formulae
accurately capture the concurrent behavior of these programs, while also allowing us to recover
the precise probabilities of each outcome.

9 The Randomized Dining Philosophers

As a more complex case study, we show how pomsets with formulae can be used to reason about
Dijkstra’s Dining Philosophers problem [Dijkstra 1971]. In a nutshell, n philosophers sit around a
circular table and alternately think and eat; each philosopher has a plate and there is a chopstick
between each adjacent pair of plates. Two chopsticks are needed to eat, but the philosophers can
only take the two chopsticks next to their plates and chopsticks can only be taken one at a time. So,
the philosophers can eat only when their two nearest neighbors are not eating. After eating, the
philosopher will put down both chopsticks and either think further, or die.

The problem is to design a symmetric algorithm such that any philosopher will not starve (i.e.,
try to acquire chopsticks forever) or, at the very least, no deadlock arises. Although the Dining
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1 while & do
2 think();
3 got; == 0;
4 while —got; do
5 X R 'Flip(%);
6 while —got; do
Phil; £ 7 got; = cas(ch[i+, x;],1,0);
8 got; = cas(ch[i+, (1-x;)],1,0);
9 cas(ch[i+, x;], ~got;, 1);
10 eat();
n chli] :=1;
12 chli+, 1] =1,
13 die()

Fig. 8. The randomized solution to the Dining Philosophers due to Lehmann and Rabin [1981], implemented
in the language of Figure 1. Program Phil; implements the protocol of philosopher P;.

Philosophers may seem like a silly thought exercise, the paradigm of symmetric choice is applicable
to a large number of real world synchronization problems. As a result, the Dining Philosophers has
been studied for decades, and continues to be relevant today.

Dijkstra [1971] showed that no symmetric, deterministic, and fully distributed solution to the
Dining Philosophers problem exists. However, the problem has a simple probabilistic solution due to
Lehmann and Rabin [1981], where random choices are used to break symmetries and the probability
of deadlock converges to 0 as time goes on. Lehmann and Rabin’s [1981] solution is represented
as pseudocode, and their proof is not based on a formal semantics. In fact, due to the interplay
between concurrent scheduling, random choice, and unbounded looping, no semantic model prior
to pomsets with formulae could adequately capture the randomized Dining Philosophers.

9.1 The Dining Philosophers Program

In Figure 8, we show the randomized solution to the Dining Philosophers problem, adapted from
Lehmann and Rabin [1981]. A few aspects deserve discussion. First, philosophers are numbered
from P, to P,,—; and so are the chopsticks: we let the chopstick at the left and at the right of
philosopher i be ch[i] and ch[i +, 1], respectively (where the notation ‘+,” to denotes addition
modulo n). Every chopstick is modeled as a boolean variable, which holds 1 if the chopstick is
available and 0 if it is taken. Every philosopher has two variables in its local state, x; and got;,
where i is the philosopher’s index. The variable x; is a boolean variable used to indicate which
chopstick P; will try to grab first, with 0 indicating left and 1 indicating right. The variable got; is
also Boolean-valued, and indicates whether P; successfully obtained a chopstick.

The philosophers also perform the actions think(), eat(), and die(). For the purposes of our
analysis, we let those actions have the same behavior as skip and we include them in the program
only to make it clear how our implementation relates to the classic problem.

The program Phil;, implementing P;’s protocol, begins on line 1 of Figure 8 with a top-level
while loop over the test &, meaning that, at every iteration, P; will arbitrarily choose whether to
keep going or die. Once inside the loop, P; begins to think (which has no observable effect), then
becomes hungry and tries to acquire a chopstick. First, got; is set to 0 on line 3, indicating that
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P; has no chopsticks. Then, on line 5, flip (%) equiprobably selects a target chopstick (either the
left or right one). Once a target ch[i +, x;]| has been set, P; loops on line 6 until it acquires that
chopstick. The acquisition must be done atomically, so that no other philosopher can take the
chopstick in between P;’s check that ch[i +, x;] is available and the state update to claim it. To
achieve atomicity, we introduce a new compare-and-set action b := cas(x, old, new), which sets in
one atomic step x to new if its current value is old. The variable b indicates whether the operation
was successful, but it can be omitted if we do not need to know whether the operation succeeded:

n(s[b == 1][x := new]) ifs(x) =old

[b:= cas(x old, new)] g s) = { n(s[b = 0]) if s(x) # old

Once P; has acquired ch[i+,x;], it then turns its attention to the second chopstick ch[i+, (1—x;)] on
line 8. However, this time P; does not loop, it simply takes the chopstick if it is available. Following
line 8, got; is 1 if P; is holding two chopsticks and 0 if it is only holding ch[i +, x;]. So, the cas
operation on line 9 frees the first chopstick (ch[i +, x;]) only if P; failed to acquire the second
chopstick (ch[i +, (1 — x;)]). At this point, P; will exit the loop on line 4 if it has acquired two
chopsticks, otherwise it has no chopsticks and will try again. If the loop on line 4 exits, then P;
gets to eat on line 10 (again, eat() has no observable effect). After eating, P; releases both of its
chopsticks and once again arbitrarily chooses whether to think again or die.

9.2 Pomset Semantics and Deadlock Freedom

We now show how pomsets with formulae can be used to reason about the Dining Philosophers
program. The structure corresponding to [Phil;] is shown in Figure 9. For simplicity, we use
dashed back arrows x<--y to indicate that the entire structure rooted at x is copied and placed as a
successor to y. In reality, [Phil;] is an infinite structure and each of the three nested loops repeats
indefinitely, as we saw in Section 6.1 and Example 7.4. We want to remark that, as this example
testifies, despite the complex rules and operations for compositionally defining pomsets out of
programs, the correspondence between a program (see Figure 8) and its associated pomset (see
Figure 9) is quite simple and evident.

To obtain the overall system, we initialize all chopsticks to be available and then run the protocols
of Py, ...P,_; in parallel:

ch[0] = 1;...;ch[n — 1] := 1; (Phily| ... |Phil,_,)

The fundamental property required for any solution to the Dining Philosophers is that no deadlock
arises: if at some point at least one philosopher is active (has not terminated), eventually at least
one of them eats. We now use the pomset presented in Figure 9 to conclude that the probability of
deadlock tends to 0, provided some basic assumption on the fairness of the scheduler (that is, each
enabled thread will eventually get run, which is also assumed by Lehmann and Rabin [1981]). For
simplicity, we shall first consider the case with only two philosophers—P, and P;—and prove that
the infinite traces containing no eat() actions have probability 0. At the end of the section, we will
discuss how the reasoning can be extended to more than two philosophers.

From Figure 9, it is clear that there are two places where a philosopher P; can indefinitely run
without ever encountering an eat(). The first scenario (shown on the left of Figure 10) is where P;
repeatedly acquires one chopstick, but always fails to acquire the second chopstick. The second
scenario (shown on the right of Figure 10) is where P; gets stuck trying to acquire its first chopstick,
after succeeding to acquire one chopstick a finite number of times.

Thus, the only possible traces of the overall system in which no eat() action occurs are those
obtained by interleaving the individual traces just shown, respectively performed by Phil, and
Phil,. For simplicity, let us focus on Phil, (the argument holds dually for Phil;).
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cas(chli+y, x;], ~got;, 1)
~ - - T
P got; = cas(ch[i+, (1 -x;)],1,0)
7
- chli4n 1] =1
/ i N
' (chli+, x:],1,0) mlil=1
; goti = cas(ch[i+n x;], 1, . chli] := \
! N 7 .
[ \ ?(~got;) eat() \
[Phil;] = \ I 1 \
\ x :~ flip (1) . \
\ / \
\ N F \
N -)(ﬂgOfi) \
~ 1
S—~___ -7 T . \
got; =0 die() \
T T |
think() . /
/
2(&) P
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Fig. 9. Pomset corresponding to [Phil;] from Figure 8. The dashed back arrows x<--y indicate that a copy of
the entire structure rooted at x is a successor of y.

cas(chli+p x;], ~got;, 1)
got; = cas(ch[i+, (1-x;)],1,0)
Fl
?(—got;)

7

got; = cas(ch[i+n x;],1,0) \"

Try (and fail) to acquire -
the first chopstick.

133

- Try (and fail) to acquire
the second chopstick.

Eventually acquire the -

]

( got; = cas(ch[i+, x;],1,0)
?(~got;)
T

x:~ flip (1)
ull
?(—got;)
cas(chli+p x;], ~got;, 1)
got; = cas(ch[i+, (1—-x;)],1,0)
Fl

?(—got;)

got; = cas(ch[i+p x;],1,0) \"

77  first chopstick. T
?(=got;) ?(=got;)
T T
x:~ flip (3) x:~ flip (3)
TT 7
?(=got;) ?(~got;)
7
got; =0 got; =0
T 1
think() think()
T T
?2(&) ?(&)
Fig. 10. Traces extracted from the pomset [Phil;] of Figure 9 where no eat() action occurs.

First, consider the case in which Phil; contributes to the system evolution by performing the
second trace (Figure 10 right), i.e., at some moment ¢ it starts looping forever on lines 6 and 7
of Figure 8. This can only happen if, from that moment on, Phil, tries to access the chopstick i
(€ {0,1}) and it never finds it available; moreover, being stuck in the loop, Phil, does not hold
chopstick 1 — i, that is thus permanently available from time ¢ on. By assuming that every action
terminates in a finite amount of time and that there are no process failures, this implies that Phil,
remains active forever (i.e., it never dies in line 13) and
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e Phil; got chopstick i before time ¢, and hence it is not performing lines 4-7; hence, it will
eventually eat; and

e Phil; releases chopstick i (by performing one of the actions in lines 11/12), but gets it again,
by starting the while loop of line 4, before that Phil, is able to get chopstick i.

Since the loop of Phily is infinite, this means that this scenario repeats infinitely often and, hence,
Phil, eats infinitely many times, thus satisfying deadlock freedom.

Second, consider the case in which Phil; contributes to the system evolution by performing
the first trace (Figure 10 left); that is, it remains trapped in the while of line 4. This means that, at
some moment t, it repeatedly selects a chopstick i (uniformly chosen in the set {0, 1}), it is able to
get it (possibly, after some attempts), but it then finds chopstick 1 — i unavailable and has to restart
everything from the beginning (including the random selection of the chopstick, for a possibly
different i). Again, this implies that Phil; remains active forever (otherwise at some point the
second chopstick would eventually become available for Phily) and it performs the ‘dual’ trace of
Phil,, thus repeatedly getting chopstick 1 — i but then finding chopstick i unavailable. However,
this may only happen if, at every attempt, Phil, and Phil; select different chopsticks in their
random choice of line 5; these choices being independent, the fact that they always choose different
chopsticks in k successive iterations is zik and so tends to 0 with k going to infinity.

To conclude, Lehmann and Rabin [1981] prove something similar, i.e., that no trace can indefinitely
avoid an eat action; however, the two proofs do not follow the same conceptual steps. Our reasoning
is, in our opinion, much easier to follow and verify, since it provides in a single figure (viz., Figure 9)
all the possible behaviors, making it simpler to extract the possible traces where eat actions are
not present (see Figure 10) and reason on why they can happen with a probability tending to 0.

Our reasoning can be adapted to handle an arbitrary number of philosophers n. We should
consider Phil; and Phil;, ;) instead of Phil, and Phil;. Then, we cannot directly conclude that,
if Phil; is blocked, then Phil ;. ;) will surely eat: if it does, we're done; otherwise, if Phil(;, 1) is
blocked as well, we move the focus on Phil;,, ;), and so on. In the worst case, we would arrive
back at Phil ;. ») = Phil;, meaning that everyone is blocked. But that scenario can only happen if
all philosophers happen to infinitely often get the specific combinations of coin flips that cause
them to acquire exactly one chopstick, with the second one taken by their neighbor. The probability
of that scenario repeating indefinitely clearly tends to 0.

10 Related Work

We developed a new semantic structure called pomsets with formulae and studied its domain-
theoretic properties, which we used as basis to provide semantics for a probabilistic concurrent
imperative language with unbounded loops. Our work builds on a rich history of both pomset and
powerdomain semantics, and also contrasts with other approaches, as we now describe.

Concurrency Semantics. The use of partial orders and pomsets in denotational models of con-
current programs dates back to Gischer [1988]; Grabowski [1981]; Pratt [1976]. Pomsets have
subsequently been used as a semantic basis for concurrent separation logic [Brookes 2004], con-
current Kleene algebras [Hoare et al. 2011; Jipsen and Moshier 2016; Kappé et al. 2020; Laurence
and Struth 2014], and other applications [Edixhoven et al. 2022; Jagadeesan et al. 2020; Kavanagh
and Brookes 2018]. While there are links between pomset semantics and operational models of
concurrency [Brookes 2002], pomsets are often preferred for their finer notion of concurrency
compared to the interleaving semantics offered by operational models, which is especially useful in
the context of weak memory [Jagadeesan et al. 2020; Kavanagh and Brookes 2018].

Concurrency has previously been combined with other computational effects in limited ways.
For example, semantics for probabilistic concurrent programs have been defined operationally
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[Tassarotti 2018; Tassarotti and Harper 2019], but that approach is limited to bounded loops due
to the lack of domain-theoretic tools to determine the behavior in the limit. The inclusion of
unbounded looping adds significant complexity in the probabilistic case. Whereas finite-trace
models are sufficient for many non-probabilistic scenarios, unbounded looping in probabilistic
programs requires infinite traces, as the probability of termination may only become 1 in the limit.
A proper theory of infinite traces requires pomsets to be enriched with a pcro or metric structure;
prior work in this area was very informative to our own development [de Bakker and Warmerdam
1990; Meyer and de Vink 1988, 1989], although the inclusion of deterministic branching in our own
pomset structure added significant complexity.

Another operational model of probabilistic concurrency has been developed based on Markov
Decision Processes [Fesefeldt et al. 2022]. This semantics is used to lower bound expected values,
but does not straightforwardly extend to more complex domains such as the convex powerset,
which give the full set of distributions over outcomes. In addition, a denotational model has been
developed [Neves 2025], where the underlying semantic structure is obtained as the solution to a
domain equation. Our construction is more concrete, giving a full account of the causality in the
program and thus capturing non-interleaving models of concurrency too.

Branching pomsets were recently introduced to model choices in choreographic programs
[Edixhoven and Jongmans 2022; Edixhoven et al. 2024, 2022]. While branching pomsets can, in
theory, contain infinitely many nodes, the domain theoretic properties needed to approximate
infinite structures have not been explored, which was a significant focus of this paper. Indeed, our
extension lemma (Lemma 4.17) was necessary for linearization, without which we would not have
been able to relate our pomset model to the known convex powerset semantics [He et al. 1997;
Mclver and Morgan 2005; Zilberstein et al. 2025b].

Powerdomain Semantics. Concurrency semantics must be interpreted in a domain that captures
nondeterministic computation in order to account for different interleavings of the parallel threads.
Powerdomains have long been used to give denotational semantics to nondeterministic programs
[Plotkin 1976; Smyth 1978], and were later extended to probabilistic semantics as well [Jones and
Plotkin 1989]. However, as documented by Parlant [2020]; Varacca and Winskel [2006]; Zwart
[2020]; Zwart and Marsden [2019], standard powerdomains do not compose with probabilistic ones
in a straightforward way, but several alternatives have been explored.

In this paper, we use the convex powerdomain [He et al. 1997; Mislove 2000; Morgan et al. 1996b;
Tix 1999], which operationally represents a probabilistic program with nondeterminism resolved
by a probabilistic scheduler [Varacca 2002, Theorem 6.12]. The convex powerdomain additionally
has a well-defined monad structure [Jacobs 2008] and good domain-theoretic properties [Keimel
and Plotkin 2017; Mclver and Morgan 2005; Tix et al. 2009].

The powerdomain of indexed valuations is an alternative computational domain, which instead
models probabilistic programs with nondeterminism resolved by a deterministic scheduler [Varacca
2002; Varacca and Winskel 2006]. Distributions of multisets can also represent probabilistic nonde-
terminism [Jacobs 2021; Kozen and Silva 2024] with an angelic interpretation of nondeterminism
[Ong et al. 2025]. Further denotational models represent an oblivious scheduler, which makes
decisions independently of random coin flips [Chen et al. 2026] or even resolve nondeterminism
before seeing the program inputs [Wang et al. 2019].

Although we chose to focus on the convex powerdomain in this paper, the core pomsets with
formulae model is agnostic to semantic domains. Those domains only become relevant during
linearization, and our linearization procedure is defined generically so as to support a variety of
models. Many of the aforementioned domains, particularly the powerdomain of indexed valuations,
are already known to have the properties needed for linearization.
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Alternative Approaches. The approach taken in this paper was motivated by the need to obtain a
full set of possible distributions that result from running a program. Alternative approaches exist,
but are focused more on conflicts and interactions between individual program actions.

A first example is the well established model of event structures [Nielsen et al. 1981; Winskel 1980],
whose main feature is the possibility of explicitly representing causality and conflict. This makes it
possible to constrain the possible executions, whereas pomsets provide a compact representation of
concurrent behavior by recording causal dependencies while leaving concurrent events unordered.
To model randomized computations, probabilistic event structures have been devised [Katoen
1996; Varacca et al. 2006; Varacca and Yoshida 2007; Winskel 2014]: they globally encode all of the
interactions in a probabilistic system. In general, while event structures have expressive features
to represent control flow and synchronization, they are less compositional than pomsets and are
less amenable to linearization. In addition, event structures model process algebras, which have a
more restricted syntax than the full imperative language of Figure 1. Most notably, process algebras
usually do not have a general purpose sequential composition.

Another approach is the research line on game semantics [Abramsky et al. 2000] and its probabilis-
tic extensions [Castellan et al. 2018]. In this setting, program behaviors are modeled as interactions
between a player and an environment, with game structure capturing the possible choices. Game
semantics are particularly useful for reasoning about program equivalence and full abstraction,
whereas pomsets provide a natural representation of concurrent executions whose linearizations
can be used to characterize observable program behaviors.

11 Conclusion and Future Work

We presented a novel denotational model for probabilistic and concurrent imperative programs.
Our model solves a longstanding problem in the field of program semantics by developing a
structure that correctly captures interactions between control flow, probabilistic actions, concurrent
execution, and unbounded looping. Our model has good domain theoretic properties, important for
semantics of unbounded loops, and it subsumes typical powerdomain semantics for concurrency as
well as convex powerdomain semantics for probabilistic nondeterminism.

Ultimately, the existence of a good denotational model will be key to verification of probabilistic
and concurrent imperative programs, which can be used to capture important protocols in ran-
domized distributed systems, such as the Dining Philosophers. We have taken preliminary steps
through the development of a program logic, which we call probabilistic concurrent Outcome Logic
(pcOL) [Zilberstein et al. 2026]. The main innovation of pcOL is its use of a concurrent separation
logic [O’Hearn 2004] style parallel composition rule to infer specifications about parallel programs
in ways that are not captured by Lemma 6.4. However, pcOL has limited abilities to reason about
concurrent loops whose termination are mutually dependent, making the Dining Philosophers and
other similar examples out of reach [Hart et al. 1983; Lehmann and Rabin 1981; Rabin 1980, 1982].
We are interested in developing further logical methods based on pomsets with formulae in order
to extend mechanized reasoning to a broader class of probabilistic concurrent programs.

Another interesting direction is to explore the applicability of pomsets with formulae to convex
powerdomain constructions other than Smyth [Keimel and Plotkin 2017; Tix 1999, 2000; Tix
et al. 2009], or to other domains for mixing probabilities and nondeterminism including indexed
valuations [Varacca 2002, 2003; Varacca and Winskel 2006] and multisets of distributions [Jacobs
2021; Kozen and Silva 2024]. While our linearization procedure is based on an omniscient scheduler,
we are also interested in exploring more restricted models including oblivious schedulers (which
cannot see the outcomes of random sampling) [Chen et al. 2026], and fair schedulers. This will be
challenging, as those models are non-compositional and therefore linearization on infinite pomsets
could not be defined via Lemma 4.17. Still, pomsets with formulae are a good basis for studying
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these questions, as the structure itself makes no assumptions about how scheduling of parallel
branches occurs.
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A On the interplay between sequential composition and loop unrolling

In this section, we discuss the rationale for the copying behavior of sequential composition by
demonstrating the semantic structures that are generated as the result of looping programs. We
start with a simple program, which is a loop containing a single action as the body:

while bdoa
As defined in Figure 4, the semantics of this program is given by the following fixed point:
[while b do a] = Ifp (P(ap)) where D o5y (@) = guard(b, (a) 5 e, [skip])

By the Kleene fixed point theorem, the least fixed point above is given by the supremum over all the
finite iterations of ®, ) applied to Lo, Unrolling this definition several times, we get the chains
shown in Section 6.1. Now suppose that we would like to sequentially compose another action after
the loops, to obtain the program: (while b do a) ; a’. According to the definition of sequential
composition from Section 5.2, the semantics of this program is obtained by composing a copy of a’
after each branch of [while b do a]. As we just saw, the branches of [while b do a] correspond to
all of the terminating traces of the loop, and therefore we make countably many copies of a’, as
shown in the first option below. We investigated the possibility of defining sequential composition
without such a copying, similar to what was done for finite structures in [?]. However, this approach
does not translate to the infinite case. To see why not, consider the second option below structure,
obtained by composing a’ after while b do a, without copying.

: S %‘w
a L J a [ ] T
[(whilebdoa) ; a’] = T’\b’F sa = T’\bﬂ s OR g .
0 1 ™,
a [ ] a [ ] T
TN b 7\F T& b }F a [ ]
T&b}F

The node labelled as a’ is not finitely preceded; it has countably many predecessors, one for each
terminating branch of the loop. Relaxing the finitely preceded requirement for LPOF s is not an
option; it breaks many of the proofs from Section 4, preventing us from approximating a pomset
using finite structures and invalidating the extension lemma. Without the extension lemma, it is
unclear how linearization could be defined, as well-founded recursion relies on the structure being
finite. Scott continuity of sequential composition comes into question as well. Scott continuity of §
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means that the following equation holds:
’ ? n ° ’
(sup q)rga,m(ipom)) $4a’) = sup (‘I)(a’b)(lpom) $4a ))
neN neN

We investigated two possible expansions for the latter expression. The first possibility retained
the requirement that nothing can proceed L; it is shown as the sequence below, ignoring the grey
dotted arrows. The second possibility allowed L nodes to have successors, and is shown below,
where the grey dotted arrows indicate standard causality.

a
T
a L
Cpom T Zpom N4
+ oA 0
Tp T a .
TKb}F

q)%a!w(J-pom) $¢a’) ‘I’l(a!m(J-pom) 5¢a’) q)%a’w(J-pom) $¢a’) (D?a’m(J-pom) 5(a’)

The causality from L to a’ is problematic, since L could be expanded into an infinite structure, again
causing a’ to not be finitely preceded. But the lack of causality from L to a’ is also problematic,
as in the next approximation, L will be replaced by the test b, which is supposed to be scheduled
before a’. This complicates monotonicity of linearization, as the allowable interleavings can change
as the structure grows.

In any case, the sequence above does not form a chain—at least, not according to our current
definition of Epop,. The reason why this is not a chain is because the node labelled a’ gains more
predecessors with each successive structure. We investigated several alternative definitions of Cpop,
which did allow for this sort of expansion, however each one had significant problems—e.g., some
were not transitive, and thus not partial orders; some were not Dcpo s; and some caused ®(c )y not
to be monotone, meaning that loops could not be interpreted as fixed points using the Kleene fixed
point theorem or the Knaster-Tarski theorem. In the course of our investigation, we found that
the copying of structures in sequential composition was the best way to obtain a sound structure,
obeying all the necessary laws.

Interestingly, this copying behavior corresponds to the following equational law of Probabilistic
Guarded Kleene Algebra with Tests [Rozowski et al. 2023], where sequencing a command C after a
guarded choice is equivalent to including C in both branches:

(ifbthenCielse(C,) ; C = ifbthenCy;Celse Cy;C
B Proofs for the results on LPoFs (from Section 4)
B.1 Basic properties
Let nBot, denote the set of nodes not labelled with L, i.e, nBot, = {x € Ny | A¢(x) # L}.
LEMMA B.1. Let & Cpor f3; then, nBot, C nBotg.

Proor. By Def. 4.1 (Item 1 and 3a), we have that 1,(x) < Ag(x), for all x € N, € Ng. Hence, if
X € nBotg, then L < A4(x) < Ag(x) and so x € nBotg. O
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LEMMA B.2. Ifa Cpor B, then N \ Ny = Bot, Ty

Proor. We show the set inclusion in both ways.

First, take any x € Ng \ N,. Since x is finitely preceded, there must be a positive integer n and
nodes xi,...,X, € Ng such that x; is the root of 8, x, = x, and x;41 € succg(x;) forall 1 < i < n.
Since a Cpor B, then x; must also be the root of . Now, let i be smallest index such that x; € N,
and x;4; ¢ N, (note that 1 < i < n since x; € N,, but x = x,, ¢ Ny). From a ¢ ff, we know that
succq (x;) = succg(x;) \ BotaTﬁ; SO, Xi41 € BotaTﬁ that allows us to conclude x € BotaTﬁ, being
Xiv1 <p Xp = X.

Now, take x € BotaTﬁ, i.e. there exists z € Bot, such that z <g x. If x € Ny, being <, = <g
N (Ng X Ny), we would have that z <, x, in contradiction with z € Bot,. ]

LEMMA 4.3. (lpof (L), Epof) is a poset.

ProoF. Reflexivity is trivial. For antisymmetry, we have that a Cj0f f and  Cppop @ imply that
Ng = Ng; hence:

<a =< N (Ng X Ng) = <pN (NgXNg) =<g
Then, let x € N, (= Np). Trivially, ¢, (x) = @g(x); furthermore, A, (x) < Ag(x) and Ag(x) < A (x),
50, Aq(x) = Ag(x), by antisimmetry of <.

For transitivity, let us assume that a Cpor f and f Cpor v, and prove that o Cpop y. By
hypothesis, N, C| Ng €| Ny, s0 Ny € Ny; we have to prove that N, is downwards closed (w.r.t.
to y). Take any x € N, and y <, x. Since N, C Ng, x € Ny and, being Ny €| N, then y € Np.
Further, since <g = <, N (Ng X Np), then y <z x. Therefore y € Ny, since N, €| Ng.

For the second item of Definition 4.1,
<gN (Ng X Ng)

(<y N (Ng X Ng)) N (Ng X Ng)
<y N ((N/g N N,) X (Nﬁ N Ng))
<y N (Ng X Ng)

Finally, let x € N,. Trivially, ¢q(x) = @p(x) = ¢, (x) and Ag(x) < Ag(x) < A, (x); 50, Ag(x) <
Ay (x), by transitivity of <. Moreover, we have:

<a

sucCq (x) = succg(x) \ BOtaTﬁ
= (SUCCY(X) \ BOtﬁT),) \ BotqTp

= suce, (x) \ (Boty?, U Bot,Ty)
= succy(x) \ Bot,T,

where the last equality holds thanks to Lemma B.2: indeed, Bot,Tg = N \ N, BOtﬁTY =N, \ Ng
and Bot,T, = Ny \ Ny; we conclude since (Ny \ Ng) U (Ng \ Ng) = (Ny \ Ne). O

LEmmA B.3. LetNﬁ C| Ne and <p=<agN (Nﬂ X Nﬁ) Then:
(1) ify € succy(x) and x <pg y, then y € succg(x);
(2) ify € succg(x), then y € succy(x);
(3) succp(x) C succq(x) \ BotgT,, for every x € Npg.

ProoF. For the first claim, if it was x <z z <g y, thenx <, z <4 y (being <g C <), in contradiction
with y € succg (x).

For the second claim, x <g y and <z C <, imply that x <, y. Now, by contradiction, assume
that x <4 z <q y. Since y € Ng C| Ny, then z € Ng; hence, being <g = <, N (Ng X Ng), we would
have that x <g z <g y, in contradiction with y € succg(x). So, y € succq(x).
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For the third claim, let y € succg(x); by the second claim, y € succ,(x). If it wasy € Bot/;Ta,
then there would exist z € Botg such that z <, y; being <g = <4 N (Ng X Ng), we would have that
z<p Y, ie.z ¢ Botﬂ. O

LemMA B4. IfD C lpof (L) is a directed set, then x| g = x| g forany p, B’ € D such thatx € NgNNp.

ProorF. Take any f, f” € D such that x € Ng and x € Ng. Since D is directed, there must be a
Y € D such that 8 Cyor y and B’ Cpor y. Now, take any y <4 x, clearly this means that y <, x,
and since Ny C| Ny, theny € Ng,andsoy € xlﬁ,, so we have showed that xlﬁ - xlﬁ/. By an
equivalent argument, we get that x| C x|g, therefore x| = x| . o

LEmMMA B.5. For any directed set D C [pof (L) and n € N, there exists a finite set X such that
{x | levg(x) =n} C X forall p € D.

Proor. The proof is by induction on n. Let n = 1, take any § € D, and let x be the root of S.
Since D is directed, then x is the root of every ' € D, therefore letting X = {x}, we have that
{y|levg(y) =1} = X forall B € D.

Now, suppose that the claim holds for all k < n, and let Xy be the finite set such that {x |
levg(x) = k} C Xi for each k < n. Also, let X = (i, X, so {x | levg(x) < n} C X, which is also
finite. This means that only finitely many L nodes can appear before level n. Now construct A as
follows: for each x € X, select a # € D such that Ag(x) # L, if such a § exists. So [A| < |X], which
is clearly finite. Since A is a finite subset of D, which is directed, then there must be some y € D
that is an upper bound of all the elements in A. This means that for all x € X, x ¢ Botg for some
B € Diff x ¢ Bot,.

Now let Y = {x | levy(x) = n}. Take any 8 € D, so there is a ' € D that is an upper bound of
and y. By construction, 8’ can only extend y after level n, and so the elements of y at level n must
be the same as the elements of " and since  Cpor B, then {x | levg (x) =n} C Y. O

LEMMA 4.8. For any directed set D C lpof (L), sup D = (N, <, A, @), where:

N2 U Np <2 U <p Ax) 2 sup  Ag(x) 0(x) £ U
BeD BeD BeD:xeNg

and Y, = @g(x), for all f € D such that x € Ng.

Proor. We need to show that:
(1) « € Ipof (L);
(2) B Epos @, forall f € D; and
(3) @ Cpof v, forall y s.t. f Cpor v (for all B € D).

We start with property (1). First, clearly « is single-rooted, since D is a directed set and therefore
every f € D must have the same root. We now show that every element of N, is finitely preceded.
Take any x € Ny, so x € Ng for some ff € D. By Lemma B.4, we know that x| 4 = x| 5 forall 8’ € D,
therefore x|, = Upea xlp = x|g, which much be finite.

Next, we show that finitely many elements appear at level n. By Lemma B.5, we know that
there is a finite set X such that {x | levg(x) = n} C X for all § € D. Following from Lemma B.4,
levg(x) = levg (x) = levy(x) for all B, " € D and x € N, so the elements at level n in « are the
elements at level n from all § € D. This gives us:

{x | leve (x) = n} = |_J{x | levp(x) = n} € X
peD

Now, take any x € N,.If A;(x) = L, then Ag(x) = L for all § € D such that x € Ng. This means
that x has no successors in any f € D, therefore it has no successors in a.
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If x <4 y, then x <g y for some f € D. Since D is directed, pg(x) = ¢p(x) for all p’ € D
that contain x (and similarly for y); therefore, ¢, (y) = ¢5(y) = @p(x) = @o(x). Finally, take any
x € Ng, so x € Ng for some f € D. By construction, ¢,(x) = ¢s(x) = ¢/ and, by Lemma B 4,
xlq = x| p; so, since vars(gp(x)) C x|g, then vars(pq(x)) C x|,

We next prove property (2): we choose any 8 € D and show all conditions of Cy,f.

First, we prove that Ng C| Ng; the inclusion is by construction. Then, take x € Ng and y <4 x;
by construction, there must exist a ” € D such that y <g x. Take y € D to be an upper bound of
and f’, which must exist since D is a directed set. So ' Cy,or y and therefore y <, x. Since Ng is a
downward closed subset of N, (being f Cy,of v), it must be that y € Nj.

For the order, we proceed as follows:

<gN (Nﬁ XNﬁ) = U <p |N (N/; XNﬂ)
peD
= [ J (< 0 (Npx Np))
p'eD
i <ﬁ

For the step (%), we prove that, for every f’ € D and every (x,y) € <g N (Ng X Ng), we have that
(x,y) € <p. Let y be the upper bound of  and f’; then, x <, y (being x <z y and B’ Ey,or y). Since
<p =<y N (Ng x Ng) (because 8 Cppof ¥), We conclude x <g y.

Now, fix x € Np; since D is directed, ¢4 (x) = ¢/ = @g(x) and, by definition of sup, A5(x) < A4(x).
Finally, by Lemma B.3(3), succg(x) C succq(x) \ BotgT . We now show the reverse inclusion.
Suppose that y € succ,(x) and y ¢ BotgT ; by construction, there must be some f” € D such that
x <g y. By Lemma B.3(1), y € succg (x). Since D is directed, there is a y € D that is an upper
bound of  and B’. Since B’ Cpof ¥, then succg (x) = succy(x) \ BotﬁrTy; 50, Yy € succy(x). Since
B Eipor v» then we also have succg(x) = succy(x) \ Bot/;Ty. Since y ¢ BotgT , then y also cannot
be in BOtﬂTY since <, C <, by construction; therefore, it must be that y € succg(x).

Let us now move to property (3): we fix y satisfying f Cjor v (for all f € D) and show that
a Epor v-

We know that Ng C Ny for all § € D, therefore Ny = Ugep Np C Ny. We now need to show that
Ny is downwards closed. Take any x € N, and y <, x. Since x € Ny, then x € Ng for some f§ € D.
Since Ng C| Ny, then y € Np, and therefore y € Nj,.

Second,

<y N (NexNa) =<, 0 [ | Npx | ) N
peD peD

¥
=<y N U(N/,’XN/;)
peD

= U (<y N (Ng X Ng))
peD

:U<'B:<a

peD
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where the step marked with () follows using two set inclusions. The first is (Ugep (N X Np) €
Upep N X Ugep Np, which is immediate by the properties of cartesian product. For the reverse
inclusion, take any (x,y) € UﬁeD Ng X UﬁeD Ng, which means that there exist f’, f”” € D such
that x € Ny and y € Ng». Since D is a directed set, there exists f € D that is an upper bound of
f’ and B”; thus, Ng C Np and Ng» C Np and so Ng X Ng» C N X Ng. The latter implies that
(x,y) € NB X NB C Upen(Ngp X Np), as desired.

To conclude, take any x € Ny; since f§ Eyor v (for all ), we know that ¢g(x) = ¢,(x) and
Ag(x) < Ay(x), for all f that contain x. This allows us to obtain that ¢, (x) = ¢, (x) and A4 (x) <
Ay ().

YFinally, by Lemma B.3(3) (with « in place of  and y in place of a therein), succ, (x) € succ,(x) \
Bot,T,. We now show the reverse inclusion too. Let y € succy(x) and y ¢ Bot,T,. Since y is
finitely preceded, we know that y|, is finite, therefore y|, N Nq is finite and A4 (z) # L for each
z€ yly N Ny since y ¢ Bot,T,. We now construct a set A as follows: for each z € yly N N, select
a . € D such that z € Ng_ and Ag,(z) # L, which must exist since A,(z) # L. Since A is a finite
subset of D, which is directed, there is an element f € D which is an upper bound of all the elements
in A; therefore, yly N N, € Ngand Ag(z) # L foreachz € yly N N,. Since f € D, we also know
that f Cyor v and, since x <, y and x € Ny, then x € Ng; hence, succg(x) = succy(x) \ BotﬁTy,
so either y € succg(x) ory € BotﬁTy. In the first case, we are done since f§ Ej0¢ a and therefore
succg(x) C succy(x) by Lemma B.3(3). The second case is a contradiction, since it implies that
there is some z € Botg such that z <, y; hence, z € y|, N Ng C y|, N Ng, where the last inclusion
holds since  Cpor @. This implies that A, (z) # L, i.e. z ¢ Botg. O

B.2 Truncation of LPOFs

First, we define some notation for Ipos, similar to that of pomsets:
lpof (L) = {a € lpof (L) | |Ng| < oo} Lelfin = {B € lpof in(L) | B Cipor @}

Definition B.6 (Truncation). Let a € lpof (L) and n € N. Then, |a], = (N, <, A, ¢) where

N £ {x € N, | levy(x) < n};

<2<, N(NXN);

forall x € N, let A(x) £ A4 (x), if levy(x) < n, and A(x) £ L, otherwise;
for all x € N, let p(x) = @q(x).

Essentially, the truncation of « with n consists in keeping « unchanged for all nodes x € N,
such that lev, (x) < n and changing the labels of all nodes x € lev™!(n) to L. For any a € lpof (L),
La]o is a singleton LroF with L at the root.

For a set of LroF s S C lpof (L), we also let | S], = {La], | « € S}. Note that since a pomset is a
set of LPOF s, this definition applies to pomsets too.

LEMMA B.7. For any «a € lpof (L) and n > 0, it holds that | ], € o],

Proor. To lighten notation, let § = | a],. First, note that N is finite, since all nodes occur at level
at most n, and there can only be finitely many nodes up to that level.

Now, we prove that § € Ipof (L). First, f§ is single rooted, is finitely preceded and has finitely
many nodes at every finite level, because it inherits these properties from a. For the same reason,
the conditions on ¢4 are satisfied. Finally, for any x € Nj such that Ag(x) = L, we consider two
cases:

(1) levg(x) < n: by construction, Ag(x) = A¢(x) and so succ,(x) = 0. By the definition of <g,
we have that succg(x) C succy(x) and so also succg(x) = 0.
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(2) levg(x) = n: obviously x has no successors, since everything above level n has been deleted.
Finally, we show that f§ Cy,or a. First, we show that Ng | N,. Clearly Ny C N, by construction.
Now, take any y € Ny and z <, y. Since lev,(y) < n, then lev,(z) < n and therefore z € Ng. By
construction, we also have that <g = <, N (Ng X Np), 45(y) < Aa(y), and ¢g(y) = ¢4 (y) for all
y € Np. It remains only to show the condition on successors. Take any y € Ng. By Lemma B.3(3),
succp(y) C succq(y) \ BotgT ; we now show the reverse inclusion. Suppose that z € succ,(y) and
z & BotgT, . Since y € Np, then lev,(z) < n+ 1. However, it cannot be that lev,(z) = n + 1, since
that would imply that there exists w € pred, (z) such that lev, (w) = n, but then Ag(w) = L, which
is a contradiction. So, lev,(z) < n, which means that z € Np. O

An immediate consequence of Lemma B.7 is that |« |, € lpof (L) and |a], Cpor a.
LEMMA B.8 (MONOTONICITY OF TRUNCATION). If &t Cpor fB, then |a]n Egpos | Bln, for everyn € N.

Proor. By Lemma B.4, we have that lev, (x) = levg(x), for every x € N, C Ng; hence, N4, €
N\g),- For downward closure, let x € N|,, andy <|g), x;thus,y € x| g and again by Lemma B.4
we easily conclude.

For the order relation, we have that

<1B)n N (Na), X Niaj,)

(<p N (Nigj, X Nig,)) N (Niaj, X Nie),)
<p N (N}, X Nigj,) N (Nia), X Nigy,))
<g N (Niaj, X Nial,)

<p n ((Na X Na) n (NLajn X Nl_oan))

(<p N (Ng X Ng)) N (Nigj, X Niaj,)

=<a N (Nia}, X Nia],) = <|al,

where all steps follow by definition of truncation, associativity of N, & Cpor B, N|«),, € N|g), and
Nia], € Ng.
Then, let x € N|4),. By definition and a Ej0f f, we have that A4, (x) = A,(x) < Ag(x) =

Agl, (x) and |4, (x) = @a(x) = @p(x) = @5}, (x). By Lemma B.3(3), succ| 4|, (x) C succ| g, (x)\
Bot L“JnTlﬁJn; let us prove the reverse inclusion. So, let y € succg|, (x); this means that levg(x) < n
and levg(y) < n. By assumption, x € N,. If also y € N, then y € succ|4), (x), because levg(y) =
leve(y) and by Lemma B.3(1). If y ¢ Ny, then y € Bot,Tp, because a Cjpor f; this means that
there exists z € Bot, such that z <g y. Hence, lev,(z) = levg(z) < levg(y) = levy(y) < n; thus,
z € NigJ, € Nig|, and so z <|g|, y. By definition of truncation, 4|4}, (2) = Aa(2z) = L; hence, we
can conclude that y € Bot I-aJ"TLﬁJn' O

We extend the truncation to a set of Ipos in the obvious way: | D], = {|f], | p € D}.

LEMMA B.9 (SCOTT CONTINUITY OF TRUNCATION). If D is a directed set of LPOF s, then sup| D], exists
and it is | sup D |, for everyn € N.

Proor. By Lemma 4.8, sup D = a, where:
No 2 | ) Ng <a2 | < de(x) 2 sup  Ap(x) Pa(X) £ Y
BeD BeD peD:xeNg
We now want to prove that y, given by
N2 UNg st U< A®2E s A e 2y
BeD BeD BeD:xeNg),
is the sup of | D|, and that it coincides with | «],,.
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The fact that y = sup|D], follows by Lemma 4.8, once we prove that | D], is directed; so,
take f, B2 € | D], and prove that they admit an upper bound in | D],. By definition, there exist
B1, B, € D such that B, = [ ]|, and f2 = | f; | . Since D is directed, there exist a f € D such that
B1s By Eipos B- By Lemma B.8, B, f2 Eppor | fln and, by definition, | 8], € [D].,.

We are left with proving that y = | a],. First, x € N, iff there exists € D such that x € Ng),,
ie.x € Npand levg(x) = n; this happens iff x € gep Np and levy (x) = n, being lev, (x) = levg(x)
(since B Cppor @), i.e. x € N|g|,. Then,

<lals = <a N (Nia], X Niq|,)

= <s| N WNiag, X Niay,)

peD

= J(<p 0 (Niap, X Niay,))
peD

= | J((<a 0 (Ns X Np) 0 (Niaj, X Nia},)
peD

= U(<a N ((NgxNg) 0 (Nia], X NiaJ,))
peD

:

= U(<a N (Nygp, X Nigy,))
peD

%

U <u=<
peD

Step () holds because N4}, = N, = Upep N, and so Nig |, N Ng = (Ugep Nip),) N Np =
Upen(Nipy, N Ng) = Npj,, once we prove that N|g), N Ng € Ng|,, for every f’ € D (indeed,
obviously Nigj, € Upgep(Nip), N Np)). Fix f# # pand x € Nyg), N Ng; this means that
levf’(x) < n, and so levg(x) = levy(x) = levf’(x) < n, since f, f’ Epor a. This allows us to
conclude that x € N|g|,, as desired. Step () is proved by double inclusion. Trivially, x <4, y
means that x <g y and levg(x), levg(y) < n; hence, x,y € N4, and, since ff Cpor @, we also have
X <g Y, as desired. Conversely, if x <, y and x,y € N\p],, then x,y € Ng and, since ff Cpor @, also
x <g y; thus, by definition, x <), y.

Finally, fix x € N, = N|4|,,. By definition, ¢, (x) = ¢|4], (x). For the labeling, first observe that
levy (x) = lev|g),(x) = levy(x), for every f € D such that x € Ng. If lev,(x) < n, then by con-
struction A, (x) = SUPSeD: xeN g, Agla(x) = SUPgeD: xeNy Ag(x) = Ag(x) = A[q], (x). Otherwise,
x € Nigj, and Ajp, (x) = L, for all f such that x € Npg; hence, Ay (x) = supgep. veny ), AL (%) =
1= ALaJn(x)- ]

C Proofs of the results on Pomsets

C.1 Basic properties

The following lemma provides alternative characterizations of the pomset order that will be
convenient in some proofs and definitions later on.

LEmMA 4.5. The following two statements hold:

(1) & Cpom B = VP € B. 3 € a. a Ty f; and
(2) @ Cpom p = Ya € a.|nodes\ Ny| =00 = 3B € B.aCpor f
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ProoF. Starting with (1), the reverse direction is immediate since f is nonempty. For the forward
direction, suppose that @ Ty, B and therefore there exist & € @ and 8 € B such that a Cyor S.
Now take any ' € B, so clearly f = ” and thus there is a bijection f: Ny — Ng. Applying that
same bijection to o, we get that f(a) = a € a and f(a) Cpor B

We now show (2). Suppose that & Cpo, B and therefore there exist « € o and f € § such that
& Cppor . Now take any a’ € a such that [nodes \ Ny/| = co. We know that a = &’ and thus there
is a bijection f: N, — Ny . Since |nodes \ Ny/| = oo, there are enough leftover nodes to extend f
to g: Ng — X where X D Ny is some set of nodes and f(x) = g(x) for all x € N,. Applying g to

f, we therefore get g(f) = f € p and a’ Cpor g(p). O
COROLLARY 4.6. {pom(L),Cpom) is a poset.

Proor. For reflexivity, take any o € pom(L) and any @ € a. By Lemma 4.3, we know that
& Cppof @, therefore [a] Cpom [@] by definition, ie., & Cpop e

For transitivity, suppose that & Ty f and f Cpom ¥ By B Cpom ¥, we know that there exist
p € Bandy € ysuch that f Cpor y. By @ Cpom B and Lemma 4.5(1), we know there exists an
a € B such that a Cpop fB. Since Cppor is a partial order, & Cyof v, therefore & Epomn .

For antisymmetry, suppose that & Cpor, B and B Cpom @. By & Cpom B, we know that there
exist € @ and f € B such that & Cyor f. By B Cpom @ and Lemma 4.5(1), we get that there
exists f’ € B such that f’ Cyor . So, we have that ' Tpor @ Epor f where f = . In other
words, there exists a bijection f such that f() Spor . By the definition of T, f must map each
node to one with the same label, and identical predecessors and successors, thus it must be that
B = f(B), and therefore a Cpor f and f Cppor @, so by antisymmetry of Cpop, @ = f, and therefore
=[] = [B] = B .

C.2 Truncation

As mentioned in Appendix B.2, we extend the truncation operation to pomsets in the expected
way: ||, = {lal, | @ € a}.

LEMMA C.1 (MONOTONICITY OF TRUNCATION). If & Epomn B, thenVn € N. | & |n Epom [ Bln-

Proor. We know that there exist « € & and € B such that a Cpor ; by Lemma B.38, this entails
that ||, Ciop | fln and so, e |n Epom [Bln- m]

LEMMA C.2. If|&@|n Cpom B foralln € N, then a Cpom .

Proor. (Adapted from [de Bakker and Warmerdam 1990, Proposition 3.1.10]) Fix any a € o and
p € B. We will show that there exists N C| Ny and a bijection f: N, — N such that f(a) Cpor S
and thus & Cyop, .

We construct a tree of bijections as follows. Each node in the tree is a triple (f, X, n) where
neN,X C| Ng,and f: N4, — X is a bijection such that f(|a],) Cpos f. We add an edge from
(f.X.n)to (9. Y,n+1)if X C Y and g(x) = f(x) for all x € N4, (i.e, f is g restricted to N4,
or, equivalently, g is an extension of f). Let x, and x4 be the roots of & and f respectively, and
fo: {xa} — {xp} be the obvious bijection. We will now show that the structure we described above
defines an infinite tree with (fo, {xs},0) as the root.

We first show that, for each n € N, there exists a possible node with n as the third element; hence,
there are infinitely many nodes (but we do not yet know that they can be all reached from the
root). Fix any n € N. Since | @ |, Epom B = [B], then there exists an a” € « such that | @’ ], Cpor S-
Since a = ’, then there must be a bijection g: N, — Ny . Now, let X = {g(x) | x € N4, } and
f: Niaj, — X be defined as f(x) = g(x), which is clearly a bijection since g is. Clearly

f(laln) = lg(@) Jn = L& |n Cipor B
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and so (f, X, n) is a node.

We now show that any node (f, X, n) as described above can be reached from the root. The
proof is by induction on n. If n = 0, then the node must be (f, {xﬁ}, 0), hence it is the root. If
(f,X,n+1) is anode, then f: N|4],.,, — X is a bijection. Now, let Y = {f(x) | x € N|4],}- So,
g: N, — Y defined as g(x) = f(x) is also a bijection. We also know that f(|a]s+1) Epor B
since g(|aln) Cipoy f(Lt)ns1), we have that g(|a],) Egpoy f by transitivity. Therefore, (g, Y, n) is a
valid node and there is an edge from (g, Y, n) to (f, X, n + 1). By the induction hypothesis, (g, Y, n)
is reachable from the root, therefore so is (f, X, n + 1).

Now, let k = |N| L ln |, which must be finite since only finitely many nodes can occur at each level.
Therefore, there can only be finitely many elements in each level of the tree, since there are only
only finitely many downward closed subsets of N of size k; so, the tree must be finitely branching
and, by Konig’s Lemma, there exists an infinite path:

(fos XnsM)nenw  where X, € Xpp1 and Vx € X, fu(x) = fur1(x) forallme N

Now let X = J,en X, and let f: N, — X be defined as f(x) = fiev, (x) (x). We now show that
f(@) Cpof P. First, clearly Nf(,) = X C| Ng since it is the union of downward closed sets. Now,
for the order, we have:

<fla) = U <fa(laln)
neN

= (<50 WNaatn X Niuila1)
neN

= <50 | (Nilat X Npu(lal)
nelN

= <p N (Nf(@) X Nf (o))
Now, for each x € Ny (q), let n = lev,(x). We have that:

A (%) = Ag (f71(x))

= AD{ (fn_l(x))

= A“ (fn_+11 (x))

= ALaJnH (f;l_-i-ll (x))

= A (i) (%)

< Aﬂ(x)
By an analogous argument, ¢ (q) (x) = ¢g(x). Now, by Lemma B.3, we know that succs(q)(x) €
succg(x) \ Botr(o) T p it just remains to show the reverse inclusion. Take any y € succg(x) such that

yé Botf(a)Tﬂ. Let m = levg(y) and note that y ¢ Boty, (|«),,) since f(a) and f,(La],) are identical
up to level m. Since fi, (Lat]m) Cipoy P, theny € succy, (a],,) (X), and therefore y € succr(q)(x). O

C.3 The Pomset Dcpo Structure

LemMmaA C3. Let D ={a; | i € I} C lpof (L) be a directed set and let D = {[a;] | i € I} € pom(L);
then, sup D exists and sup D = [sup D].

Proor. By Lemma 4.8, we know that D admits a sup, let us call it « and let & = [«]; we have to
prove that & = sup D, i.e,

(1) for alli € I it holds that [a;] Cpom [], and

(2) forevery B,if [a;] Cpom B foralli € I, then & Spom B.
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The first property is trivial, by the definition of Ty, since a; o @ forall i € I.

For the second property, take some f such that [a;] Cpom B foralli € Iandlet A, = {f € B |
Laln Eipof ,B}

We first prove that A, # 0 for alln € N. Let N = {x € N,, | lev,(x) < n}, which by definition
is a finite set. By the definition of supremum for Ipos, for each x € N there exists an i, € I such
that x € Ny, and A4, _(x) = A4(x). Since {a;, | x € N} is a finite subset of D, which is directed,
there must be a &; € D such that a;, Cpor ; for all x € N. By construction, |a;], = |&],. Since
a; € D, we also know that [a;] Epom B, so there must be a f € B such that a; Cj¢ B. This gives
us |aln = |@jln Epof @j Cipof B, s0 f € A, and therefore A, # 0.

Now, for each n € N, since A, # (), we know that there exists a , € p such ||, Cior Bn;
therefore we get that ||, = [|aln] Epom [Bn] = B so by Lemma C.2, we get that & Cpop, f. O

LEmmA C.4. For every transfinite chain of pomsets (@ s)s<; (such that as Epom @s if 6 < &'), there
exists a corresponding chain of LPOF s (ats)s<; such that as € as, forall § < {.

Proor. First, note that since nodes is countably infinite, then by Cantor’s zig-zag pairing argument,
there exists a bijection f: N X nodes — nodes. For each n € N, let X;, = {x € nodes|Jy. x =
f(n,y)}, so the X, sets are countably infinite and pairwise disjoint.

We will construct the chain (as)s5<; by transfinite induction, with the additional constraint that
forall 6 < ¢, and x € Ny, x € X,, where n = levy, (x), i.e, every node at level n must be drawn
from the set X,,. Note that each X, is countably infinite, ensuring that there are infinitely many
node identifiers available for use at each level. However, since each level of an LrPoF must be finite,
the constraint that nodes at level n are drawn from X,, ensures that |nodes \ Nyz| = co forall § < {.

Now, for any f, define f() to permute 8 by sending x to f(levg(x), x), and note that by definition
f(p) fulfills the invariant that each node at level n is drawn from X,.

To construct the chain, we start with the base case. Take an arbitrary oy € a¢ and fix f(ay) as the
choice. For the successor case, take any ordinal § < ¢ such that a5 is already fixed. By Lemma 4.5(2)
and the fact that a5 Cpom 541 and [nodes \ Ny;s| = oo, we know that there exists an as41 € o541
such that a5 Cpor @5+1. Now, apply f to permute only the nodes in Ng,, \ Ng;, and fix the result
as the choice of asyq.

Finally, for any limit ordinal &, consider {as | § < ¢} that is a chain (thus, also a directed
set); we have to choose an ay € a that is bigger (w.r.t. Cjor) than any as. By Lemma C.3, we
know that sups_; as = [sups_; as]. Note also that each node of sups_; as appears in some a5
where § < £, and thus sups_; a5 obeys the invariant that all nodes at level n are drawn from X;,.
Since the supremum is the least upper bound, and ey is an upper bound of {as | § < £}, then
SUps s &5 Cpom a¢. By Lemma 4.5(2), there exists an ay € a¢ such that SUP ;s A5 Cipof s which
also means that as Cyop ay for all § < £, All that remains is to apply f to permute the nodes in
Nag \ U5<§ Na5~ o
LEMMA 4.10. (pom(L), Cpom) is a pointed DCPO.

Proor. By [Abramsky and Jung 1995, Proposition 2.1.15], {pom(L), Epom) is a dcpo if any transfi-
nite chain (@s)s<; has a supremum. By Lemma C.4, there is a corresponding chain of Ipos (as)s<¢
such that a5 € a5 for each § < . Therefore, by Lemma C.3, we get that SUps s &5 = [supkév as),
so the chain has a supremum.

Finally, pointedness follows from the fact that (1) C,on @, for every «, where we let (L) to
denote the isomorphism class of the singleton LPOs whose node is labelled with L. O

D Approximation and Extension

LEMMA D.1. For any a € lpof (L), the set | &g, is directed.
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Proor. Take any B,y € |a]g,, 50 B,y € lpof,(L) and B,y Cpor @. Let n be the maximum level of
any node in S or y, and a’ = | @41 Clearly, o’ € | ], by Lemma B.7.

We conclude the proof by showing that «’ is an upper bound for f and y; we will only show
B Epor @', as the case for y is identical. Clearly Ng C Ny since 8 contains a subset of the nodes
from « at level at most n and «’ contains all nodes from « up to level n + 1. We will now show that
it is downward closed. Take any x € Ng and y <o x; this means that y <, x. Being Ng C| Ny, we
have that y € Nj.

Next, since a’ Cppop @ and Ng € N, we have that:

<@ N (Ng X Ng) = (<q N (Ng X Ngv)) N (Ng X Ng)
= <q N ((Ngr N Ng) X (Ngr N Ng))
= <q N (Ng x Np)
= <ﬁ
Finally, let x € Ng. By construction, ¢g(x) = ¢q(x) = @u(x) and Ag(x) < Ag(x) = Ay (x), since

levy (x) < n.TFor the last requirement, by Lemma B.3(3) we have that succg(x) C succy (x)\BotgT
we need to prove the reverse inclusion. Let y € succy (x) and y € BotgT ,. We have two cases:

O!’;

® y € Npg: in this case, y € succg(x) by Lemma B.3(1).

e y ¢ Ng: Because y is finitely preceded in &, there exist yi, ..., y, such that y; = ming,
yn, = y and y;41 € succy (y;). Because of Lemma B.3(2), y;41 € succy(y;), for all i. Being
y; = ming, there exists an i (1 < i < n) such that y; € Ng and y;4; ¢ Ng. Since  Cpor @, We
have that succg(y;) C succy(yi) \ BotgT,; 50, yir1 € BotgT, and, consequently, y € BotgT,,.
This latter fact, together with y € Ny, implies that y € BotgT ,: contradiction. O

LemmaA D.2. For any a € pom(L), the set | & |5, is directed.

Proor. Take any B, B’ € |a]gn, so B, B’ € pomg, (L) and f Cpomm o and B’ Cpo . Now take
any a € «, by Lemma 4.5(1) we know that thereisa f € g and f’ € B’ such that f Cjor @ and
B’ Eipor . Therefore, B, B’ € | gy, so by Lemma D.1, there exists a y € |a]g, such that f Cpor v
and " Cpof v Since y € [a]g,, then [y] € [@]g,, and clearly B Cpom [y] and B’ Spom [y]. O

Lemma D.3. Forany a € lpof (L), & = sup La]g,.

ProOOF. By Lemma D.1, | ], is a directed set, therefore its supremum is given by the construction
in Lemma 4.8. We now show that this gives us exactly a. First, we show this for the nodes. We
know that Nsup [« = Upelal,, Np- Clearly, Uge|q),, Np € Nq since each Ny € N, by definition.
For the reverse inclusion, take any x € N, and let n = lev,(x). Obviously, x € N|4|,, and by
Lemma B.7, we get that |a|, € |a],. Therefore, x € Upe|qa),,, Np: 50 Noe € Upea),,, Np and thus
Upelals, N = Ne

By definition, f Ty a, for each f € |ag,; so clearly « is an upper bound for |« g, and
therefore sup | a|g, Cpor @ (since the supremum is the least upper bound). Hence, <gup ||, € <as
we show the reverse inclusion as follows. Take any x <, y and let y = [@]ev, (y)- Clearly y € Ny
and by Lemma B.7, y € | a]g,. Since N, C| Ng, then x € N, too, which means that x <, y. This
gives us:

xy € < < (J < = <wla
Belalsin
Finally, for any x € N, we have:
® Osup lalg, (X) = @a(x): Take any B € |a]gn, 50 B Eppor sup Lalg, and B Epor @, therefore
Plali, = P8 = Pa-
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i Asup lalan (x) = sup A/}’ (x)
pelalfnxeNg

sup{Ag(x) | B € lpofn (L), B Cipor @ x € N}
sup{f | £ < Ag(x)}

= Ao (x)
where (1) holds by the definition of Ty, that implies that the set above must include all
the labels that are less than A, (x), and (2) holds since the set contains A, (x) itself. o

LEMMA 4.13 (FINITE APPROXIMATIONS). For any a € pom(L), & = sup | ¢,

Proor. Fix any @ € a and consider the set | a]¢,: by Lemma D.1 it is directed and by Lemma D.3
its sup is @. Then, by Lemma C.3, sup | & |f;,, exists and it is [«], i.e. . O

LEMMA D.4. Ifa € lpofg, (L), then there are only finitely many f such that f Cpor a.

PrOOF. Any 8 Cpor a is such that Ng C N,; in other words, Ng € P(Ny). If [Ng| = n. then
|P(Ng)| = 2" (actually, there are fewer possibilities, since Ny is downward closed, but 2" is a
sufficient upper bound). The order and formula of § are deterministically determined by Ng, since
<p = <q N (Ng X Np) and ¢g(x) = @a(x). Let k = maxyen, |4a(x)]. |, which must be a finite
integer since it is the maximum of a finite set of integers. So, there are at most 2" subsets of N, and
for each of those subsets, there are at most k choices for the labels of each node. Hence, there are
at most 2" - n - k possible f Cpor . O

Lemma D.5. If D € pom(L) is a directed set, then | D], is directed and finite, for any n € N.

Proor. We first show that | D], is directed. Take any B,, B, € | D],. This means that there is
Y1, ¥, € D suchthat B, = |y,], foreachi € {1,2}, and since D is directed, then thereisay € D
such that each y; Cpor, y- By monotonicity of truncation, we have that B; = | y;1n Cpom |y]s, and
clearly |y|n € | D]n, therefore | D], is directed.

Because of Lemma C.1, we know that B Ty, | ], forall B € | D], Fixany a € | &, so clearly
a is finite. By Lemma 4.5, we know that, for every B € | D|,, thereis a § € B such that § Cyor .
By Lemma D.4, there can only be finitely many such elements. Thus we have that {f | f Cpor a}
is finite, and also clearly | D], C {[B] | f Epof @}; therefore, [ D], is also finite. O

LEMMA D.6. If D is a directed set of pomsets, then sup| D], = |sup D|, foralln € N.

Proor. We show that | -], is chain continuous; indeed, by [Markowsky 1976, Corollary 3], any
chain continuous function on a Dcpo is also Scott continuous, and thus sup| D |, = |sup D|,.

Take any pomset chain (as)s<;; by Lemma C.4, there is a corresponding chain of LPOF s
(as)s<¢ such that a5 € as for all § < {. Since truncation is monotonic (Lemma C.1), then
(Lers)n)s<¢ is also a chain and, by Lemma B.9, we know that SUps.; lasln = |_sup5<§ as]n. Clearly
las|n € las]n for all § < ¢, therefore by Lemma C.3, we get both SUps s &5 = [sup5<§ as] and
SUp;s¢ lasl, = [sup5<§ Las]n]. Putting all these facts together, we get:

sups; | @sln = [supss Las)n] = [5Ups; @sln] = LIsupsey @slln = [supsoy @sln O
LEmMA 4.15 (CoMPACTNESS). K(pom(L)) = pomg,(L).

Proor. We first show that any compact pomset is finite, i.e., K(pom(L)) € pomg,(L). Take any
a € K(pom(L)), so for any directed set A, if & Cyor sup A then a Ey,or y for some y € A. Now,
let A = | &g, which is directed by Lemma D.2. By Lemma 4.13, we also know that & = sup A4, so
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@ Cpom sup A. Since o is compact, there must be some y € A such that & Ty, y. Since y € A,
then y € pomyg, (L); therefore, since & Cyof ¥, then @ € pomy;, (L) too.

We now show that any finite pomset is compact, i.e., pomg,(L) € K(pom(L)). Taking any
a € pomg;, (L), we must show that & < a. That is, for any directed set A, if & Cporm sup A, then
there exists y € A such that & Cyor, y.

To this aim, let A be a directed set such that & Ty, sup A. Since « is finite, let @ € o be an
arbitrary representative Ipo, then n = max,en,, lev(x) +1 must be finite. Moreover, | @ |, = «, since
n is one level above the maximum level of & and therefore the truncation only converts labels to
1L above the maximum level of & and removes nodes even above that. Therefore, by montonicity
(Lemma C.1) and Scott continuity (Lemma D.6) of truncation, we have:

@ = |a]n Cpom [supAln = sup{[B]. | B € A}

By Lemma D.5, we know that {| f],, | € A} is a finite directed set, and therefore it must contain
its own supremum. That is, there exists y € {| B], | p € A} such that y = sup{|B]. | B € A}. This
means that there exists a y’ € A such that y = [y’],, and so clearly y T, y’, and therefore by
transitivity, & Cpom . O

COROLLARY 4.16 (APPROXIMATION). & < B iff a € | Blg,-

ProoOF. Suppose that & <« B. Since | 8], is a directed set and sup | B, = B (Lemmas 4.13
and D.2), then there must be some y € | ], such that & Ty, y. Since | 8], is downward closed
by definition, then € | 8], too.

Now suppose that & € | B],. By Lemma 4.15, e is compact, so & < a. By the definition of
LBlfins @ Cipor B too. Therefore, by [Abramsky and Jung 1995, Proposition 2.2.2(2)], we get that
a < p. O

For any pcro s (X, <x) and (Y, <y), the product poset (X X Y, <) where (x,y) < (x’,vy’) iff
x <x x" and y <y y’ is also a DcPo [Abramsky and Jung 1995, Proposition 3.2.2]. We will use this
fact in the next lemma. We write X € X; X - - - X X, to denote elements of Cartesian products. Let
&=(ay,...,a,) and f = (B, B,). We write @ < B to mean that a; < p;forall1 <i<n.

LemMmA D.7. For any directed set D € pom(X)":
{73 |3& € D.B < &} = {B | B < supD}

Proor. We show the set inclusion in both directions. First, take any element B =(fy..., B,) from
the first set, so we know that f; < «; forall 1 < i < n and some & = (ay,...,ay) € D. Clearly
& Cpom sup D, so B < sup D [Abramsky and Jung 1995, Proposition 2.2.2(2)] and therefore the
forward inclusion holds. |

Now take any element g = (f,,..., f,)) from the second set and let Dy, . .., D,, be the projections
of D. Since the supremum on the product order is coordinatewise [Abramsky and Jung 1995,
Proposition 2.2.2(2)], then supD = (supDy,...,supDy). So, B; < supD; forall1 < i < n.
Therefore, by the definition of <, there must be some «; € D; such that B; C,oy «;. Now, for
each i, let &; € D be the tuple whose i—th projection is «;. Since D is directed, then there is some
& € D, which is an upper bound of all the &;s. From f; < sup D; and Corollary 4.16, we know
that B, is finite, therefore §; € | &;]y;,. By Corollary 4.16 again, f; < «;, and so B < « and the
reverse inclusion holds too. O
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LEMMA 4.17 (EXTENSION). Let f: pomg,,(L)" — T be a monotone function on the pcro (T, <). Then
f*: pom(L)" — T, shown below, is well-defined and Scott continuous:

f(ay,...,ap) 2 sup -+ sup f(ay,...,a})
o <o a,<ap
ProorF. By Corollary 4.16, {(a,..., a;) | Vi.a] < a;} = [ a1]g, X - - X | @n ], that is a directed
set by Lemma D.2. Since f is monotone, then {f(«,..., ;) | Vi. @] < a;} is also a directed set,

and so clearly the supremum exists.
We now establish that f* is Scott continuous. Let D € pom(L)" be a directed set and:

sup f*(&) = sup sup f(/_é)

aeD &EDB«&

= sup {f(/_é) | 3 € D.B < 5{} By [Abramsky and Jung 1995, Proposition 2.1.4(3)].

sup {f(B) | B < sup D} By Lemma D.7.
f*(supD)

E Operations

E.1 Guarded Branching

LeMMA E.1 (MONOTONICITY OF guard FOR LPOF S). For every{ € L, x € nodes and a, &', B, p’ €
lpof i, (L) such that @ Cpor @', B Cpof B> N N Ng = 0 and x ¢ Ny U Np, it holds that
guard(x, £, @, ) Cpor guard(x,t,a’, B’).

Proor. To lighten notations, let us fix ¢, &, &', §, f’ and x, and denote y = guard(x, ¢, a, ) and
Y = guard(x, ¢, a', ).

First, being N, € Ngand Ny C N, wealso have that N, = {x}UN,UNg C {x}UNyUNg = Ny/;
we have to prove that N, is downward closed. Let y € N, and z <,/ y; clearly, y # x, because
pred,, (x) = 0. Assume that y € N, (S Ny); the case for y € Ny is identical. If z = x, we trivially
conclude. If z € Ny, we have z <, y, which leads to z € N, (because N, | Ny); hence, z € N,.

Second,

<y, N (Ny XNY)
= (<w U<p U({x} x (Nw UNp)) N (N, x N,)
= (<o N (({x} U Ny UNg) X ({x} UNy U Ng)))

U (<p N (({x} U Ng UNp) X ({x} U Ng UNp)))
U (({x} X (Nor U Np)) 0 ({x} U N U Npg) X ({x} U Nt U Npg)))

= (<o N (NaXNg)) U (<p N (NgxNp)) U ({x} X (Ne UNp))
= <aU<pU({{x}x(NgUNp)) = <y
Fix y € Ny; we have three subcases to consider:
(1) y = x: by construction, A, (y) = A,(y) = £ and ¢, (y) = ¢, = true.
(2) y € Ng: then, 4y (y) = Aa(y) < Aw(y) = Ay (y) and ¢y (y) = ¢a(y) Ax = po (y) AX = Ay (y).
(3) y € Ng: this case is similar to previous one, with —x in place of x for the ¢ case.
To conclude, we need to prove that succ, (y) 2 succy (y) \ BotyTy, (since the other inclusion holds
for Lemma B.3). Thus, take z € succ,(y); we have three cases to consider:
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(1) y = x: by construction, z € {min,, ming } and so we immediately conclude z € succ, (y),
being min, = min, and ming = ming.

(2) y € Ng: by construction, z € succy (y). Since a Cpor ', we know that succy(y) =
succy (y) \ Boty T, . So, either z € succ,(y) = succ, (y) or z € Bot, T, C BotyTy,.

(3) y € Ng: this case is similar to previous one. O

LEMMA 5.1 (MONOTONICITY OF guard). Let & Cpom @’ and f Cpom B; then, for every £ € L, it holds
that guard(?, e, B) Epom guard(4, a’, B’).

Proor. Take any y € guard(¢, a’, B); by construction, y = guard(x, ¢, a’, f’), for some o’ € '
and f” € B’ such that Noy NNy = @ and x ¢ Nor UNp. By Lemma 4.5(3), there exist « € ewand €
such that @ Cyor @” and f Cyor . So, by Lemma E.1 guard(x, ¢, &, ff) Cior guard(x, £, a’, f'). So,
guard(4, @, B) Cpom guard(4, &', B’). )

E.2 Sequential Composition

LEMMA E.2 (ANTITONICITY OF stuck). Ifa Epor fB, then stuckg = stuck,.

Proor. For any z € Botg, either z € Bot, or z ¢ N,. In the first case, pg(z) = @q(z), being
@ Cpof B in the second case, by Lemma B.2, there is some w € Bot, such that w <g 2, which
implies that ¢g(z) = ¢@q(w). This means that every term in \/,cp; 5 ¢p(z) implies some term in

\/yEBota (% (y)’ therefore \/zeBotﬁ (ﬂﬁ(z) = \/yEBota (pll(y) o
LEMMA E.3 (MONOTONICITY OF ext). Ifa Cpor f, thenext, = {x € extg | pg(x) = stuckg}.

Proor. We show the inclusion in both directions.

Take any x € ext,, this means that x € N, and ¢, (x) = stuck,; so, there is a valuation v such
that o k ¢, (x) and v ¥ stuck,. By Lemma E.2, stuckg = stuck,, therefore v cannot satisfy stuckg
either. Since ¢, (x) = ¢g(x) (because a Cpor ff), we have that gg(x) = stuck, and that v £ @g(x)
and v ¥ stuckg; therefore, p5(x) = stuckg and so x € extg.

For the reverse inclusion, take any x € extg such that gg(x) = stuck,. By Lemma B.2, we know
that either x € N, or x € Bot,Tj. In the former case, we know that ¢,(x) = @g(x) = stuck,
therefore x € ext,. The latter case is a contradiction, since x € Bot, T4 means that there is some
y € Bot, such that y <z x, which entails that ¢g(x) = ¢g(y); however, pg(y) = ¢, (y) = stuck,
and, by combining these facts, we get that pg(x) = stuck,. O

LEMMA E.4 (MONOTONICITY OF br). Ifa Cppor fB, thenbry, = {{f € brg | = —stuckg}.

Proor. We show the inclusion in both directions.

For the forward inclusion, take i € bry, i.e. = 4 (S), for some S Cf;, ext, maximally satisfiable
and that does not imply stuck,; we want to show that / = ¢g(S) € brg. By Lemma E.3, we
know that ext, C extg, therefore S Cfi, extg. Further, since ¢, (x) = @g(x) for all x € N, then
95(S) = 9o (S) = —stucky; by using the contrapositive of Lemma E.2, we get that ¢5(S) = —stuckg.
Last, take any T such that S ¢ T C extg. If T C exty, we already know that ¢,(T) cannot be
satisfiable; so suppose that there is some node x € T such that x ¢ ext,, meaning that either
x ¢ Ny or pu(x) = stuck,. In the first case, by Lemma B.2 x € BotaTﬁ, so there is a z € Bot,
such that z <g x, which also means that ¢g(x) = ¢@4(z) = stuck,. So, in either case, we have
@p(x) = stuckg, while, since ¢,(S) € br,, we know that ¢, (S) = —stuck,. These give us:

¢p(T) = ¢p(S) A pp(x)

= 0a(S) A pp(x)
= =stucky A stuck,
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= false

So, ¢g(T) is not satisfiable, and therefore we have shown that ¢z (S) € brg (and, clearly, pg(S) =
—stucky).

For the reverse inclusion, take any ¢ € brg such that iy = -—stuck,. We know that ¢ = ¢g(S)
where S C exts. By Lemma E.3, for each x € S, either x € ext, or ¢pg(x) = stuck,. But the latter
case is not possible, otherwise we would be able to contradict q)ﬁ(S) =y = -stuck,. Therefore,
S C ext,. Now take any T such that S C T Cgy, ext,. Since ¢ € brg, we know that (pﬁ(T) is not
satisfiable and, since ¢, (T) = ¢g(T), then ¢, (T) is not satisfiable either. Therefore, 1 € br,. O

LEmMA E.5 (MONOTONICITY OF § FOR LPOF s). Foralla, o', B, B’ € lpof s, (L) and f € CopYy pr Such
that o Cpop o’ and B Cpop B, there exists g € COpY, such that ot 3 B Cipor @’ 57 B

Proor. Let ,[3"# = f(¢) for each ¢ € br, . Since §’ = f(¢) for all ¢, then for each ¢ € br, there
exists a bijection fy: Ny — Nﬁfw. Since 8 Cypor f’, then N C Npg/; so, we can restrict fy, to Ng and
obtain an Ipo-isomorphism gy, (that clearly satisfies gy (x) = f; (x) for all x € Ng). Now, let 8, be
an isomorphic copy of § generated by the bijection gy. Clearly, Ng, N Ny = 0, since N, € Ny and
Npg , C Nﬁ;ﬁ similarly, all the s have pairwise disjoint nodes. By Lemma E.4, br, C bry/; so, we
have such a f, for all § € brg, and we can define g € copy,, g as g(¢) = fy for all § € br,. Also,
By = 9y(B) Euor fy(B") = P, for all § € bry, since f Cpor f" and gy < fy.

We start with proving that Naus,p €1 Novsppr- Take any x € Nas, p; S0, either x € N,(C Ny) or
x € Nﬁw(g Nﬁ://), for some ¢ € br,. Clearly x € N,ngfﬁ/, so the subset inclusion holds; we now
show that it is downward closed. Take any y <u;,p x. If x € Ny, then clearly y <4 x, since §
does not add any causality into elements of N, and we therefore conclude that y € Ny € N, p,
since Ny €| Ny . If instead x € Ng, for some ¢ € brg, then we know by Lemma E.4 that ¢ € bry
and therefore x € Nﬁ:// C Nys,p- Since y <g5.p x, then either y <p, X, or ¥ = oo (y). In the
former case, then clearly y € Ng, C Ny p since Ng, C| Nﬁ:/l. In the latter case, suppose for
the sake of contradiction that y ¢ N,; then, by Lemma B.2 there is some z € Bot, such that
z < Y, which also means that ¢ (y) = ¢u (2). Since @ Cpor @ and z € Bot,, we have that
V= 0u(Y) = 0o (2) © @a(z) = stucky; this contradicts ¥ = —stuck,, that holds since i/ € bry,.

Next, we show the condition on the order:

<‘X'§fﬁ' n (NaSgﬁ X Nas_qﬁ)

<w U | (<g, U x 19 = 0 (0} X Ny ) ) | 0 (Nag X Ny )
Y ebrg,

(<w 0 (Nasyp % Neg )
U U (<8 0 Naggs X Negy)) U (5 19 = 00 (00} X Ny ) 0 (Nagy X Negy ) ()
yebry
Now, N, is a subset of N, and it is disjoint from all the Nﬂw; moreover, @ Cpor a'. So,
<g N (Na;gﬁ X Na;gﬁ) =<y N (Ng X Ny) = <q4
Then, by Lemma E.4 br, C bry, and, for all { € bry \ brg, the nodes of ﬁg/b do not appear in N g;

hence, we can reduce the bounds of the union in (§) and obtain:

U (<8, 0 Nagyp X Nesy) ) U (0 19 = e ()} X Npy ) 0 (N X N )
Yebry
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= [ (<8 0 e X Negy) ) U (£ | = 00 (0} X Ny ) 0 (N X N )|
yebry
= [ (<p, 0 0Ngy xNg,)) U ({x 1§ = 9o ()} X Ng,)
Y ebrg
= [ (<p v 19 = g0} xNp,))
yebry
where the last two equalities hold because Sy Cpof ﬁ;,/ and because the nodes of ﬁ:ﬁ are disjoint
from those of @ and of any other isomorphic copy of f. Thus, (}) is equal to:

<aU | (<6 U {x 19 = 00} x Ng,)|
Yebry
that, by definition, is <g34.
Now, take any x € N p. Since a Cppor @ and By Epor ﬁg/b’ we have that A,(x) < Ay (x), if
x € Ny, and A, (x) < Aﬁ;/ (x),if x € Npg,,. This gives us:

| Aa(x)  ifx €N, Aw(x) ifx € Ny B
s ={ il N, L5 U ren, |

Similarly, we have that ¢4 (x) = @o (x), if x € N, and ¢p,, (x) = g, (), if x € Ng,si5 50

(x) = Pa(x) if x € Ny | e (x) ifxeNy | _
Paip ) =\ gy ) Ay ifxeNg, | T | o @Ay ifxeNg, [P

For successors, we know by Lemma B.3(3) that succgs,p(x) C succars p(x) \ Botag, 4T ,

we
gfﬂ”
now must show the reverse inclusion. Take any y € succys,p(x) such that y ¢ Botyg, ﬁTa’sf e
Given the way that <, B is constructed, there are three cases to consider:
(1) y € succy (x). Since @ Cpor @, we know that succe(x) = succy (x) \ Bot,T,,. However,
y ¢ Bot,T, (since Bot,T, C BOtasqﬁTa/ofﬁ/)? therefore, it must be that y € succ,(x), and
~ 9.

SO Y € suCCqz, p(xX).

(2 y € succ%(x) for some € br,. This means that x,y € Nﬁfp' Let x’ = fw‘l(x) and
Yy = fg,/‘l(y), sox’,y’ € Ng. Since ' = ﬂ&/ we know that y’ € succg (x”). Since  Cpor f/,
then succg(x”) = succg (x”) \ BotﬁTﬂ,. However, since y ¢ BOtasﬁTa'sﬁ" then it must be
that y’ ¢ BotﬁTﬁ,; so we must have that y” € succg(x’). Since x’,y" € Ng, then gy (x’) =
fy(x’) =xand gy (y') = fy(y') = y; s0, y € succp, (x) and therefore y € succys p(x).

(3) xe Nyandy € N,g:// for some ¢ € bry. By Lemma E 4, either ¢ € bry, or =% —stuck,.
For the first case, x <g5,p Y, x € Ny and y € Nﬁ{/, imply that ¥ = ¢u(x) = @a(x).
Furthermore, y must be the root of §’, otherwise it could not be a successor of x € N, .
Since /31; is single-rooted and By Cpof ﬁg/b’ then y must also be the root of fy; s0, x <us,5 Y
and, by Lemma B.3(1), y € succg;, p(x).

To conclude, we show that the second case is impossible. Suppose that y = -stuck,.
From ¢ € br, we also know that ¥ = =stuck,s. Therefore, there is some v such that
v E ¥, v E stucky and v ¥ stucky. From v F stuck,, we get that v £ ¢,(z), for some
z € Boty; s0 0 F @y (2) too (since ¢y (2z) = @ (2)). Since v £ @y (z) and v ¥ stucky, then
@ (z) = stucky; therefore z € ext, . Moreover, since v E { and v F ¢4 (z), we know that



Denotational Semantics for Probabilistic and Concurrent Programs 63

V¥ A @q(2) is satisfiable; since S is maximal, then z € S. Therefore, y = ¢4 (z), and so
z <g5,p Y (by the definition of <, .4), in contradiction with y ¢ Botys, ﬁTa'of P )

LEMMA 5.3 (MONOTONICITY OF §). If & Cpom @ and f Epom B, then @ § f Cpom @’ §

Proor. Take any y € e’ § f’; by construction, y = a’ §¢ f’, for some a’ € a’, ' € f’, and
f € copy, p. By Lemma 4.5(1), there exist & € & and § € B such that a Cpor @” and ff Cpor f.
So, by Lemma E.5 there exists a g € copy,, 5 such that a 5 f Cpor @’ §¢ f’. Therefore, @ § f Trom

a' s p. O

F Denotational Semantics

F.1 Linearization
LEMMA F.1. Ifa Eypop f and S N Bot, = 0, then next(a, ¥, S) = next(B, ,S).

Proor. We show the set inclusion in both directions. Take any y € next(a, ,S),soy € Ny, y € S,
yly, €S, and ¥ = @, (y). Since a Ty f, we get that y € Ng, yl, = ylﬁ, and ¢4 (y) = ¢5(y), so
y € next(pB, ¢, S).

For the reverse inclusion, take any y € next(,.,5),soy € Np,y ¢ S, ylg € S, and § = ¢p(y).
If y € Ng, then the proof follows from a similar argument as above. If not, we will show that there
is a contradiction. Suppose that y ¢ Ny, so by Lemma B.2, we get that y € Bot,T. So there is a
z € Bot, such that z <g y. Since ylﬁ C S, then z € S. However, this is a contradiction since we
assumed that S N Bot, = 0. m]

For any set X, the pointwise extension (X — D(S),C®) is also a pointed Dcpo, where f C* g iff
f(x) E g(x) for all x € X. We use this fact below. In addition, let next* denote the set of nodes that
could still be scheduled:

next” (e, 1, S) £ {x € Nyt \ S | sat(yf A po(x))}

LEMMA F.2 (MONOTONICITY OF Lpor). Forany a, p € lpof (L), € form, S C Ng, and s € S such
that a Cppop f and S N Bot, = 0:

Llpof(aa w’ S) I;. Llpof(ﬂ’ lps S)

Proor. The proof is by induction on the size of the set next*(«, ¢, S).
If next*(a,¥,S) is empty, then x € S or ¥ A @,(x) is unsatisfiable for all x € N,. In either
case, clearly x ¢ next(a, ¢, S) for all x € N, therefore next(«, /,S) = 0. Moreover, by Lemma F.1,

next(f, ¥, 5) = 0 too and s0 Lypos (e, 1, S)(s) = Lipor (B, ¥, 5)(s) = n(s).

Now suppose that next*(«a, i, S) is not empty, and that the claim holds for all n < |next*(«, i, S)]|.
We start by showing that £,,o4. (@, ¥, S, ) (s) E Lyode (B, ¥, S, x) (s). First, we remark that SNBot, =
0 and so, if x ¢ Bot,, then (SU{x}) NBot, = 0, which will allow us to use the induction hypothesis
in cases (1), (2), and (4) below. We proceed by case analysis on Aq (x).

(1) If Ag(x) € act, then Ag(x) € act too, and [Ay(x)] e (5) T [A5(x)] et (8)- Note that
next*(a, ¥, S U {x}) C next*(a, ¢, S), so by the induction hypothesis, we can conclude that:
-Elpof(a’ ¢» Su {x}) c* -£lpof(ﬁ> ¢= SU {x})

Therefore, by monotonicity of Kleisli extension, we get that:
Lnode(a’ I//’ S’ x) (S) = -Llpof(a’ l//’ SuU {x})T(HAa (x)]]act (S))

C Lipof (B9 S U LD ([45(0)] oos (5))
= Lnode(ﬂ’ !ﬁ, S, x) (S)
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(2) If Ao (x) € test, then again Ag(x) € test as well and [Aq(x)] g (5) C [[Aﬁ(x)ﬂ rest (8)- Since
next*(a, Yy Ax,SU{x}) C next*(a, 1, S) and next™(a, ¥ A —x,SU{x}) C next*(a, ¥, S), then
we can use the induction hypothesis to conclude that:

| Lpof(ay A x,SU{x})(s) ifb=1
Liest(a, 9,5, x)(s)(b) = { szof(a, YA-x,SU{x}(s) ifb=0

- Lpof(BU N x,SU{x})(s) ifb=1
T Lot (BY A-x,SU{x}(s) ifb=0
= Liest (B, ¥, S, x)(s) (D)

Therefore, by monotonicity of Kleisli extension, we get that:
Lrode (69,5, %)(5) = Liest (6,95, %) (5)" ([ ()] et (5))

C LB 06" ([A0)] g )
= Lnode(ﬂ’ ‘ﬁ’ S, x) (S)
(3) If Ap(x) = L, then we have:

Loode (o, 9,85, x)(s) = L T Lnoge(f 9,5, x)(s)
(4) If Aq(x) = fork, then Ag(x) = fork, and so since next*(a,1,S U {x}) C next*(a,,S), the
induction hypothesis gives us the following:
Lnode (@, Y, 5, %) (x) = Lo (o, ¥, S U {x}) (x)
C Liypos (B9, S U{x})(x)
= -Lnode(ﬁ’ I//’ S, x) (x)
We now complete the proof of the main claim as follows:
Lipog (@ 9:96) = & Lnode(@ 1,5,)(s)
xenext(a,,S)
Since S N Bot, = 0, by Lemma F.1 we know that next(a, ¥, S) = next(S, ¢, S).
= &  Looa(@ %))
xenext(S,¥.S)
Since & is monotone, and given the claim we just proved about £,,4.:

t & LuwB iS00
xenext(S,,S)

= Lipof (5,9, 5)(5) D
LEMMA 6.2 (MONOTONICITY OF Lfin). If & Epom B, then Lein(a)(s) E Lein(B)(s).
Proor. Fix any a € «, then we know there exists a f € f such that a Cpor f:
Liin(@) = Lsin([a])
= Lipof(a, true, 0)
E° Lipor (P, true, 0) By Lemma F.2

= Lein([AD
= Lfin (ﬂ) o
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F.2 Properties of Linearization: Skip and Actions
Lemma F.3. L([skip]) = n and L([a]) = [a] ,-

Proor. We show only the case for skip, as the case for actions is nearly identical.

L([skip])(s) = L({fork))(s)

Since a singleton pomset is already finite, £ = Lg,. Fixing an arbitrary x € nodes, we have:

= Liin([{fork),])(s)
= Lo ((fork),, true, 0)(s)

Obviously, next({fork),, true, 0) = {x}, so we get:

= Lpos ((fork) ., true, {x})(s)

=7(s) o
F.3 Properties of Linearization: Sequential Composition
We first introduce a few definitions:

testsy (S) = {x € S| Ay (x) € test}

forms(X) = {/\ (x = by)

xeX
validy (S) = {¢ | ¥ € forms(tests,(S)),Vx € S. ¥ = ¢4(x)}

VxeX.bxeB}

The set next*(a, ¥, S) contains all of the nodes in « that are still able to be scheduled, given that S
has already been processed and i/ is the path condition. The set tests, (S) contains all the test nodes
from S. The set forms(X) contains all the formulae over the variables X, which are conjunctions of
literals, where a literal is either a variable x or its negation —x. Finally, valid,(S) contains all the
formulae over tests, (S) that imply the formulae of all x € S. As an abuse of notation, we will write
Y € S to mean that there exists a /" € S such that y © ¢'.

LemMA F4. If a is binary branching, S C nBotg, next*(a, 1, S) = 0 and € valid,(S), then € br,
and next(a ¢ f) = ming(y,).

Proor. Since next*(a,,S) = 0, we know that for all x € N, either x € S or ¢ A @u(x) is
unsatisfiable. In particular, since S C nBot,, then i A ¢,(x) is unsatisfiable for all x € Bot,. We
will now establish that ¢ € br, by proving the following claims:

(1) ¥ = —stucky © = Vyepot, Pa(X) © Axepot, "¢a(x). It will suffice to show that y =
-4 (x) for all x € Bot,. Take any v E . We know that ¢/ A ¢,(x) is unsatisfiable since
x € Botg, therefore v F =@, (x), so we are done.

(2) ¥ © Ayes @a(x). From ¢ € valid,(S), we immediately get that ¥ = A,cs ¢a(x). We
now also show the reverse. Since i € valid,(S), then i € forms(tests,(S)). We now show
that for every y € tests,(S), either A es @a(x) = y or Ayes @a(x) = —y. Take any
Yy € tests,(S). By the binary branching property, succ,(y) = {z1, 22} such that ¢,(z1)
0a(y) Ay and ¢4(22) © @(y) A —y. We also know that since zj, z, € Ny, then for each
i € {1,2} either z; € S or ¥ A @u(z;) is unsatisfiable. We already know that = ¢4 (y)
since y € S. We also know that y = y or = —y since y € tests,(S) and ¢ € valid,(S).
Without loss of generality, suppose that y = y, then clearly A po(z1) © ¥ A @a(y) Ay is
satisfiable, therefore z; € S. This clearly means that A,cg ¢o(x) = ¢4(z1) = y. If instead
we had that y = -y, then we would have A, 5 ¢ (x) = —y.
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Therefore we have shown that A, cg ¢4 (x) assigns a truth value to each y € vars(y), and
S0 Axes Pa(x) = ¢

(3) We now show that S C ext,, that is ¢,(x) = stuck, for all x € S. For the sake of
contradiction, suppose that ¢, (x) = stuck, for some x € S. Since ¢ € valid,(S), we also
have that ¥ = ¢,(x), which gives us:

¥ = ¢u(x) = stuck, © \/ 0o (y)

y€Boty

But this contradicts the fact that ¢ A ¢,(y) is unsatisfiable for all y € Bot,, therefore it
cannot be true that ¢, (x) = stuck,, and instead we have ¢, (x) = stuck,.

(4) ¥ A @u(x) is unsatisfiable for any x € ext, \ S. This is immediate, since ¥ A ¢4 (x) is
unsatisfiable for any x ¢ S.

So, we have now shown that ¢ € br,. Next, we show that next(« e B, S) = ming () by showing
the set inclusion in both directions.

Take any x € next(a $f B,1,S),s0x € Nagfﬁ, x &S, xlasfﬁ CS,andy = goagfﬁ(x). Clearly
x & Ng, otherwise one of x ¢ S or ¥ = @a;,(x) = @u(x) would be violated. Now, take any
Y <a3pp X, we know from xlagfﬁ C Sthaty € S C Ng. So, since f = @q5,4(x), then x € Ny(y).
Furthermore, {x} = ming(y) since we already established that all predecessors of x are in @, and so
x has no predecessors in fir(y).

We now show the reverse direction. Take any {x} = ming(y). Clearly x € Ng;.p and x ¢ S.
By construction, ¢ug,5(x) = @r(y)(x) A Y & true A Y (@f(y)(x) © true since x is minimal and
therefore no branches have occurred), so clearly = ¢u5,4(x). Now take any y <5, x, since
{x} = ming(y), then y € N, so = ¢, (y). We already know that for all y € N, either y € S, or
¥ A @a(y) is unsatisfiable, but clearly the latter case is impossible, so y € S. Therefore x|, 5SS
and we have shown all the conditions to guarantee that x € next(a 3¢ 8,9, S). O

LemMmA F5. If  is binary branching, S C nBot,, next*(a,¢,S) # 0, and ¢ € valid,(S), then
next(a 3¢ B, ¥, S) = next(a, ¥, S) # 0

PRrOOF. Since next*(a,,S) # 0, then there exists x € next*(a, ¥, S), meaning that x € N, \ S and
¥ A @q(x) is satisfiable. Take a minimal such x, so that there is no y € next*(a, ¢, S) such that
Y <q X.

We now show that x|, C S. Take any y <, x. We know that y ¢ next*(a, ¥, S), so eithery € S
or ¥ A pq(y) is unsatisfiable. However, since y <, x, then ¢, (x) = ¢4(y), so ¥ A ¢, (y) must be
satisfiable, meaning that the only option is that y € S.

Now, since « is binary branching, there are two options. The first option is that x € succy(y)
where y is a test node and ¢, (x) © @, (y) Ay or ¢, (x) & @q(y) A —y. Since ¥ € valid,(S) and
¥ A @q(x) is satisfiable, then it must be that y = ¢,(x). If instead x is not the successor of any
test nodes, then ¢q (x) © A yepred, (x) P (y), S0 again since ¥ A ¢q(x) is satisfiable, then it must be
that y = ¢, (x). In both cases, we have that x € next(a, ¢, S).

Finally, we show that next(a,,S) = next(a ¢ f,v,S) by showing the set inclusion in both
directions. Take any y € next(a,1,S),soy € Ny \ S such that y|, € S and ¥ = ¢,(y). Since
Ny €| Nas,p, and 9o (Y) = @as,p(y), this immediately gives us that y € Ny, \ S, yl C S, and
Y = @uas,p(x) therefore y € next(a ¢ §,1,5).

Now, for the reverse inclusion, take any y € next(assf, ¥, S),s0y € Ngg,p\S such that yla?/fﬁ cs
and ¥ = @q;,p(x). From previously, we know that x € Ny \ S and §/ A ¢q(x) is satisfiable. Now,
suppose for the sake of contradiction that y ¢ Ny, so it must be that y € N¢(y) for some y’ € br,,.
This implies that x <u;,4 y, as we will now show. First, ¥ = ¢q3,5(y) = @ry)(y) AY' = ¢, so

asrp
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U’ A pq(x) is satisfiable. If x ¢ ext,, then @4 (x) = stuck,, but we know that ¥’ = —stuck,, which
contradicts that " A ¢, (x) is satisfiable. Therefore, x € ext,, and since ¢/’ is maximal, then it must
be the case that " = ¢(x) already, which implies that x <4, y. However, since x ¢ S, then
yla; B ¢ S, which is a contradiction. Therefore, it must be the case that y € N,. We therefore have

thaty € N, \ S, yl, = yla;fﬁ C S, and ¥ = @as,p(y) = ¢a(y); therefore, y € next(a, ¢, S). O

LemMA F.6. For any binary branching a, f € lpof,(L), S C nBot,, and i € valid,(S):

Llpof(a 3f ﬂ> ‘p» S) = Llpof (,Bs true, Q))T o Llpof(a> ‘ﬁ» S)
Proor. The proof is by induction on the size of the set next*(a, ¥, S).

In the base case, next*(a, ¢, S) is empty, so by Lemma F.4, we know that ¢ € br, and next(a SF
B, S) = mingy). Since each LPOF is single-rooted, then miny(y) = {x} for some x € Np(y). This
gives us:

Llpof(a of ﬁ> 1//5 S) (s)
Loy (@3 9.5V LD (s @] (9 i Aagp(x) € act

Liest (@3 95,06 (s )] () i g p(x) € test
xenext(agrfy,S) | L if Aagfﬁ(x) =1
Lo (asp By, S U {x})(s) if Aa;fﬁ(x) = fork

Linor @37 1 SULD (laap®)] () i Augyp(0) € act

A Luealass B9 0O (Jarp®] () i dagpx) € test

L if Ao, p(x) = L
Lipos (asp p. 9, S U{x})(s) if Agsp(x) = fork

Llpof(ﬁ¢,true,{x})T([[/lﬁw(x)]] () ifdg,(x) € act

a

! Lialasp 9506 (A, 0] () i 25,00 € test

L if Ag,(x) =L
Lipor (By. true, {x})(s) if Ag, (x) = fork
Lipor (B, true, {xHT( [Aﬁ(x)ﬂ act (s)) if Ag(x) € act
_ Liest (57 1,8, %) () ([Ap(0)] 1o (5))  if Ap(x) € test
L ifAg(x) = L
xenesPrue Ol | s (B true, {x})(s) if A5(x) = fork

= Llpof (ﬂ> true, 0) (S)
= ~El)r)of (ﬁ’ true, 0)T(U(s))
= -Elpof (ﬂ’ true, 0)I (-Elpof ((Z, Ek S) (S))

Now suppose next*(a, ¥, S) # 0. By Lemma F.5, we know that next(a 3¢ B, . S) = next(a, ,S) #
0. Given this, we have:

Llpof(a ;f ﬂa ¢> S) (5)
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xenext(asrf.y.S)

&

xenext(a,y,S)

Lies (@35 f9:S VLD (s )] ()
Les(ay 50O (0] )

1

-Elpof(a ;f ,B’ lﬁ, SU {x})(s)

Lipos(asp fo 1), S U{xDT([Aa(2)] ooy (5))
Liest(@ 35 B8, %) (8) T ([Aar(3) ] gt (5))

1
Llpof(a ;f ﬂ’ W, SuU {X}) (S)
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if A, p(x) € act

if Ay, p(x) € test
if Aggpp(x) = L
if Agg,p(x) = fork

if A5 (x) € act
if Ay (x) € test
if A(x) =L

if A5 (x) = fork

Clearly next™ (e, ¥/, S U {x}) C next*(a,¢,S) and ¢ € valid,(S U {x}), if x is not a test node and
therefore valid, (S U {x}) = valid4(S). So, by the induction hypothesis and monad laws, we get:

xenext(a,y,S)

xenext(a,y,S)

- &

xenext(a,y,S)

Lipos (B, true, 0)7 (Lipos (o, 1, S U {x}) T ([Aa ()] 5ot (5)))
Liest (@3¢ B, 9,5, %) ()" ([ () et (5))

1

Llpof (ﬁs true, Q)T (Llpof(a’ ’% SU {x}) (S))

We also have that next*(a, S U {x}, ¥ A (x = [Ag(x)],.g (5))) C next*(a,S,
x, ¥ A —x € validg (S U {x}). So, by the induction hypothesis:

Lipos (B, true, 0)" (Lipos (o, 1, S U {x})T ([Aa ()] oot (5)))
Lipos (B, true, 0) (Leest (e 1, 8,%) ()T ([Aa ()] ot (5)))
1

-Elpof (ﬂs true, (O)T(Llpof((’n lﬂ, SU {x}) (3))

Finally since f7(1) = L for any f, we get:

Lipor (. true, 0)" (Lipor (o, 9,5 U {x )" ([Aa ()] oot (5)))
Lipor (. true, 0)" (Leest (a1, 8,%) ()" ([2a ()] et (5)))

Lipor (B, true, 0)" (1)

Llpof (B, true, (b)T (Llpof(m ¥, SU{x})(s))

Since fH(X & Y) = f7(X) & fT(Y):

= Lipor (P, true, 0) &

Lemma E7. L([Cy; Co]) = L[C])T o L[C1]).

Proor.

L([Cr; Co]) = L([C1] 5 [Ca])

By the definition of § for infinite pomsets:

Lipor (9,5 U {x}) ([ ()] et (5))
Lrest (0,1, 8,%) (8)" ([2a ()] et (5))

xenext(a,y,S)

a<[C] p<[C]

:L( sup

1
Lipof (a, 9,5 U {x})(s)
= -Elpof (ﬁs true, Q)Jr (-Elpof(as 1//, S) (s))

if A5 (x) € act
if Ay (x) € test
if Adg(x) = L

if A5 (x) = fork

¥). In addition, ¢ A

if A5 (x) € act
if Ay (x) € test
if Ay (x) =L

if Ay (x) = fork

if A5 (x) € act
if Ay (x) € test
if Ap(x) = L

if A5 (x) = fork

if Ao (x) € act
if Ay (x) € test
if Ap(x) = L

if A5 (x) = fork
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Since L is Scott continuous:
= sup sup L(asp)
a<[C] p<[C]

= sup sup sup Ln(y)
a<[C] B<[C] y<asp

Since a3 is finite, then a3ff < a$P and therefore since L, is monotone, then SUPy, <5 Liin(y) =

Liin(a 5 p).

sup  sup Lsn(a$p)
a<[C] p<[C:]

sup  sup Lin({assflacafep.fecopy,s))
a<[C] p<[C]

The set above is an equivalence class, so fixing an arbitrary « € @, f € f, and f € copy,, g, we can
rewrite the expression as follows:

= sup sup Lan([asr Bl
a<[C] B<[C:]

= sup sup Lpo(ass ftrue, 0)
<[] B<[C]

By Lemma F.6:

sup  sup Lpor(f,true, 0)" o Lipor(a, true, 0)
a<[C] B<[Cs]

sup  sup Len([B) 0 Len([a])

a<[C] p<[C]

By continuity of Kleisli extension, and since & = [«] and f = [f]:

.
=( sup Lﬁn(ﬁ)) o sup Lfin()

B<[C] a<[G]

= L([C])T o L([C1]) o

F.4 Properties of Linearization: Guarded Branching
LeEmMMA F.8. For any a, f§ € lpofg,(act), b € test, and x € nodes \ (N, U Ng):

el ’ i’ = T
Lo (guard(x, b, a, p), true, 0)(s) = [b’ — { EZ;EZ, ::sz’ g;g; gb’ _ (1) ] ([6] 405t (5))

PrROOF. Let y = guard(x, b, a, ).

Lipor (v true, {y) T ([, ()] 4, () if 4, (y) € act

Lp(pme 0= & et (0] () i
€nex rue, ¥ ~
yenext(y,true,0) Lipor (1, true, {y})(s) if 4, (y) = fork

Since x is the root of y, then next(y, true, 0) = {x} and 4, (x) € test.
= Liost(y true, 0,)(5) ([ (0)] oy (5))

. Lot (15, {x () ifb =1 ]
<[ { ZEn I He e | Bl
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The formula x prevents all nodes in § from being scheduled and similarly —x prevents the « nodes
from being scheduled, so we can remove the guard call to obtain the following:

, of (a, true, 0)(s) if b’ = '
- [b w { ﬁzoﬁ;{, :rue, 0;8 if b’ =(l) ] ([Diest ) O

LEmMmA F.9.

L([CiD(s)) ifb' =1

:
L([if b then C, elseCZ]])(s):[b’l—){ LAGD(Gs) b =0 ] ([P est ()

Proor.
L[if b then C; else C;](s)
= L(guard(b, [C1], [C2])) (s)

= sup sup Lgn(guard(b, &, B))(s)
a<[C] p<[C]

sup  sup Lan({guard(x,b,a, ) | x € nodes,a € a, f € B})(s)
a<[C] p<[C;]

sup  sup Lsin([guard(x, b, a, f)])(s)
a<[C] B<[C:]

= Sup Sup "Elpof(guard(x’ b> a, ﬁ)’ true’ 0) (S)
a<[C] B<[C:]

/ Lo (a, true,0)(s) if b’ =1 ]‘
b . ; b By L F.
a:l[[l()ilﬂﬂzgz]][ H{ Lo (P, true, 0)(s) ifb’ =0 (18] et (9)) (By Lemma F.8)
o1 i
— |y SUP g <[] Liin(e)(s) ifd' =1
- [b H{ supg <[, Lan(B)(s) if b =0 (D] est ()

=y Lqaes) ify =1 1"
- [b H{ L([C])(s) ifb" =0 ] (18] est (5)) .

LEmMmaA F.10.

L([C1 & C])(s) = L[C1]) (s) & LC2])(s)
Proor.

L[C1 & C2]|(s) = L(guard(&, [C1], [C2])) (s)

et
= [b — { fg%g%%gg g[b) ;(1) ] ([& et (5)) By Lemma F.9

- L) ifb=1 1"
- [b'_){ L([C](s) ifb=0 ] (xe({gém}ﬂ(x))

= Lqces) ifb=1 |
_xe({&m[b'_){ L([C])(s) ifb=0 ] (n(x))

- & {L(ﬂcl]])(s) ifx=1
xe{0,1} L([C])(s) ifx=0

= (D) & LACD(s)
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LEmma F.11.
L([c1 e, C])(s) = LC1])(s) ®p L([C2])(s)

Proor.

L[Cr &), G (s) = L(guard (e, [C1], [C:])) (5)

£(cs) ifb=1 1"
:[bl—){ LE%Q%;&% b =0 ] ([[eap]}m(s)) By Lemma F.9

- L) ifb=1 1"
- [bH{ L([C:])(s) ifb=0 ] (n(1) & n(0))

= L([G])(s) ®p LC2])(5)

F.5 Properties of Linearization: While Loops

LEmMMA F.12. Let D(S) be the dcpo such that L: pom — S — D(S), and let 1y, € pom be the
bottom of the pomset order, Lp € D(S) be the bottom of D(S), and L},: S — D(S) be the bottom of
the pointwise order on D(S). Then

L£(@es (Lpom)) = ¥ iep (L)
Proor. The proof is by induction on n. If n = 0, then we have:
L@ (Lpom)) (5) = L(Lpom)(8) = Lp = L(8) =¥ 1 11y (LH)S)
Now, suppose the claim holds for n, then we have:
L(@5) (Lpom)) (9) = £ (@c (@ (Lpom))) 9
-7 (guard (b [CT 5 ¥y (Lpom), [[skip]])) (s)

By Lemma F.8.

= 7 ! L ([[C]] ;(Dn (J—pam)) (S) ifb =1
=1|b' - (Cb) b
{ .E([[Sklpﬂ)(s) ifb’ = l ([[ ]]test (S))

By Lemmas F.3 and F.7.

ifb'=0

i +

:yH{igww“mﬂ<HWW” “Ellw%m®)
s

By the induction hypothesis.

b'H{ ((;)IZIIC]]M( )) (LACh ) 1::(1) l ([6] est (5))

=¥ z[c]p) (\II?.L[[C]],M(J‘E))) (s)

‘PZ‘ZI[[C]] b>(J_'D)(s) O
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Lemma F.13. L([while b do C]) = Ifp (¥( £ ([c)).5)) Where

+ s 1t
‘}’<f,b>(g)(s) 2 |:b, = { g(E{(S)) Zil;/ ;(1) ] ([[b]]test (S))
Proor.
L([while b do C]) = L (Ifp (®(cy))

=L (sup CD'<’C by (J_pom)) (By the Kleene fixed point theorem)
neN ’

=sup L (q>’<’c b (J_pom)) (By Scott continuity of L)
neN ’
= sup \P?L([[C]]),w(J‘J.J) (By Lemma F.12)
neN
= Ifp (Y21 .p)y) (By the Kleene fixed point theorem) O

F.6 Main Lemma

LEMMA 6.4 (LINEARIZATION). The following properties hold:

L([skip]) =n L([a]) = [a] oo L([C1;Ca]) = LCD o LG
L([C1 & Co])(s) = LIC1])(s) & L([C2]) (s) L([Cre, G (s) = LD (s) @p LC2])(5)

L(qals) ity =11

L([if b then C; else C;])(s) = [b’ - { L(CD(s) ifb =0 ([Pl et (5))

L([while b do C]) = Ifp (¥(£([c]).0))
: e
where 71y (9)(s) 2 [b’ - {?;é{“” o } ([l ))-

Proor. Follows immediately from Lemmas F.3, F.7, F.9 to F.11 and F.13 m]

G Powerdomains
In this section, we fix our domain of computation to be the Hoare powerdomain (P (S), C). In
particular, this means that suprema are given by set union: sup;; S; = U, Si-
LEMMA 8.1. IfBoty = 0, po(x) = true for all x € Ny, and f = [true — f], then:
Naspp=Ne UNp  and  <q3p = <qU<pU (N X Ng)

Proor. First note that since Bot, = 0, then stuck, = false and so ext, = N,. Therefore, br, =
{Axen,, ®a(x)} = {true}. We now show the condition on nodes.

N‘xsfﬁ = Ng U U Nf(lﬁ) =Ny U Nf(true) = Ny UNﬁ
Yebrg
We now also show the condition on orders:
<a3pp = <a U U (<fp) U{x € No | ¥ = ¢a(x)} X Nf(y))
Yebry
= <q U <f(true) U {x € N, | true = true} X Nt (true)

= <q U <g U (Ng X Ng) O
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G.1 Properties of the Translation Function

LEMMA G.1 (MONOTONICITY OF trypof). If &t Cipor @' and f € bry, then trpor (o, ) = trypor(a’, )
Proor. We first show that Nitgos () = Nirpop (,y)» OF I other words, that:

{x € No | ¥ = @a(x), Aa(x) # &} = {x € Np | ¥ = @o (%), Aer (x) # &}
For the forward inclusion, suppose that x € N, such that y = ¢,(x) and A,(x) # &. Since
Pa(x) = o (x), then y = @ (x). We know that A,(x) # &, and i € brg, so A,(x) cannot be L
either. From & Cy,or @', we know that A4 (x) < Ay (x), but the only label smaller than & is L, so
Aw (x) # & and therefore x € {x € Ny | ¥ = ¢o (x), Ay (x) # &}.

We now show the reverse inclusion. Take any x € N, such that ¢ = ¢, (x) and A, (x) # L.
If x ¢ N,, then by Lemma B.2, x € Bot,T, . This means that there is some y € Bot, such that
Y <g X, and so ¢x(x) = @u(y) = stuck,. But this contradicts the fact that = ¢4 (x) and
¥ € bry. Therefore, it must be that x € N,. Since ¢4(x) = ¢u (x), then y = @4 (x). Finally, since
Aa(x) < g (x) and Ay (x) # &, then A,(x) # & since the only label that satisfies & < ¢ is &.

Now, for the order, we have:

<trpor () = <a N (Ntrgop (@) X Neryor ()
= (<o N (Ng X Ng)) N (Neryo (@) X Nirgor ()

Since Ntrlpof(a,l/,) C Ng:
=<a N (Ntrlpof(aslll) X Ntrlpof(a’¢))
=<aN (Ntrzpof(a',l#) X Ntrzpof(a’,lﬁ))
= Strppes (@)
Finally, for any x € Nirjpos () WE have:
Aa(x) if Ay (x) ¢ test

Att s (a9) (x) =4 assume Ay(x) if Ay(x) € test and y = x
assume —A,(x) if A,(x) € test and y = —x

By virtue of the fact that x € Nivpos () WE know that ¥ = ¢,(x), and since € br,, then
Y = —stuck,, therefore A,(x) cannot be L, and since label is a flat cpo, then it must be that
Aa(x) = A (x).

A (X) if A (x) ¢ test
=4 assume Ay (x) ifAdy(x) € testandy = x
assume =1, (x) if Ay (x) € test and ¥ = —x
= Atrpor (a) (X)
And finally, clearly we have ¢, (a.y) (x) = Ptrpor (@) (x) = true. o
LEMMA G.2 (MONOTONICITY OF trfin). If & Epom @', then trin(ar) C tran(a’).

ProoF. Since @ Cpom @', there exists an a € & and o’ € @’ such that a Cy,or . We now prove
the claim as follows:

triin(@) = tren([a])
={[B] | ¥ € brg, B € trpor(a)}
CH{[Bl | ¢ €bry, € trpy(a)} By Lemma E.4.
={[B] | ¢ € bro, B € tripor(a’)} By Lemma G.1.
= trn([a])
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= trﬁn(a’) a

G.2 Translation and Pomset Operations
LemmA G.3. Foranyt € act U {fork}:
tr({£)) = {{0)}
Proor. Since (f) is a finite pomset:
tr({£)) = train ({£))
Fixing any arbitrary x € nodes, we have that (¢) = [(£),].
= triin ([{0)x])
= {[tripor ({0 Y] | ¥ € brgy }
Since brgy = {true} and trpr ((£),. true) = (£),:
={[{O]}
={{0)} o
For sequential composition of LPOF s, where br, = {true}, we will write « § § (omitting the copy

function f), to mean a §¢ f where f = [true > f], ie., f does not perform any renaming, since
only a single isomorphic copy of f is needed.

LEMMA G.4. For any a, f§ € lpof ¢, (label), f € COpY o p. ¥ € bro, andy’ € bry(y),
tripof (@ 3 BV AY') = tripop (@, ¥) § tripop (F (Y1), ¥)

Proor. We show the equality component-wise. Some of the steps use Lemma 8.1. First, for the
nodes, we have:

Ntrlpuf(agfﬁﬂlp/\(///)

={x € Nag/p | Y ANY" = Qaspp(X), dagpp(x) # &}
Since ¢ € br,, then we will only take nodes from f(¢) and no other ¥’ € br,

={x ENL | YAV = pa(x),Aa(x) £ &} U{x € Ny |y AY = ¢f(¢)(x) A ¢,/1f(ﬁ)(x) + &}

= {x € N | ¥ = 0a().2a(2) % &} U {x € Npgyy |9 = 0509 (0. A5 () # &)

= Netpor (@9) Y Niryor (f .97

= Netpog (@9 str1per (F D97
Now, we show that the orders are the same:
Stripos (@5 BYAY)

= <asp O (Netyor (asppayny’) X N @spyny)

= (<a N (Nrgop (@) X Nirgog () Y (<) N Nerger (£0).97) X Neror (15,9 Y Nerog (@) X Neroy (£@1.97))
= <trlpof(a»l//) ;trlpof (f(lﬁ),l//’)
Now, for any x, clearly we have:

Petper (aspPyng?) (X) = Pepor (st (£ (1) (X) = true
If x € Ng, then:
Aaspp(x) if Ao, p(x) ¢ test

Atrpor (asppaynyr) (X) = | assume Aaspp(x) if Aag'fﬁ(x) c€testandy AY = x
assume —Ags.5(x) if Ags,p(x) € testand Yy A Y = —x
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Aa(x) if Ay (x) ¢ test
=4 assume Ay (x) ifdy(x) € testandy = x
assume —A,(x) if Ay(x) € test and ¢y = —x

= Aty () (%)

= Mttig (st (B ()
The case for x € f(i) is nearly identical.
LeMMA G5. tr(ae s f) ={a’3 B’ | &’ € tr(a), B’ € tr(f)}.
Proor.

tr(e g B) =tr( sup sup '3 pB’)

ot'<<aﬂ’<<ﬁ
= |J U trmn(e@’38)
a’<<aﬂ'<<ﬂ

= |J U trmUassplaca’pep.fecopy, )

o' <o ﬁ'<<ﬂ

Since the above set is an equivalence class, we can fixany ¢ € @', f € p’,and f € CopYq p-

L U tran(lasy D)

o' <a ﬂ' <<ﬂ

U U ltrior(@sy B)1 19 € brag 4}

o' <o ﬁ'<<ﬂ

U U trger(@sp By A9)T 19 € brasy” € breg)

o' <o ﬂ' <<ﬁ

a' <o ﬁ/<<ﬂ

U U tl‘ﬁn(a’l) 3trﬁn(ﬂl)

o' <o ﬂ' <<ﬁ

( U trﬁn(a')) ;( g trﬁn(ﬁ’))

a'<a B <B
= tr(a) 5 tr(p)
LEmMA G.6. Ifb # &, then
trpor (guard(x, b, a, B), ¥ A x) = (assume b}, § tryor (a, V)

and
trpor (guard(x, b, a, f), ¥ A —x) = (assume —b) . § try,or (B, 1)

Proor. We prove the equality for the first case. The second is entirely symmetrical. We first show

equality of the node sets:

Ntrlpof(guard(x,b,a,ﬁ),zﬁ/\x) = {y € Nguard(x,b,a,ﬁ) | l// Ax = (Pguard(x,b,a,ﬁ) (y)’ Aguard(x,b,a,ﬂ) (x) * &}

By the construction of guard, x is true in all nodes in the o branch, and the root x has formula true

and is not labeled with &.
={x}U{y € No | ¥ = 0a(y), Aa(x) # &}

75

U U Lo (@ 9) $ tripes (F), 9] | € bra, ¥ € brygyy}  (By Lemma G.4)
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= N(assume b)y U Ntr(a,z//)
= N(assume b) . str(a,y)

For the order, we have:

<trlpnf (guard(x,b,a,), Ax)

= <guard(xb,a,) N (Ntryor (guard(x.b,0.8),9Ax) X Niryor (guard (x,b,a.8),90x))

(<a ) <ﬁ U ({x} X (Na U Nﬁ)) N (Ntrlpgf(guard(x,b,oc,ﬁ),l///\x) X Ntrlpgf(guard(x,h,a,ﬁ),w/\x))
Using what we just showed about the node sets:

= (<a N (Nir(ay) X Ner(ay))) YU ({x} X Nie(ap))

= <tr(a.y)) U ({X} X Ntr(a,v,ﬁ))

=<(assume b) str(a,})

For every y, clearly:

Ptrypor (guard (x,b,a, ), Ax) (y) = (@ (assume b),str(a,¥) (y) = true

If y = x, then we have:

Atrlmf (guard(x,b,a,B),yAx) (y)

Aguard(x,b,a,ﬁ) (y) ifAguard(x,b,z;z,ﬁ) (y) ¢ test
= assume Aguard(x,h,a,ﬁ) (y) if Aguard(x,b,a,ﬁ) (y) € test and [// ANX =y
assume _‘Aguard(x,b,zx,ﬁ) (y) if Aguard(x,b,zx,ﬁ) (y) € testand Y Ax = —y

= assume Aguard(x,b,a,8) (*)
= assume b
= A(assume b), (X)
= Aassume b) str(ay) (X)
If not, then y € tr(a, ) C Ng:

Atrppor (guard (x,b,a,8),yAx) (Y)

Aguard(x,b,a,ﬁ) (y) ifAgua\rd(x,b,zx,ﬁ) (y) ¢ test
assume Aguard(x,b,a,ﬁ) (v) if/lguard(x,b,a,ﬁ) (y) etestandy Ax =y
assume _‘/Iguard(x,b,a,ﬁ) (v) if/lguard(x,b,a,ﬁ) (y) etestand y A x = -~y

Aa(y) if Aa(y) ¢ test
assume A, (y) ifAy(y) etestandy =y
assume -A,(y) if A4(y) € test and ¢y = -y

= Atr(tx,y’/) (v)
= Aassune b)_str(ay) (Y) o
LemMma G.7. Ifb # &, then
tr(guard(b, «r, B)) = {(assume b) s @’ | &’ € tr(a)} U {(assume —b) s B’ | B’ € tr(B)}

Proor.
tr(guard(b, a, B))

=tr| sup sup guard(b, a’, )

o' <a ﬁ' <<ﬁ
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U U trn (guard (b, o, ﬁ'))

a'<a /3’ <<ﬂ

U U trin ({guard(x, b,a, f) | @ € ', B € B, x € nodes})

a'<a ﬂ’ <<ﬁ

Since the set above is an equivalence class, we can fix any x, «, and f and write:

U U triin([guard(x, b, @, f)])

o'<a f<p

| U tltriper (guard(e b, ), 9)] 1§ € brgwardcea

a'<a /3’ <<ﬂ

| U tltriper (guard(x b, ), 9 A )] | § € bre} U {[trypog (guard (x, b, f), ¥ A =x)] | ¥ € brg}

a'<a ﬂ’ <<ﬁ

By Lemma G.6:
L) {[(assume b), 5 tripor (@ 9)] | ¢ € brg} U {[(assume =b), § tripor (B, ¥)] | ¥ € brg}

a'<a ﬁ/<<ﬁ
) | (assume by s @” | & € tran(@')} U {(assume ~b) $ B | B € tran(B))}
a'<a ﬁ’<<ﬂ

= {(assume b) s &’ | &” € tr(a)} U {(assume -b) s " | B”" € tr(B)} |

Lemma G.8.

tr(guard(&, «, B)) = tr(a) U tr(f)
Proor.
tr(guard(&, «, B))

=tr| sup sup guard(& a’, B’)

o' <a ﬁ’ <p

L) U tran(guard(& o, )

o'<a f<p

U U trin({guard(x, & a, ) | @ € ', B € B, x € nodes})

a'<a /3’ <<ﬂ

Since the set above is an equivalence class, we can fix any x, a, and § and write:

U triin([guard(x, &, a, B)])

a'<a ﬁ’ <<ﬂ

| (U {ltriper (guard(x, & o, ), )] | ¥ € bryara(e s

a'<a ﬂ’ <<ﬁ

U {Qtripos (guard(x, & @ ). 9 A )1 | ¢ € bra} U {[tripey (guard(x, & . B), ¥ A =x)] | § € brg}

a'<a ﬂ’ <<ﬂ

Since Aguard(x,&.a.p) (X) = &, then try,r is going to delete the root node, and just linearize the two
branches

= | U {ltrpor (@ )] 1 € bra} U {[trypor (B.9)] | ¥ € brg}
a’<<¢xﬁ’<<ﬁ

=tr(a) Utr(B) O
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LEMMA G.9. For any a, € lpof,, € brg, and §/’ € brg:
trlpof(a Il ﬁa A ¢,) = trlpOf(as Eb) Il tripor (ﬁ’ EV)
Proor. We show the equality for each component. First, for the nodes, we have:
Ny @llpyry) = Y € Nallop |V AV = @ap(y)}
={x} U{y € nForks | ¥ = ¢a(y)} U {z € nForkg | V' = ¢p(2)}
= {x} UnForkir,,(ay) Y nForke, . gy
= Nittypor () Istrpos (B9)

Now, for the orders:
<trlpof(a”xﬁ’l///\l//,)

= <allp N (Ntrzpofwuxﬁ,ww') X Ntnpofwnxﬁ,ww)
= (({x} X (nFork, U nForkg)) U (<, N (nFork, X nFork,)) U (<g N (nForkg X nFork
B B B B

n (Ntr,pof<a||xﬁ,x/m¢/> X Ntnpofwnxﬁ,ww'))
= ({x} x (nForkir,; (ay) YU nForke, . (py7)))
U (<gN (nForktrlpof(a,‘/,) X nForktrlpof(a,‘/,)))
U (<p N (nForky,, . gy X nForker,..(gy)
= <triper (@¥) llxtriper (BY")

Now take any y, clearly we have:

‘ptrzpof(allxﬁJ//m//’)(y) = (ptr[puf(a,W)||xtrlpof(ﬁ,1//’)(y) = true
Now, if y = x, then A, 4(y) = fork, so:
Al p(Y) if Aq ), p(y) ¢ test

Atrps (@l fyny) (Y) = | assume Aq p(y)  if Ay p(y) € testand Y A Y = x
assume -y 5(y) if Ay, p(y) € testand Y A ' = —x

= Aa)l 8 (Y)

= fork

= Atrgor (@) lltripor (B9) (Y)
Now, if y € nFork,, then:

Aallep(Y) if Aa| p(y) ¢ test
assume Adllxﬁ(y) if Aa”xﬁ(y) ctestandy ANY = x
assume — Ay s(y) ifdg) p(y) € testand Yy A Y’ = —x

Aa(y) if Ae(y) ¢ test
assume A, (y) ifAy(y) € test and ¢y = x
assume —A,(y) if A4(y) € test and ¢y = —x

= r(ap) (Y)
= Atrpor (@) ltripor (B9) (Y)

The case where y € nBot(f) is nearly identical. O

Atrypos (allx pyny) (Y)

LeMMA G.10. tr(a || B) = {a’ | B | &’ € tr(a), B’ € tr(B)}.
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Proor.

tr(a || B) = tr( sup y)

velallBlen

=tr({L)) Utr ( sup y)

yelallBlan\{Lpom}
By Equation (7).

0Utr( sup sup «a’ | ﬂ')

o'<ia f<p

| tran(e@’ 118

a<ia < B

U U trn(tells la e a’.f e f.x € nodes))

o' << a ﬂ' <18

U U tran(la I g1

a<ia < B

U U Utrper (e Il B9 19 € brayp}

a<ia < B

By Lemma G.9.
U U ttrper(@ Il By A9)T 1 € bro,y” € brg)

a<ia < B

U U @ I B 1@ € tripop(@ 9, B € tripgg (BY/)}] | § € bra, " € bry}

o' <1 a ﬁ/<<1ﬂ

U U e 11871 a” e {ltrpep (@ )] | § € bra}, B” € {[tripor(B,¥)] | ¥ € bry}}

a<a < B

U Ut 187 1a” et 7 € ()

o' << a ﬁ' <18

By Equation (6).
—{a” | B" | @ etr(a), B € tr(P)} 0
Lemma G.11. Iftr([C]) = [C]p,, for alln € N:
(@7 (Lpom)) = 'y (0)
where above we use Lpom = (L) to disambiguate.
Proor. The proof is by induction on n. If n = 0, then we have:
tr (%) (Lpom)) = tr (Lpom) = {[tripos (L) )] 1§ € bresy, } =0 =, (0)

Where the second to last step follows from the fact that br(,) = 0. Now, suppose the claim holds
for n, we have:

tr(q)?alw (J—pom))

=tr (CD(QM (CI)’(!C’M(J_pom)))
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=tr (guard (b, [C]s Dy (0), [[Skipﬂ))

By Lemma G.7.

- {(assume Bysa|aetr ([[c]] $<1>'Zc,b>(@))} U {{assume b) 5 f | B € tr([skip])}
By Lemmas G.3 and G.5.

= {(assume bysaspB|actr([C]),B € tr (CD’ZC,M(@))} U {(assume b) ¢ [skip]}
By assumption, and the induction hypothesis:

(assume b) s s B | a € [Clp . B € E’Zaw((b)} U {(assume b) ¢ [skip]}

©b) (E'Zc,m(@))

= E?'g}b>(®) m]

——

[1]

G.3 Translations and Program Semantics

LEmMA G.12. For any program C € emd, [Clp, = tr([C]).

Proor. The proof is by induction on the structure of the program.

e C =skip or C € act. Follows immediately from Lemma G.3.
o C= Cl; Cz.

[Ci;Collpy ={e@ s B | @ € [Ci]p.. B € [Collp, }
={asp| actr([C1]), B € tr([C2])} (By the induction hypothesis.)

=tr([C1] 3 [C2]) (By Lemma G.5.)
=tr([C1; C2])
o C=C; &C,.
[C1 & CoJlp = [Ci]lp U [Co]lpe
=tr([C1]) U tr([C2]) (By the induction hypothesis.)
= tr(guard(&, [C1], [C2])) (By Lemma G.8.)

=tr([C; & C2])
« C=C |G,
[CilC]p ={a | Bl @ e [C]p.B € [Colp}
={a || B | actr([Ci]), B € tr([C2])} (By the induction hypothesis.)
=tr([C1] | [C2]) (By Lemma G.10.)
=tr([C [ C2])
e C=1if b then C; else C,.
[if b then C; else Cz]p,
= {(assume b) s & | & € [C1]p. } U {{assume —=b) § B | B € [Calp.}
By the induction hypothesis:
= {(assume b) s & | @ € tr([C1])} U {(assume =b) s B | B € tr([C2])}
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By Lemma G.7.

= tr(guard(b, [C1], [C2]))
= tr([if b then C; else C;])

e C=whilebdoC'.

[while b do C']p,

= pr (E<C’,b>)
= U E?C'Jﬁ (0) (By the Kleene fixed point theorem.)

neN
= U tr (CD'ZC,’b) (J_pom)) (By Lemma G.11, and the induction hypothesis.)

neN
=tr (sugI lD'(lC,,b) (J_pom)) (By Scott continuity of tr.)

ne

=tr (pr (<I>'<1C,’b>)) (By the Kleene fixed point theorem.)
= tr ([while b do C’])) m]

G.4 Translations and Linearization

LEMMA G.13. For any binary branching a € lpof 4, (label), S C nBot,, and ¢ € valid,(S), then:

next(trypor (a, '), true, S) = next(a, ¥, S) \ {x € Ny | ¢a(x) = stuckg V A (x) = &}
W €bra iy =y

Proor. We show the inclusion in both directions.

Take any x € Uy epr, =y next(trpor (@, ¢), true, S), so there isa yf’ € br, such that y" = ¢
and x € Nirpor () \ S such that xl’tl‘[pof(ll,l///) C S.From x € Ny () \ S, we getthat x € N, \ S
and ' = @,(x) and A4 (x) # & We now show that x|, C S. Take any y <, x, so we know
that " = ¢o(x) = ¢u(y), which means that y € Ny, (g7, and therefore y <t (ay’) X, 50
it must be that y € S. From ¢ = ¢ and ' = ¢,(x), we know that ¢,(x) A ¢ is satisfiable.
Since € valid,(S), then ¢ must assign a truth value to every test in S, and since we just showed
that x|, € S, then vars(¢,(x)) € S, and so we must have that ' = ¢,(x). Therefore, we have
established all the conditions of x € next(a, 1, S). Clearly also ¢, (x) = stuck, since ' = @4 (x)
and ' = —stuck,.

Now take any x € next(a,,S) \ {x € Ny | ¢a(x) = stucky V A5(x) = &}, 50 x € Ny \ S,
Y = @a(x), x), €S, pa(x) = stucky, and A, (x) # &. Since ¢, (x) = stuck,, then x € ext,, and
so there is clearly a y” € br, such that * = ¢q(x). This means that x € Ny, (ay) \ S. Since
by definition Pt por () (x) = true, then clearly true = Pt s (9) (x). Finally, we will show that
x’]’trlpof(a’lr//’) C S. Take any y <tr, (ay") X, this means that y <, x, so clearly y € S. Therefore, we
have that x € next(trpor (. ¥'), true, S) © Uy epr, =y Next(trpor (@, ¥'), true, S). O

LEMMA G.14. IfS C nBot,, ¢ € valid,(S) and = stuckg, then Lo (2,1, S) = 0.

ProoF. The proof is by induction on the size of the set next*(a, ¢, S). If next*(a, ¢, S) = 0, then by
Lemma F.4 we know that ¥ € br,, but this is impossible since iy = stuck,. Therefore, it cannot be
the case that next*(a, ¥, S) = 0.
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Now suppose that next*(a, /,S) # 0. By Lemma F.5, we know that next(a, ¢, S) # 0. So, we
have:

Llpof(a; ¢>S U {x}_l‘)?([[/la(x)ﬂact (S)) lf Aa(x) € aCt
L a, 0, S, x)(s)" (AL (x s if A,(x) € test
Llpof(a’[//’s) _ U P te.s‘t( ‘ﬁ )( ) ([[ a( )ﬂtest( )) if/lzgxi _ .
xeneXt(a’l//’S) -Elpof(as lﬁ, S U {x})(s) if /“'a(x) = fork
By the induction hypothesis in the first, second, and fourth cases, we get:
0 if Ag(x) € act
3 0 if Ay(x) € test
- s 0 ifd,(x)=1
xenetlat S | g if Aq(x) = fork
= 0=0 O
xenext(a,y,S)

LEMMA G.15. For any binary branching a € lpof 5, (label), S C nBot,, and ¢ € valid,(S):

U Lior(tripor (@ 9), true, $)(s) = Lipos(a,1,8)(s)
Y ebrg /=Y

Proor. The proof is by induction on the size of the set next*(«a, i, S). If next*(a, ¢, S) = 0, then
clearly next(a, ¥, S) = 0 and by Lemma F.4, we know that € br,. That means that the union on
the left side is only over a single term, generated from ¢. Now, try,or (a, 1) contains all those nodes
x such that ¢ = ¢, (x) and 1,(x) # &, but we know from next* (e, ¥, S) = 0 that all such nodes
are already in S, therefore by Lemma G.13, next(tror (@, 1), true, S) = 0 too. This gives us

U Llpof (trlpof(a’ [//,), true, S) (S) = -Elpof (trlpof (0(, ¢), true, S) (S) = {S} = -’-:lpof(a’ l% S) (S)
Y ebrg =y
Now, assume that next*(a, ¥, S) # 0, so by Lemma F.5, then next(e, ¥, S) # 0.

Suppose that ¢, (x) = stuck, for some x € next(a, ¥, S). This means that = ¢,(x) = stuckg,
so clearly there canbe no € bry suchthat " = ¢, 50 Uy epr,pr =y Lipof (tripos (@, ¥), true, S)(s) =
0. In addition, by Lemma G.14, Ly,of (e, ¥, S)(s) = 0 too.

So, we are left with the case where ¢, (x) = stuck, forall x € next(a, 1, S). Let oty = trpor (o, ¥').
We now have:

U Lpof (ay, true, S)
W brgiy =y
Lipeg (ayrstrue, SUDT (A ()] (9) i Aay, () € actrr
_ Liest(ayritrue, ) ) (JAay (0] () if Ay, (x) € teste
if Ay, (x) = L

Y’ €bry )’ =1y xenext(ay,true,S)
“ v Lipos (aryr, true, S U {x}) (s) ianl//, (x) = fork

Since ay has no test or L nodes, we can remove those two cases. In addition, we expand the case
for actions into cases for whether or not the action is assume.

Lipof (ay, true, SU DT ([ (0) ] et (5)) if g (x) € act
_ U Lipof (ays, true, SU {x})T ([assume Ay (x)] 4ot (5))  if Ao (x) € test and ¢’ = x
- Lipos (aryr, true, S U {x}) T ([assume ~Ag ()] get () if A (x) € test and ¢ = —x

Y’ €brg )/ =y xenext(ay,true,S) Llpof(“x//’ true, SU {x})(s) if Ag (x) = fork
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By Lemma G.13, and the fact that y = ¢, (x) for all x € next(a, ¥, S), we can rearrange the unions
and move the inner one inside of the conditional. In the case there next(«, i, S) contains a & node,
evaluating [assume &] (s) and [assume —&] (s) are both no-ops, so the do not affect the outcome
of linearization.

Uy ebraip’=y Lipof (s, true, SU DT (e ()] et (5)) if Ao (x) € act
_ Uy ebraiyp=yax Lipof (ayr, true, SU {x})T ([assume Ay (x)] 4ot (5)) if A (x) € test
- U Ul//’ebrazlﬁ’:qp/\ﬁx -Llpof(al//’a true, S U {x})T([assume Ao (x)]]act (s)
xenext(a.y,5) Uy ebrgipr=y Lipor (g, true, S U {x}) (s) if A (x) = fork
By the induction hypothesis.
Lipof (a,1,S U DT (e ()] et (5)) if Ao (x) € act
_ Lipof(a, Y Ax,SU {x DT ([assume Ay (x)] 4ot (5)) if A (x) € test
B ULpos (@ ¢ A=x,SU {x})"([assume ~Aq ()] 1 (5))
x€enext(a,1,S) Lipop (@, 9,5 U {x})(s) if A (x) = fork

Lipof (@, ,S U {x D ([Aa ()]t (5)) if der(x) € act
Liest (,1,8,%) ()" ([Aa (0] pet (5))  if A (x) € test
xenext(a.y,S) \ Lipof (@ ¥, S U {x})(s) if Aq (x) = fork

= Llpof(aa ¢s S)
LEmMA G.16. Forany a@ € pom ands € S, L(a)(s) = LpL(tr(a))(s).

Proor.

L(@)(s) = | Lan(a)(s)

od<a

U Lipo (a, true, 0)(s)

[a] <

= U U Lipor (tripor (a, ), true, 0) (s) By Lemma G.15

[a]<a Yebry

= U La®e

@' <a Betrg, (o)

= U Za®®
BeUy <a triin(a’)
= |J La®©
Petr(a)
= Lo (tr(@)) o

G.5 Main Theorem

THEOREM 8.2 (NONDETERMINISTIC ADEQUACY). The following diagram commutes:

emdg I pom

II_]]PLl B J/L

pomLang — (S = P(S))

Proor. It suffices to show that [-]p = tro [-] and Lp o tr = £, which follows immediately from
Lemmas G.12 and G.16. We then have:

Lo o[-Jpr=Leotro[-])=(Lpotr)o[-]=Lo[-]
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