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�is thesis explores semantic foundations and logical techniques to reason about programs that

are both randomized and concurrent. Concurrent programs display unpredictable behavior due

to the di�erent ways that the scheduler can interleave parallel threads. Randomness prevents

the program’s �ow from being exploited by the scheduler to force undesirable outcomes. For

decades, the combination of randomization and concurrency has been used to design consensus

and synchronization protocols, ensure security and privacy of data, and generally improve the

e�ciency and reliability of distributed systems.

Due to the complex ways that concurrency and randomization interact, ensuring the correct-

ness of programs that make use of both e�ects through testing and informal means is intractable,

motivating the use of formal methods instead. However, prior to the work presented in this the-

sis, there was no semantic model that could capture the distributions of outcomes in randomized

concurrent programs with unbounded loops, let alone logical techniques to reason about them.

�is thesis introduces a program logic called Probabilistic Concurrent Outcome Logic (pcOL),

which provides a powerful toolset for verifying the correctness of randomized concurrent pro-

grams. Although the construction of pcOL is quite sophisticated, this thesis works from �rst

principles to thoroughly explain the metatheory of pcOL in a self contained way. Inspired by

separation logic, pcOL uses compositional reasoning techniques to derive expressive speci�ca-

tions without considering all the possible interleavings of concurrent threads. �at expressive

power is demonstrated by proving correctness of a variety of case studies including randomness

preserving protocols, a concurrent shu�ing algorithm, and private information retrieval.
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CHAPTER 1

INTRODUCTION

Randomization has long played a central role in concurrent computing, o�ering elegant and prac-

tical solutions to problems that are di�cult, or impossible, to solve deterministically. �e power

of randomization was highlighted throughout the 1970s and 1980s when it was proven that some

consensus and synchronization problems have no deterministic solution [Dijkstra 1971; Angluin

1980; Fischer et al. 1985], yet they have simple randomized ones [Lehmann and Rabin 1981; Ben-

Or 1983; Itai and Rodeh 1990].

Randomization, via explicit coin �ip operations performed in the program, breaks the symme-

tries that underlie those impossibility results and has thus become an essential tool in the design

of concurrent algorithms. Beyond distributed protocols, randomization is also crucial to security

and privacy and can improve algorithmic e�ciency, even for problems that do have determinis-

tic solutions. Concrete applications include distributed cryptography [Alpos and Cachin 2023],

consensus [Gilad et al. 2017; Miller et al. 2016; Frank et al. 2025], databases [Corbe� et al. 2012;

Heule et al. 2013], and many others.

Despite their ubiquity, randomized concurrent algorithms are notoriously di�cult to under-

stand and test. �eir behavior depends on both probabilistic choices and nondeterministic thread

scheduling, leading to an enormous space of possible executions that cannot be exhaustively ex-

plored through testing or informal reasoning. Correctness proofs are a promising alternative, but

the pen-and-paper approach results in proofs that are bri�le and error prone, as Lehmann and

Rabin remarked when studying the randomized Dining Philosophers problem:

“Proofs of correctness for probabilistic distributed systems are extremely slippery; in fact the

proof presented here (hopefully correct) is only the last one in a sequence of incorrect proofs.”

— Lehmann and Rabin [1981]

Program logics o�er a solution: by mechanically deriving correctness guarantees, they promise
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not to further extend the “sequence of incorrect proofs.” But in the forty-�ve years leading up to the

publication of this thesis, formal logical techniques that augment concurrency reasoning with the

ability to specify random outcomes have remained notably underdeveloped. Recent decades have

seen major advances in logical techniques for concurrent programs and, separately, probabilistic

programs, but a signi�cant leap beyond the state of the art was still required in order to seamlessly

integrate both paradigms into a single logical system.

�is thesis introduces Probabilistic Concurrent Outcome Logic (pcOL), a foundational new

approach to reasoning about programs that are both randomized and concurrent. �e theory

of pcOL is designed from the ground up to natively support both compositional concurrency

reasoning and also expressive abilities to describe the distributions of random program behaviors.

Such capabilities required fundamental advancements including a new semantic model called

pomsets with formulae, and logical techniques to inspect the probabilistic outcomes from coin �ip

operations and the nondeterministic behaviors resulting from concurrent scheduling.

�is thesis iteratively builds up the theory of pcOL from �rst principles, starting from purely

probabilistic computation (Chapters 3 and 4), to adding explicit nondeterministic choice (Chap-

ter 5), and �nally to adding nondeterminism induced by concurrent scheduling (Chapters 6 and 7).

Each progressive step introduces new challenges and insights, which are overviewed in the pro-

ceeding sections.

1.1 THEORETICAL CHALLENGES

Randomized concurrent algorithms feature two interacting types of unpredictable behavior. Ran-

dom behaviors arise from explicit use of sampling operations 𝑥 :≈ 𝑑 , and can be analyzed quan-

titatively. Nondeterministic behaviors arise from concurrent scheduling 𝐶1 ‖ 𝐶2, and must be

treated demonically, i.e., the algorithm must operate properly even in the presence of an adver-

sarial scheduler that always behaves in the worst way possible.

�e interaction between probabilistic actions and nondeterministic scheduling results in com-

2



plex behavior. Consider the following program, which assigns a uniformly sampled Boolean to

the variable 𝑥 while the two concurrent threads race to assign 𝑦.

𝑥 :≈ Ber ( 1
2
)
# 𝑦 B 1 ‖ 𝑦 B 0

A�er executing the program, we may want to know the probability of 𝑥 being equal to 𝑦. During

execution, the scheduler will choose how to interleave the two threads, so the commands will

execute in one of the following concrete orders.

𝑥 :≈ Ber ( 1
2
)
# 𝑦 B 1 # 𝑦 B 0 𝑥 :≈ Ber ( 1

2
)
# 𝑦 B 0 # 𝑦 B 1 𝑦 B 0 # 𝑥 :≈ Ber ( 1

2
)
# 𝑦 B 1

However, we do not yet know the probability that each of those schedules could be chosen. De-

termining that probability requires us to carefully consider the capabilities of the scheduler. Can

the scheduler adapt to probabilistically chosen values, or is it oblivious to the sampling operations

[Ben-David et al. 1990]? Is the scheduler deterministic, or can it perform probabilistic computa-

tion too [Varacca and Winskel 2006]?

Once we answer those operational questions, we can develop a formal semantic model that is

faithful to way that we expect programs to execute. Semantics gives us a ground truth meaning

for each program, but it is too complicated to reason about directly. Logical rules on top of the

semantics provide higher level ways to mechanically derive human-readable speci�cations about

a program. A soundness proof connects the two by ensuring that each speci�cation derived in

the logic is valid according to the semantic model.

However, semantic models that combine randomization with a nondeterministic concur-

rent scheduler are extraordinarily complex. Several negative results have shown that naı̈ve ap-

proaches to modeling the combination of nondeterministic and probabilistic computation are not

well behaved [Varacca and Winskel 2006; Zwart and Marsden 2019; Zwart 2020; Parlant 2020],

underscoring the need for a more rigorous approach. As a result, the convex powerdomain has

emerged as a prominent formal model [He et al. 1997; McIver and Morgan 2005], but it had not

previously been used to model concurrency.
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Unbounded looping introduces further complexities. Many randomized algorithms do not

terminate in a �xed amount of time. Instead, the probability of termination converges to one

as time goes to in�nity. Liveness analysis therefore requires complex probabilistic reasoning on

in�nite traces. Furthermore, bugs can be introduced when a correct algorithm is translated into

a concrete implementation [Aguilera and Toueg 2012]. As a Google engineering team noted:

“In order to build a real-world system, an expert needs to use numerous ideas sca�ered in the

literature and make several relatively small protocol extensions. �e cumulative e�ort will

be substantial and the �nal system will be based on an unproven protocol.”

— Chandra et al. [2007]

�e more abstract the theory is, the harder it is to gauge whether an implementation matches

it. Early a�empts to prove probabilistic liveness modeled programs using Markov Decision Pro-

cesses [Hart et al. 1983], which do not closely mirror the syntax of programs. Formal methods

enable direct reasoning about programs that are syntactically similar to a concrete implementa-

tion, which helps prevent bugs that arise due to the mismatch between a program and its proof.

Building on decades of progress on formal methods for analyzing probabilistic programs and

concurrent programs, this thesis presents the �rst semantic model (Chapter 6) and associated

program logic (Chapters 3 to 5 and 7) for verifying randomized concurrent programs in terms

of their distributions of outcomes. Prior approaches were not able to handle unbounded loops

and has less expressive power to describe the distributions over observable behaviors, therefore

examples like the one in Section 1.2 were previously out of reach of formal methods.

1.2 KEY IDEAS AND CONTRIBUTIONS

In order to demonstrate the novel features of pcOL, we now turn to the concurrent shu�ing

algorithm ConcurrentShuffle in Figure 1.1, which is a parallelized version of the Rao-Sandelius
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ConcurrentShuffle :
Partition # (Shuffle1 ‖ Shuffle2) # 𝑎 B 𝑎1 ++ 𝑎2

Partition :
𝑎1 B [] # 𝑎2 B [] # 𝑖 B 0 #
while 𝑖 < len(𝑎) do
(𝑎1 B snoc(𝑎1, 𝑎[𝑖])) ⊕ 1

2
(𝑎2 B snoc(𝑎2, 𝑎[𝑖])) #

𝑖 B 𝑖 + 1

Shuffle𝑘 :
𝑖𝑘 B len(𝑎𝑘) #
while 𝑖𝑘 > 0 do
𝑗𝑘 :≈ unif ( [0, .., 𝑖𝑘]) #
𝑎𝑘 B swap(𝑎𝑘 , 𝑖𝑘 , 𝑗𝑘) #
𝑖𝑘 B 𝑖𝑘 − 1

Figure 1.1: A concurrent shu�ling algorithm.

[Rao 1961; Sandelius 1962] algorithm. Given an input list ℓ stored in the variable 𝑎, the goal of

ConcurrentShuffle is to terminate in a state where 𝑎 is a uniformly chosen permutation of ℓ .

�e input list is �rst randomly bucketed into two sublists 𝑎1 and 𝑎2 using the Partition

routine. Next, 𝑎1 and 𝑎2 are shu�ed in parallel using the Shuffle𝑘 routine, which is an imple-

mentation of the Fisher-Yates algorithm [Fisher and Yates 1938]. Finally, the two segments are

concatenated together to form the �nal shu�ed list. A full explanation of the algorithm and ac-

companying correctness proof are given in Section 8.2, but we will now highlight some of the

challenges that emerge in that proof to motivate the overall technical approach of this thesis.

1.2.1 Compositional Reasoning about Probabilistic Concurrency

When executing Shuffle1 ‖ Shuffle2, the scheduler chooses how to interleave the atomic com-

mands in the two threads, both of which contain loops over lists of unspeci�ed lengths. �e

concurrent execution therefore yields a massive number of possible interleavings, which grows

exponentially with the size of the input list. It is not feasible to enumerate all of those executions,

so we instead need a compositional way to reason about the two threads in isolation, and then

make an inference about their behavior when composed in parallel.

Concurrent Separation Logic (CSL) [O’Hearn 2004; Brookes 2004] already provides compo-

sitional ways to reason about concurrent threads in non-probabilistic programs. Speci�cations

in CSL are given in terms of preconditions and postconditions: {𝑃 } 𝐶 {𝑄} means that if 𝑃 ini-
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tially holds, then 𝑄 will hold a�er the command 𝐶 runs. �e Par rule below allows us to infer a

speci�cation about a concurrent program from speci�cations about the two individual threads.

{𝑃1} 𝐶1 {𝑄1} {𝑃2} 𝐶2 {𝑄2}

{𝑃1 ∗ 𝑃2} 𝐶1 ‖ 𝐶2 {𝑄1 ∗𝑄2}
Par

Above, the separating conjunction 𝑃1∗𝑃2 means that 𝑃1 and 𝑃2 hold in disjoint portions of memory.

�at separation is crucial to the soundness of Par because it guarantees that the threads 𝐶1 and

𝐶2 cannot interfere with each other.

In pcOL, speci�cations are similarly given as triples 〈𝜑〉 𝐶 〈𝜓〉, but the pre- and postcondi-

tion are now expressed in a probabilistic language. �e assertion d𝑃e means that 𝑃 holds with

probability 1 and the outcome conjunction

⊕
𝑋∼𝑑 𝜑 means that the logical variable𝑋 is distributed

according to the distribution 𝑑 , with 𝜑 holding for every value of 𝑋 . Combining the two, 𝑥 ∼ 𝑑 is

syntactic sugar for
⊕

𝑋∼𝑑 d𝑥 ↦→ 𝑋 e, which means that the value of 𝑥 is distributed according to

𝑑 . In the shu�e example, our goal is to derive the following speci�cation, which states that if 𝑎

initially holds the list ℓ , then 𝑎 will be a uniform permutation of ℓ once the program terminates.

〈d𝑎 ↦→ ℓe〉 ConcurrentShuffle 〈𝑎 ∼ unif (Π(ℓ)) 〉

Let us now turn back to the parallel invocations of Shuffle1 and Shuffle2. As we previously

established, the concurrent execution results in a massive blowup in execution paths, which can-

not be exhaustively explored. We instead need a compositional approach where we reason about

the threads in isolation and then infer their joint behavior. We start with speci�cations stating

that each thread produces a uniform permutation of its input.

〈d𝑎1 ↦→ 𝐴1e〉 Shuffle1 〈𝑎1 ∼ unif (Π(𝐴1)) 〉

〈d𝑎2 ↦→ 𝐴2e〉 Shuffle2 〈𝑎2 ∼ unif (Π(𝐴2)) 〉

In addition, as we will see in Chapter 7, pcOL has a Par rule that allows us to combine the above

speci�cations in a similar way to CSL, yielding the speci�cation below.

〈d𝑎1 ↦→ 𝐴1e ∗ d𝑎2 ↦→ 𝐴2e〉 Shuffle1 ‖ Shuffle2 〈𝑎1 ∼ unif (Π(𝐴1) ∗ 𝑎2 ∼ unif (Π(𝐴2))) 〉
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But to complete the proof, it is not enough to know how 𝑎1 and 𝑎2 are distributed on their own;

we also need to know their joint distribution. More precisely, if the scheduler could induce a

probabilistic correlation such that observing a particular shu�e of 𝑎1 makes some other shu�e

of 𝑎2 more likely, then the combinatorial argument would not work out to conclude that 𝑎 is

ultimately uniformly shu�ed. We need to ensure that the concurrent execution results in 𝑎1 and

𝑎2 being probabilistically independent, which formally means that for any permutations 𝜋1 and 𝜋2

of the initial values of 𝑎1 and 𝑎2, the following equation holds at the end of the execution.

P[𝑎1 = 𝜋1 ∧ 𝑎2 = 𝜋2] = P[𝑎1 = 𝜋1] · P[𝑎2 = 𝜋2]

�e ability to recover the joint probability by multiplying the individual probabilities gives us the

compositionality that we need to derive expressive speci�cations about parallel threads. Prob-

abilistic independence is therefore one of the key concepts that makes concurrency reasoning

tractable. We work in a model of separation where 𝜑 ∗𝜓 additionally implies probabilistic inde-

pendence of the events described by 𝜑 and 𝜓 . �e idea to model independence using separation

was �rst explored by Barthe et al. [2020] in Probabilistic Separation Logic (PSL). In Chapter 3, we

give a new model of probabilistic separation that supports more powerful forms of case analysis

compared to prior work. Case analysis is a crucial component of reasoning about probabilistic

programs, as we will see in the next section.

1.2.2 Case Analysis and Conditioning

When the execution of a probabilistic program branches into many possible random outcomes,

it is o�en necessary to do case analysis, or condition, on those outcomes. In the concurrent shuf-

�ing algorithm from Figure 1.1, we already got a glimpse of how pcOL enables us to derive a

compositional speci�cation about concurrently executing threads:

〈d𝑎1 ↦→ 𝐴1e ∗ d𝑎2 ↦→ 𝐴2e〉 Shuffle1 ‖ Shuffle2 〈𝑎1 ∼ unif (Π(𝐴1) ∗ 𝑎2 ∼ unif (Π(𝐴2))) 〉

But the speci�cation above only pertains to a single outcome of the Partition procedure, which

has 2𝑛 uniformly random outcomes where 𝑛 is the length of the input list. We can therefore view
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𝑎1 ∼ unif (Π(𝐴1) ∗ 𝑎2 ∼ unif (Π(𝐴2))) not as giving the actual probabilities that 𝑎1 and 𝑎2 take

on particular values, but rather the conditional probability given that the input list ℓ has been

partitioned into 𝐴1 and 𝐴2. In pcOL, reasoning about conditional probabilities is achieved using

the Split rule, which is inherited from standard Outcome Logic [Zilberstein 2025].

〈𝜑〉 𝐶 〈𝜓〉

〈
⊕
𝑋∼𝑑

𝜑〉 𝐶 〈
⊕
𝑋∼𝑑

𝜓〉
Split

Split essentially states that if the random outcomes of the program are initially distributed ac-

cording to 𝑑 , then we can condition on 𝑑 and reason about the program as if 𝑋 has a �xed value,

before pu�ing the postcondition back under an outcome conjunction. As wewill see in Chapter 4,

spli�ing enables a whole host of analysis applications. On top of enabling us to reason about the

concurrent execution in ConcurrentShuffle, spli�ing is also required to handle control �ow.

For example, the program below branches based on a random coin �ip.

𝑥 ∼ Ber
( 1
2
)
# if 𝑥 = 0 then 𝐶1 else 𝐶2

Split allows us to condition on whether the guard of the if statement evaluates to true or false,

and thus we can determine the full distribution of program outcomes because we will know

whether 𝐶1 or 𝐶2 runs in each case. Prior variants of PSL had either no spli�ing rules [Li et al.

2023] or more limited ones [Bao et al. 2025], making pcOL a more powerful logic for reasoning

about probabilistic control �ow.

1.2.3 Shared State and Nondeterminism

We have now seen a brief sketch of the logical capabilities needed to prove correctness of the

ConcurrentShuffle program. While already involved, that program does not have any shared

state, and so the result is essentially deterministic since the interleaving order does not ma�er.

Even larger challenges arise when the threads do have shared state, such as in the program below.(
𝑧 B 1 # 𝑥 :≈ Ber ( 1

2
)
# 𝑧 B 𝑥

) ‖ 𝑦 :≈ Ber ( 𝑧
2
)
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In the schedule where the entire le� thread is executed before the right one, the program is e�ec-

tively equivalent to 𝑥 :≈Ber ( 1
2
)
#𝑦 :≈Ber (𝑥

2
)
, so 𝑥 and𝑦 are clearly correlated since the probability

of 𝑦 being 0 or 1 is directly in�uenced by the value of 𝑥 . �erefore, the pcOL rule for compos-

ing the speci�cations for two concurrent threads (Par) has additional simple side conditions to

ensure that the scheduler cannot induce an observable correlation between the distributions of

outcomes in the two threads.

Achieving that observable independence requires several pieces of complex machinery. In

Chapter 3, we see how the assertion language of preconditions and postconditions allows us to

talk about independence at varying levels of granularity. Later, in Chapters 5 and 7, we present

sound strategies for reasoning about nondeterministic outcomes that do not violate the proba-

bilistic independence guarantees of pcOL.

1.2.4 Semantics and Soundness

�e previous sections have provided a brief tour of the reasoning principles of pcOL. �ose ex-

pressive forms of reasoning are only possible due to a new semantic model for probabilistic con-

current programs, which is able to model the entire set of distributions resulting from all the

possible interleavings of parallel probabilistic threads. �at new model, called pomsets with for-

mulae, handles loops using domain-theoretic foundations, which provide compositional ways to

approximate the behavior of unbounded computations using �nite unrollings.

�e key di�culty in modeling concurrent programs is that the semantics is not composi-

tional. As demonstrated by the program below, executing two programs in parallel can produce

behaviors that are not observable by an isolated execution of either thread.

𝑥 B 0 # if 𝑥 = 0 then 𝑦 B 0 else 𝑦 B 1 ‖ 𝑥 B 1

Here, the le� thread will always assign 𝑦 to 0 and the right thread does not assign 𝑦 at all, but

when composed in parallel, there is an interleaving where 𝑦 gets assigned to 1. Because of that,

the semantics of parallel programs cannot simply be given as a state transformer function that
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takes in start states and returns end states, as there would be no way to determine the semantics

of 𝐶1 ‖ 𝐶2 from the semantics of 𝐶1 and 𝐶2.

Instead, the dominant denotational technique for concurrency semantics, partially ordered

multisets (pomsets) [Gischer 1988; Pra� 1976], models the causality between the actions in a

program using a partial order. However, prior variants of pomsets could not properly model the

randomized control �ow needed to handle probabilistic programs. By contrast, pomsets with

formulae introduce a new type of guarded branching, which allows all of the random outcomes

to be represented within a single semantic structure. For example, the program below on the le�

corresponds to the pomset with formulae on the right.

𝐶 , 𝑥 :≈ Ber ( 1
2
)
#

©­­­­­«
if 𝑥 = 0 then
𝑦 B 0

else

𝑦 B 1

𝑦 B 2

ª®®®®®¬
È𝐶Épom =

𝑦 B 0 𝑦 B 1 𝑦 B 2

?(𝑥 = 0)
T

]] ]]

F

AAAA

•
^^

JJ

𝑥 :≈ Ber ( 1
2
)OO

A�er the initial sampling operation, the program execution branches into two concurrent threads.

�at is modeled by the fact that the • node has two outgoing causality arrows, meaning that the

commands that follow could be interleaved in any order. �e later if statement results in di�erent

kinds causality arrows, which are only enabled if the test at their root passes or fails, respectively.

�e full details of pomsets with formulae are given in Chapter 6 and the soundness of pcOL with

respect to that model is proven in Chapter 7.

1.3 OUTLINE AND PREVIOUSLY PUBLISHEDWORK

As outlined in the prior section, the primary contribution of this thesis is the new pcOL pro-

gram logic, which we build up iteratively from �rst principles. Because the theory of pcOL is so

complex, it is best communicated in steps starting from pure probabilistic reasoning (Chapters 3

and 4), then adding nondeterminism (Chapter 5), thenmoving to a se�ing where nondeterminism

arises from concurrent scheduling (Chapters 6 and 7).
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�at progression is also inspired by a sequence of six peer-reviewed papers published by

the author and collaborators, introduced in Section 1.3.1. However, this thesis is not merely a

concatenation of those papers. As described in Section 1.3.2, the technical content of the earlier

papers has been reworked in order to incorporate later advancements, turning the entire body of

work into a coherent development with consistent de�nitions and notation. A full outline of the

chapters is given in Section 1.3.3.

1.3.1 Previously Published Work

�e technical contents of this thesis draw on the six peer-reviewed publications described below.

�e author of this thesis is the �rst author and lead contributor to all of the works.

OutcomeLogic. Outcome Logic is a uni�ed theory for reasoning about programswith di�erent

kinds of computational e�ects such as nondeterminism, randomization, and exceptions. It was

�rst developed as a means to reason about both correctness (veri�cation) and incorrectness (bug-

�nding) within a single logic through two papers published at OOPSLA 2023 and 2024.

Noam Zilberstein, Derek Dreyer, and Alexandra Silva. 2023. Outcome Logic: A Unifying Foundation for
Correctness and Incorrectness Reasoning. Proc. ACM Program. Lang. 7, OOPSLA1, Article 93 (Apr 2023), 29
pages. https://doi.org/10.1145/3586045
Noam Zilberstein, Angelina Saliling, and Alexandra Silva. 2024. Outcome Separation Logic: Local Reason-
ing for Correctness and Incorrectness with Computational E�ects. Proc. ACM Program. Lang. 8, OOPSLA1,
Article 104 (Apr 2024), 29 pages. https://doi.org/10.1145/3649821

Later, the core foundations were re�ned and generalized in the following TOPLAS 2025 paper,

which focused more on the proof theory and extended the rules to handle unbounded loops.

Noam Zilberstein. 2025. Outcome Logic: A Uni�ed Approach to the Metatheory of Program Logics with
Branching E�ects. ACM Trans. Program. Lang. Syst. Vol 47, Issue 3, Article 14 (Sept 2025), 71 pages.
https://doi.org/10.1145/3743131

Demonic Outcome Logic (dOL). Whereas standard Outcome Logic can be instantiated to

reason about nondeterminism or randomization, dOL, introduced in the following POPL 2025

paper, handles the interaction between both e�ects in a single program.

11

https://doi.org/10.1145/3586045
https://doi.org/10.1145/3649821
https://doi.org/10.1145/3743131


Noam Zilberstein, Dexter Kozen, Alexandra Silva, and Joseph Tassaro�i. 2025b. A Demonic Outcome Logic
for Randomized Nondeterminism. Proc. ACM Program. Lang. 8, POPL, Article 19 (Jan 2025), 30 pages.
https://doi.org/10.1145/3704855

�e rules for reasoning about random outcomes in dOL carry over exactly from standard Out-

come Logic, whereas nondeterminism is treated demonically. As such, a dOL speci�cation states

that the random outcomes of a program are distributed in a particular way regardless of how the

adversarial nondeterminism is resolved.

Pomsetswith Formulae. Most prior logics that combine randomization and concurrency have

used operational models. �e shortcoming of operational approaches is that they cannot account

for the in�nitary aggregation of all the individual steps in order to produce the entire set of dis-

tributions that result from both nondeterministic and probabilistic computation. �e following

paper from CONCUR 2025 introduced pomsets with formulae, the �rst semantic model for pro-

grams that are both probabilistic and concurrent with unbounded while loops.

Noam Zilberstein, Daniele Gorla, and Alexandra Silva. 2025a. Denotational Semantics for Proba-
bilistic and Concurrent Programs. In 36th International Conference on Concurrency �eory (CONCUR

2025) (Leibniz International Proceedings in Informatics (LIPIcs), Vol. 348), Patricia Bouyer and Jaco van
de Pol (Eds.). Schloss Dagstuhl – Leibniz-Zentrum f”ur Informatik, Dagstuhl, Germany, 39:1–39:24.
https://doi.org/10.4230/LIPIcs.CONCUR.2025.39

Pomsets with formulae are equippedwith a linearization operator, which results in the exact same

semantics as was used in dOL when specialized to programs without any concurrent execution.

�e connection between the two models laid the groundwork for a concurrent extension of dOL.

Probabilistic Concurrent Outcome Logic (pcOL). In a culmination of the �ve prior papers,

the following paper, which won a Distinguished Paper Award at POPL 2026, introduced pcOL.

Noam Zilberstein, Alexandra Silva, and Joseph Tassaro�i. 2026. Probabilistic Concurrent Reasoning in
Outcome Logic: Independence, Conditioning, and Invariants. Proc. ACM Program. Lang. 10, POPL (Jan
2026), 30 pages. https://doi.org/10.1145/3776651

As we saw in Section 1.2, pcOL uses probabilistic independence to construct the joint distribution

over all the variables in concurrent threads. �at required a new measure-theoretic assertion
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model to simultaneously reason about probabilistic and nondeterministic outcomes à la dOL, and

also expressions about independence at varying granularity. As a result, pcOL is the �rst logic

that combines expressive probabilistic reasoning with compositional concurrency reasoning.

1.3.2 Changes from Prior Work

Although the six papers described in Section 1.3.1 already constitute a coherent line of work,

signi�cant advancements were made later in the development, which informed improvements to

technical content of the earlier papers. As such, the presentation in this thesis has been thor-

oughly reworked by interspersing the latest insights throughout the entire progression.

In particular, all of the logics in this thesis are based on the measure-theoretic assertion model

of pcOL, which was introduced by Zilberstein et al. [2026]. Some of the challenges and insights

related to designing pcOL around that model therefore appear in this thesis before turning to

concurrency. For example, the interaction between probabilistic independence and control �ow

shows up when reasoning about purely probabilistic programs (Chapter 4), and the challenges

around controlling for correlations induced by the scheduler show up in dOL (Chapter 5).

In addition, new results formally show how the logics introduced in each chapter build on

each other. �eorem 5.8 shows that dOL is a conservative extension of Probabilistic Outcome

Logic (pOL). Formally, that means that for any program 𝐶 , which is syntactically limited to only

use probabilistic (and not nondeterministic) constructs, a dOL speci�cation about𝐶 has the exact

same meaning as a pOL speci�cation about𝐶 . Similarly, �eorem 7.4 and Corollary 7.5 show that

pcOL is a conservative extension of dOL and pOL, respectively. As a result, the soundness of all

three logics stem from a single correctness proof in �eorem 7.10.

Although pcOL itself is essentially unchanged from the version due to Zilberstein et al. [2026],

the presentation in this thesis is entirely self contained. As such, this thesis provides a more com-

prehensive reference on the design choices, semantic models, and historical context that con-

tributed to the �nal logic.
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1.3.3 Outline

�e chapters of this thesis form a progression in which the entire pcOL theory is iteratively built

up from �rst principles. As outlined below, each chapter builds on the previous ones to introduce

more capabilities into the logical approach, while also highlighting new insights and challenges.

Chapters 3 to 7 each begin with an overview section outlining the key ideas. Chapters 4, 5 and 7,

which introduce pOL, dOL, and pcOL, use two running examples to demonstrate how the capa-

bilities of each logic builds on the previous iteration.

Chapter 2: Preliminaries and Mathematical Foundations. �e technical chapters begin

by providing the mathematical background that will underlie the remainder of the development.

We start with a recipe for de�ning denotational semantics, and show how that recipe can be

instantiated to model probabilistic programs. We also introduce a variety of program logics that

served as inspiration for pcOL.

Chapter 3: A Measure Theoretic Model of Outcomes. In the �rst technical contribution,

we introduce a language of outcome assertions for expressing properties about the distribution of

outcomes that can occur from running a probabilistic program. Outcome assertions include both

the ability quantify the probabilities of outcomes and also to reasonmodularly about distributions

over subsets of the program variables. �e technical content is based on Zilberstein et al. [2026].

Chapter 4: Probabilistic Outcome Logic. Probabilistic Outcome Logic (pOL) is the �rst iter-

ation of our program logic. It has expressive inference rules for reasoning about the distributions

of outcomes in purely probabilistic programs with unbounded loops. �e technical content is

based on Zilberstein [2025] and Zilberstein et al. [2026].

Chapter 5: Demonic Outcome Logic. Demonic Outcome Logic (dOL) extends pOL for rea-

soning about probabilistic programs, which additionally feature a demonic adversary that con-
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trols nondeterministic choices. Modeling the interaction between random and demonic choice

requires a more sophisticated semantic model, and reasoning about that interaction introduces

new challenges. For example, dOL must carefully control for probabilistic correlations between

local and global state that could be caused by demonically controlled nondeterminism. �e tech-

nical content is based on Zilberstein et al. [2025b, 2026].

Chapter 6: Denotational Semantics for Probabilistic Concurrent Programs. In a detour

from program logics, we de�ne the pomsets with formulae semantic model, which we introduced

at the beginning of Section 1.2. Pomsets with formulae are carefully designed to be compatible

with the convex powerdomain, which underlies the soundness of dOL. �e technical content is

based on Zilberstein et al. [2025a].

Chapter 7: Probabilistic Concurrent Outcome Logic. As a culmination of all the prior

chapters, pcOL extends dOL for expressive reasoning about randomized concurrency, with

metatheory backed by pomsets with formulae. �e logic uses separation to compositionally rea-

son about threads in a concurrent programs and resource invariants to handle shared state. �e

nondeterministic reasoning abilities of dOL prove crucial when inspecting shared state that may

be altered by parallel threads. �e technical content is based on Zilberstein et al. [2026].

Chapter 8: Case Studies. To demonstrate the cumulative features of the prior chapters, we

present correctness proofs for three more involved example programs including the concurrent

shu�ing algorithm from Section 1.2. �e examples �rst appeared in Zilberstein et al. [2026].

Chapter 9: Conclusion. We conclude by discussing applications of pcOL and future work to

support larger scale veri�cation e�orts. �at future work, some of which is already underway,

includes both further theoretical developments and proposed applications of the logic.
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CHAPTER 2

PRELIMINARIES AND MATHEMATICAL FOUNDATIONS

Formal methods are mathematically rigorous techniques for proving properties about the be-

havior of programs. �ose techniques rely on establishing a precise semantics or meaning for

programs, which is phrased as a complex mathematical object. �e complexity increases further

with the addition of computational e�ects such as randomization, concurrency, and unbounded

looping. To tame that complexity, we o�en do not need to specify the program’s precise meaning,

but rather only a sound approximation of it.

Although there are many techniques for specifying the behavior of a program, this thesis

focuses on program logics. Program logics like Hoare Logic [Hoare 1969] provide a language

to describe the behavior of a program in terms of preconditions and postconditions. In classical

Hoare Logic, pre- and postconditions describe individual program states, but the inclusion of

e�ects such as randomization means that they must describe more complex properties, such as

how the program outcomes are randomly distributed.

In this chapter, we survey the mathematical concepts that underlie the development of pro-

gram logics. First, we discuss an extensible strategy for de�ning program semantics in Section 2.1.

Next, we instantiate that approach to model probabilistic programs in Section 2.2. We then in-

troduce Hoare Logic (Section 2.3), separation logic (Section 2.4), and the author’s prior work on

Outcome Logic (Section 2.5), all of which inspired the contributions in later chapters.

2.1 DENOTATIONAL SEMANTICS AND DOMAIN THEORY

Program semantics has been studied in many styles and for many di�erent types of languages.

In this dissertation, we will work with imperative languages, stemming from a basic syntax,

shown in Figure 2.1, which includes no-ops (skip); sequential composition (𝐶1 #𝐶2); conditional

branching (if 𝑏 then 𝐶1 else 𝐶2), where 𝑏 is a Boolean test; while loops (while 𝑏 do 𝐶); and

basic actions 𝑎 ∈ act . We will later add more constructs, such as probabilistic choice 𝐶1 ⊕𝑝 𝐶2,
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cmd 3 𝐶 F skip (No-op)

| 𝐶1 #𝐶2 (Sequential Composition)

| if 𝑏 then 𝐶1 else 𝐶2 (Conditional Branching)

| while 𝑏 do 𝐶 (Loops)

| 𝑎 (Basic Actions 𝑎 ∈ act )

Figure 2.1: Syntax of Command Language (CL) programs, where 𝑎 ∈ act .

nondeterministic choice𝐶1 &𝐶2, and parallel execution𝐶1 ‖ 𝐶2, but the preliminary language in

Figure 2.1 already demonstrates core challenges.

�e two dominant approaches to program semantics are operational and denotational. In an

operational model, the program is modeled as a sequence of steps, and the �nal outcomes consist

of all states that can be reached via a �nite number of steps, plus nontermination if any in�nite

sequences of steps exist. Operational models are o�en preferred for concurrency, as it is easy

to model interleaving behavior by simply stating that any thread may step at each point in time.

However, operational models less readilymodel probabilistic programs, as operational techniques

lack the tools to determine the probability distribution of outcomes in the limit.

For example, consider the following program, in which the loop increments 𝑖 on each iteration

and then exits with probability 1
2 . Note that Ber (𝑝) is the Bernoulli distribution, which returns 1

with probability 𝑝 and 0 with probability 1 − 𝑝 .

𝑥 B 0 #
𝑖 B 0 #
while 𝑥 = 0 do
𝑥 :≈ Ber ( 1

2
)
#

𝑖 B 𝑖 + 1
It is relatively easy to see that upon termination, 𝑖 will be distributed according to a geometric

distribution, where 𝑖 = 𝑛 with probability 1
2𝑛 for all 𝑛 ∈ N. However, there is no �nite number of

steps that the program can take a�er which the full distribution of outcomes is known, since the

probability of termination only reaches 1 a�er an in�nite amount of time. As a result, domain-
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theoretic tools [Sco� and Strachey 1971; Sco� 1972] are needed to determine the program’s full

behavior in the limit, motivating a move away from the operational style.

Denotational models interpret programs as mathematical objects in some underlying domain.

�e semantics is a function È−É : S → 𝑇 (S) mapping each state 𝑠 ∈ S into a computational do-

main𝑇 (S). �e speci�c choice of𝑇 depends on the computational e�ects present in the language,

for example, powersets encode the outcomes of nondeterministic programs whereas probability

distributions encode the outcomes of probabilistic programs. We discuss the necessary properties

of 𝑇 throughout the remainder of this section.

2.1.1 Computational E�ects and Actions

For our purposes, we consider computational e�ects to be any actions performed by a program

other than returning a state. �e command language outlined above already displays a computa-

tional e�ect; the inclusion of while loops opens up the possibility of nontermination. As a result,

programs cannot simply be interpreted as maps from states to states, but rather they must be

interpreted as maps from states to states or nontermination, È−É : S → S⊥ where S⊥ = S∪{⊥}
and ⊥ represents nontermination.

Another common e�ect is nondeterminism, where the program may branch into many possi-

ble outcomes instead of just one. In that case, we interpret programs as maps from states to sets

of states È−É : S → 2S where 2S is the powerset of S. In the resulting powerdomain, nontermi-

nation is represented as ∅, the empty set of outcomes. However, we cannot distinguish programs

that always terminate from ones that sometimes terminate. In general, nondeterminism has a

very complex interaction with nontermination; the interested reader can refer to Apt and Plotkin

[1986], Søndergaard and Sesto� [1992], and Back [1980, 1983] for more details.

�e command language introduced in Figure 2.1 did not specify what actions 𝑎 ∈ act can be

performed. �e actions that can be represented in each instantiation of the semantic model de-

pend on the computational domain that we choose to use. For example, in the powerset model we
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could include nondeterministic assignment 𝑥 ← 𝑆 , where the variable 𝑥 is nondeterministically

assigned some value from the set 𝑆 . To formalize the semantics of actions, we �rst must describe

the programs states that they can manipulate.

De�nition 2.1 (Memories). Let Var be a countable set of variable names and Val be the set of

program values. �en for any𝑉 ⊆ Var, the set of memories over𝑉 is de�ned as the set of maps from

𝑉 to values.

Mem[𝑉 ] , 𝑉 → Val

For any 𝑥 ∈ 𝑉 and 𝑣 ∈ Val, a memory 𝜎 ∈ Mem[𝑉 ] can be updated as follows:

𝜎 [𝑥 B 𝑣] (𝑦) ,
{
𝑣 if 𝑥 = 𝑦
𝜎 (𝑥) if 𝑥 ≠ 𝑦

Given the above de�nition of memories, and a computational domain 𝑇 (which could be the

nontermination or nondeterminism domains that we already saw), an action can be any operation

whose semantics is representable via a function of type È−Éact : Mem[𝑉 ] → 𝑇 (Mem[𝑉 ]). For
now, we will only include a single action: variable assignment 𝑥 B 𝑒 . To do so, we �rst need a

notion of expressions, which include variables 𝑥 ∈ Var, values 𝑣 ∈ Val, and a variety of di�erent

arithmetic expressions.
exp 3 𝑒 F 𝑥 | 𝑣 | 𝑒1 + 𝑒2 | 𝑒1 − 𝑒2 | · · ·

Expressions are evaluated using the semantic function È−Éexp : exp → Mem[𝑉 ] → Val, which

is de�ned in the standard way, as long as the free variables of the expression are contained in the

given memory. Given that, we can de�ne the semantics of variable assignment in the nontermi-

nation domain È𝑥 B 𝑒Éact : Mem[𝑉 ] → Mem[𝑉 ]⊥ as follows:

È𝑥 B 𝑒Éact (𝜎) ,
{
𝜎 [𝑥 B È𝑒Éexp (𝜎)] if 𝑥 ∈ 𝑉 and vars(𝑒) ⊆ 𝑉
⊥ otherwise

2.1.2 Sequential Composition and Monads

We have already seen two examples of computational domains for representing nonterminat-

ing computations and nondeterministic computations. However, those domains need additional
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properties in order to ensure that we can de�ne the semantics of all commands properly. In this

section, we focus on sequential composition.

To do so, we will use monads, an established method of sequencing computational e�ects

[Moggi 1991, 1989; Wadler 1993]. Presuming that we know how to interpret the semantics of

È𝐶1É : Mem[𝑉 ] → 𝑇 (Mem[𝑉 ]) and È𝐶2É : Mem[𝑉 ] → 𝑇 (Mem[𝑉 ]), monads provide us with

a Kleisli extension operation (−)† to compose È𝐶1É and È𝐶2É into a semantic function capturing

the sequential command 𝐶1 #𝐶2. More formally, we de�ne monads as follows:

De�nition 2.2 (Monads). A Kleisli triple 〈𝑇, 𝜂, (−)†〉 in Set consists of a functor 𝑇 : Set → Set,

and two morphisms:

𝜂 : 𝑋 → 𝑇 (𝑋 ) (−)† : (𝑋 → 𝑇 (𝑌 )) → 𝑇 (𝑋 ) → 𝑇 (𝑌 )

such that the following diagrams commute:

Le� Identity Right Identity Associativity

𝑇 (𝑋 )
𝜂†

,,

id
22 𝑇 (𝑋 )

𝑋
𝜂

//

𝑓 &&

𝑇 (𝑋 )
𝑓 †
��

𝑇 (𝑌 )

𝑇 (𝑋 ) 𝑔†
//

(𝑓 †◦𝑔)† ''

𝑇 (𝑌 )
𝑓 †
��

𝑇 (𝑍 )
𝜂† = id 𝑓 † ◦ 𝜂 = 𝑓 𝑓 † ◦ 𝑔† = (𝑓 † ◦ 𝑔)†

If such a Kleisli triple exists, then 𝑇 is a monad.

Monads can capture a wide variety e�ects including nontermination, nondeterminism, ex-

ceptions, probabilistic computation, and certain combinations thereof. For a more thorough in-

troduction, refer to Awodey [2006]. We now give examples of two such instantiations, for the

e�ects introduced previously.

Example 1 (Nontermination). �e functor

〈(−)⊥, 𝜂, (−)†〉 is a monad, where:

𝜂 (𝑥) , 𝑥 𝑓 †(𝑥) ,
{
𝑓 (𝑥) if 𝑥 ≠ ⊥
⊥ if 𝑥 = ⊥

Example 2 (Nondeterminism). �e powerset functor

〈
2(−), 𝜂, (−)†〉 is a monad, where:

𝜂 (𝑥) , {𝑥} 𝑓 †(𝑆) ,
⋃
𝑥∈𝑆

𝑓 (𝑥)
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With the above examples in mind, we can now de�ne the semantics of skip and sequen-

tial composition. �e skip command is simply a no-op, so it uses the monad unit 𝜂 to return

the current state. For sequential composition 𝐶1 # 𝐶2, the Kleisli extension is applied to the sec-

ond command to obtain È𝐶2É† : 𝑇 (Mem[𝑉 ]) → 𝑇 (Mem[𝑉 ]), which can then be applied a�er

È𝐶1É : Mem[𝑉 ] → 𝑇 (Mem[𝑉 ]) via regular function composition ‘◦’.

ÈskipÉ , 𝜂 È𝐶1 #𝐶2É , È𝐶2É† ◦ È𝐶1É

So, expanding the de�nitions, we get that the semantics of 𝐶1 #𝐶2 in the nontermination model

is simply È𝐶2É executed a�er È𝐶1É, if 𝐶1 terminates otherwise it is ⊥.

È𝐶1 #𝐶2É (𝜎) =
{ È𝐶2É (È𝐶1É (𝜎)) if È𝐶1É (𝜎) ≠ ⊥
⊥ if È𝐶1É (𝜎) = ⊥

In the nondeterminism model, the semantics of𝐶1 #𝐶2 is the union of all the outcomes of running

𝐶2 in all the end states of 𝐶1.

È𝐶1 #𝐶2É (𝜎) =
⋃

𝜏∈È𝐶1É(𝜎)
È𝐶2É (𝜏)

In addition, the monad laws imply the following equational laws, stating that skip is the le� and

right identity of sequential composition, and that sequential composition is associative.

skip #𝐶 ≡ 𝐶 # skip ≡ 𝐶 (𝐶1 #𝐶2) #𝐶3 ≡ 𝐶1 # (𝐶2 #𝐶3)

Above, we take 𝐶 ≡ 𝐶′ to mean that È𝐶É (𝜎) = È𝐶′É (𝜎) for all 𝜎 ∈ Mem[𝑉 ].

2.1.3 Tests and Conditional Branching

We next examine the deterministic branching construct if 𝑏 then 𝐶1 else 𝐶2. If statements do

not require any new properties of semantic domains, but we must de�ne the tests that are used

to determine control �ow. Tests contain the constants true and false; they are closed under

conjunctions, disjunction, and negations; and also include a variety of comparators.

test 3 𝑏 F true | false | 𝑏1 ∧ 𝑏2 | 𝑏1 ∨ 𝑏2 | ¬𝑏 | 𝑒1 = 𝑒2 | 𝑒1 ≤ 𝑒2 | · · ·
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�e semantics of tests is standard, and is given by the function È−Étest : test → Mem[𝑉 ] → B,
where B = {0, 1} is the set of Booleans with 1 representing true and 0 representing false.

Given the interpretation of tests, the semantics of if statements is equal to the semantics of

either the true or false branch, depending on the evaluation of the test.

Èif 𝑏 then 𝐶1 else 𝐶2É (𝜎) B
{ È𝐶1É (𝜎) if È𝑏Étest (𝜎) = 1
È𝐶2É (𝜎) if È𝑏Étest (𝜎) = 0

Going forward, we will occasionally use the one-sided if statement ‘if 𝑏 then 𝐶’ as syntactic

sugar for ‘if 𝑏 then 𝐶 else skip’.

2.1.4 Loops and Fixed Points

While loops can result in unbounded iteration, therefore it is not generally possible to fully de-

termine a loop’s behavior via �nite unrolling. As a �rst a�empt, we could de�ne the semantics

of while loops recursively as follows:

Èwhile 𝑏 do 𝐶É (𝜎) = Èif 𝑏 then (𝐶 # while 𝑏 do 𝐶) else skipÉ (𝜎)

=

{
Èwhile 𝑏 do 𝐶É†(È𝐶É (𝜎)) if È𝑏Étest (𝜎) = 1
𝜂 (𝜎) if È𝑏Étest (𝜎) = 0

�e problem is that the recursion above is not well-founded. For example, in the case of the

in�nite loop ‘while true do skip’, the above expression reduces to:

Èwhile true do skipÉ (𝜎) =
{
Èwhile true do skipÉ†(ÈskipÉ (𝜎)) if ÈtrueÉtest (𝜎) = 1
𝜂 (𝜎) if ÈtrueÉtest (𝜎) = 0

= Èwhile true do skipÉ (𝜎)

But that does not give any insight into the program’s meaning. So, to make the semantics formal,

we need to �nd some function 𝑓 such that for all 𝜎 ∈ Mem[𝑉 ]:

𝑓 (𝜎) =
{
𝑓 †(È𝐶É (𝜎)) if È𝑏Étest (𝜎) = 1
𝜂 (𝜎) if È𝑏Étest (𝜎) = 0
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�e key to �nding 𝑓 lies in �xed point theory. A �xed point of a function 𝑔 : 𝑋 → 𝑋 is an element

𝑥 ∈ 𝑋 such that 𝑔(𝑥) = 𝑥 . So, 𝑓 above is a �xed point of the loop characteristic function Φ〈𝑏,𝐶〉 .

Φ〈𝑏,𝐶〉 (𝑓 ) (𝜎) ,
{
𝑓 †(È𝐶É (𝜎)) if È𝑏Étest (𝜎) = 1
𝜂 (𝜎) if È𝑏Étest (𝜎) = 0

Proving the existence of such �xed points can be done using domain theory, which we introduce

brie�y now. For a more comprehensive introduction, refer to Abramsky and Jung [1995]. Domain

theory will tell us what additional properties of 𝑇 (Mem[𝑉 ]) are needed in order to ensure that

the semantics of loops is well-de�ned. More precisely, we will formalize the notion of approxi-

mating loops via an order ≤, and prove that each successive unrolling of a loop gives us a larger

approximation until we eventually converge to the real meaning.

De�nition 2.3 (Partially Ordered Set). A partially ordered set, or poset, 〈𝑋, ≤〉 is a set 𝑋 equipped

with a relation ≤ ⊆ 𝑋 × 𝑋 obeying the following properties:

• Reflexivity: ∀𝑥 ∈ 𝑋, 𝑥 ≤ 𝑥

• Transitivity: ∀𝑥,𝑦, 𝑧 ∈ 𝑋, 𝑥 ≤ 𝑦 ∧ 𝑦 ≤ 𝑧 ⇒ 𝑥 ≤ 𝑧

• Antisymmetry: ∀𝑥,𝑦 ∈ 𝑋, 𝑥 ≤ 𝑦 ∧ 𝑦 ≤ 𝑥 ⇒ 𝑥 = 𝑦

When the relation is irre�exive instead of re�exive ( i.e., 𝑥 6≤ 𝑥), we use the symbol < instead of ≤
and say that the poset 〈𝑋, <〉 is strict.

Posets abstract the notion of accumulating terminating outcomes of a loop a�er each succes-

sive �nite approximation. For example, the nontermination domain 〈Mem[𝑉 ]⊥, vflat〉 is a poset,
where vflat is the �at order, ⊥ is the smallest element, and all pairs of unequal states are not

comparable to each other:

𝜎 vflat 𝜏 i� 𝜎 = ⊥ or 𝜎 = 𝜏

In the �at order, the �nite approximations of the loop are⊥, until the loop terminates in some state

𝜏 . Clearly ⊥ vflat 𝜏 , so the semantics gets larger as we consider more and more approximants.
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�e nondeterminism domain
〈
2Mem[𝑉 ], ⊆〉 is also a poset, ordered by standard subset inclu-

sion. Here, each iteration of the loop may produce more terminating outcomes, so we get a larger

and larger set as we consider more approximants.

Next, we need to ensure that these approximants converge to some well-de�ned value. We

will do that by taking the supremum, or least upper bound, of the sequence.

De�nition 2.4 (Supremum). Given a poset 〈𝑋, ≤〉 and a set 𝐴 ⊆ 𝑋 , the supremum sup𝐴 (also

called least upper bound) is an element 𝑥 ∈ 𝑋 such that 𝑦 ≤ 𝑥 for all 𝑦 ∈ 𝐴 and 𝑥 ≤ 𝑧 for any 𝑧 ∈ 𝑋
such that 𝑦 ≤ 𝑧 for all 𝑦 ∈ 𝐴.

Not all sequences have a supremum, which is why the tools of domain theory play a key role

in ensuring that a program semantic is well-de�ned. In our case, we will speci�cally be interested

in suprema of directed sets.

De�nition 2.5 (Directed Set). Given a poset 〈𝑋, ≤〉, a set 𝐷 ⊆ 𝑋 is directed if it is nonempty and

every pair of elements in 𝐷 has an upper bound in 𝐷 . �at is, for all 𝑥,𝑦 ∈ 𝐷 there exists 𝑧 ∈ 𝐷 such

that 𝑥 ≤ 𝑧 and 𝑦 ≤ 𝑧.

Note that an ascending chain 𝑥1 ≤ 𝑥2 ≤ 𝑥2 ≤ · · · is a special kind of directed set. Now, to

ensure that the semantics of loops converge, we will restrict to domains where every directed set

has a supremum. �ese domains are called directed complete partial orders.

De�nition 2.6 (Directed Complete Partial Order). A directed complete partial order, or dcpo, is a

poset 〈𝑋, ≤〉 such that every directed set 𝐷 ⊆ 𝑋 has a supremum. If there is a bo�om element ⊥ ∈ 𝑋
such that ⊥ ≤ 𝑥 for all 𝑥 ∈ 𝑋 , then 〈𝑋, ≤〉 is a pointed dcpo.

Once again, both the nontermination and nondeterminism domains are dcpos. In the non-

termination domain, every directed set has the form {⊥}, {𝜎}, or {⊥, 𝜎}; it is not possible for a
directed set to contain two distinct elements 𝜎 and 𝜏 , since they have no upper bound accord-

ing to vflat. It is easy to see that sup{⊥} = ⊥ and sup{𝜎} = sup{⊥, 𝜎} = 𝜎 . In the case of

nondeterminism, suprema are given by set union.
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With the above domain theoretic machinery in place, the �nal step towards de�ning the se-

mantics of while loops is to formulate that semantics via �xed points. To that end, we introduce

the notion of Sco� continuity, and a well known result stating that all Sco� continuous functions

have a least �xed point.

De�nition 2.7 (Sco� Continuity). Given two dcpos 〈𝑋, ≤𝑋 〉 and 〈𝑌, ≤𝑌 〉, a function 𝑓 : 𝑋 → 𝑌 is

Sco� Continuous if it is monotone:

∀𝑥, 𝑥′ ∈ 𝑋 . 𝑥 ≤𝑋 𝑥′ =⇒ 𝑓 (𝑥) ≤𝑌 𝑓 (𝑥′)

and preserves suprema of any directed set 𝐷 ⊆ 𝑋 :

sup
𝑥∈𝐷

𝑓 (𝑥) = 𝑓 (sup𝐷)

�eorem 2.8 (�e Kleene Fixed Point �eorem). Let 〈𝑋, ≤〉 be a pointed dcpo and 𝑓 : 𝑋 → 𝑋 be

a Sco� continuous function. �en 𝑓 has a least �xed point given by:

lfp(𝑓 ) = sup
𝑛∈N

𝑓 𝑛 (⊥)

where 𝑓 0 = id and 𝑓 𝑛+1 = 𝑓 ◦ 𝑓 𝑛 .

So, the characteristic functionΦ〈𝑏,𝐶〉 has a least �xed point as long as it is Sco� continuous and

the underlying domain 〈𝑇 (Mem[𝑉 ]), v〉 is a dcpo. In fact, it is su�cient for the Kleisli extension

to be Sco� continuous in its �rst argument.

Lemma 2.9. Let 〈𝑇 (Mem[𝑉 ]), v〉 be a dcpo and

〈
𝑇, 𝜂, (−)†, 〉 be a monad. Let v• be the pointwise

extension of v, i.e., 𝑓 v• 𝑔 i� 𝑓 (𝑥) v 𝑔(𝑥) for all 𝑥 . If the Kleisli extension is Sco� continuous, i.e.,

for any 𝑥,𝑦 ∈ 𝑇 (Mem[𝑉 ]) and directed set 𝐷 ⊆ 𝑇 (Mem[𝑉 ]):

𝑥 v 𝑦 =⇒ 𝑓 †(𝑥) v 𝑓 †(𝑦) 𝑓 †(sup𝐷) = sup
𝑥∈𝐷

𝑓 †(𝑥)

then the loop characteristic function Φ〈𝑏,𝐶〉 is also Sco� continuous.

Proof. �e proof follows the same structure as Lemma B.12 of Zilberstein et al. [2025b]. �
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Following from Lemma 2.9, Φ〈𝑏,𝐶〉 has a least �xed point, and we can therefore use its least

�xed point to give semantics to loops.

Èwhile 𝑏 do 𝐶É , lfp
(
Φ〈𝑏,𝐶〉

)
By the Kleene Fixed Point�eorem, that �xed point is equal to the supremum of all �nite iterates.

lfp
(
Φ〈𝑏,𝐶〉

)
= sup
𝑛∈N

Φ𝑛〈𝑏,𝐶〉 (⊥•)

Where ⊥• in the v• order is the function ⊥•(𝑥) = ⊥. For any 𝑛 ∈ N, we also get that:

Φ𝑛+1〈𝑏,𝐶〉 (⊥) = È(if 𝑏 then 𝐶)𝑛É

Where𝐶0 = skip and𝐶𝑛+1 = 𝐶 #𝐶𝑛 . �erefore, the semantics of loops can be equivalently phrased

as an in�nite sequence of if statements:

Èwhile 𝑏 do 𝐶É = sup
𝑛∈N
È(if 𝑏 then 𝐶)𝑛É

2.1.5 A Full Semantics

To summarize, we now give the full semantics for CL programs 𝐶 ∈ cmd from Figure 2.1. In

order to interpret the language, we need to following components:

1. A domain 𝑇 and set of states S such that 〈𝑇 (S), v〉 is a pointed dcpo.

2. A Kleisli triple
〈
𝑇, 𝜂, (−)†〉, such that the Kleisli extension (−)† is Sco� continuous.

3. Sets of actions act and tests test and semantic functions for actions and tests:

È−Éact : act → S → 𝑇 (S) È−Étest : test → S → B

Given those components, the semantics is shown in Figure 2.2, where each component in thor-

oughly explained in one of the prior subsections.

As we will see throughout this thesis, the semantics presented in Figure 2.2 is remarkably ex-

tensible. We have already seen how it captures nonterminating and nondeterministic programs.

Next, in Section 2.2, we will see how it also captures probabilistic computation, and later in Sec-

tion 5.2 wewill see how it captures computations that are both nondeterministic and probabilistic.
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ÈskipÉ (𝜎) , 𝜂 (𝜎)
È𝐶1 #𝐶2É (𝜎) , È𝐶2É†(È𝐶1É (𝜎))

Èif 𝑏 then 𝐶1 else 𝐶2É (𝜎) ,
{ È𝐶1É (𝜎) if È𝑏Étest (𝜎) = 1
È𝐶2É (𝜎) if È𝑏Étest (𝜎) = 0

Èwhile 𝑏 do 𝐶É (𝜎) , lfp
(
Φ〈𝐶,𝑏〉

) (𝜎)
È𝑥 B 𝑒É (𝜎) , 𝜂 (𝜎 [𝑥 B È𝑒Éexp (𝜎)])

Figure 2.2: Denotational semantics of basic CL programs.

2.2 PROBABILISTIC PROGRAMMING

�e study of the semantics of probabilistic programs dates back to the seminal work of Kozen

[1979] and McIver and Morgan [2005]. In addition to the standard control �ow operations from

Figure 2.1, probabilistic programs can also perform random operations such as 𝐶1 ⊕𝑝 𝐶2, which

executes 𝐶1 with probability 𝑝 and 𝐶2 with probability 1 − 𝑝; or 𝑥 :≈ 𝑑 , which samples a value

from the discrete probability distribution 𝑑 and stores the result in 𝑥 . �e full syntax is shown in

Figure 2.3 and can be used to de�ne a wide variety of randomized algorithms.

2.2.1 Preliminaries

�e basic primitive for reasoning about probabilistic computation is the discrete probability dis-

tribution. A discrete distribution 𝜇 assigns probabilities to each element 𝑥 from some carrier set

𝑋 . It is also required that the cumulative probability of all the elements of 𝑋 sums to 1.

De�nition 2.10 (Discrete Probability Distribution). A discrete probability distribution is a count-

able map 𝜇 : 𝑋 → [0, 1] from elements of a carrier set 𝑋 to real-valued probabilities such that∑
𝑥∈𝑋 𝜇 (𝑥) = 1. We let D(𝑋 ) be the set of all discrete distributions over 𝑋 .

D(𝑋 ) ,
{
𝜇 : 𝑋 → [0, 1]

��� ∑︁
𝑥∈𝑋

𝜇 (𝑥) = 1
}
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cmd p 3 𝐶 F skip (No-op)

| 𝐶1 #𝐶2 (Sequential Composition)

| 𝐶1 ⊕𝑒 𝐶2 (Probabilistic Choice)

| if 𝑏 then 𝐶1 else 𝐶2 (Conditional Branching)

| while 𝑏 do 𝐶 (Loops)

| 𝑎 (Basic Actions 𝑎 ∈ act )

𝑎 F 𝑥 B 𝑒 (Assignment)

| 𝑥 :≈ 𝑑 (𝑒) (Probabilistic Sampling)

𝑑 (·) F Ber (·) | unif (·) | geo (·)

Figure 2.3: Syntax of Probabilistic Command Language (pCL) programs.

�e simplest example of a discrete probability distribution is the Dirac or point-mass distri-

bution 𝛿𝑥 , which assigns probability 1 to 𝑥 and 0 to everything else:

𝛿𝑥 (𝑦) ,
{
1 if 𝑥 = 𝑦
0 if 𝑥 ≠ 𝑦

Additional examples are the Bernoulli distribution Ber (𝑝) ∈ D(B) which assigns probability 𝑝

to 1 and 1 − 𝑝 to 0; the uniform distribution unif (𝑆) ∈ D(𝑆) over a �nite set 𝑆 , which assigns

probability 1
|𝑆 | to each element 𝑥 ∈ 𝑆 ; and the geometric distribution geo (𝑝) ∈ D(N), which

assigns probability 𝑝𝑛 (1 − 𝑝) to each natural number 𝑛 ∈ N.

Ber (𝑝) (𝑥) ,
{
𝑝 if 𝑥 = 1
1 − 𝑝 if 𝑥 = 0 unif (𝑆) (𝑥) , 1

|𝑆 | geo (𝑝) (𝑛) , 𝑝𝑛 (1 − 𝑝)

�e support of a distribution 𝜇 is the set of elements to which 𝜇 assigns nonzero probability.

supp(𝜇) , {𝑥 ∈ 𝑋 | 𝜇 (𝑥) > 0}

So, for example, supp(𝛿𝑥 ) = {𝑥}, supp(Ber (𝑝)) = B (if 0 < 𝑝 < 1), supp(unif (𝑆)) = 𝑆 , and

supp(geo (𝑝)) = N (if 0 < 𝑝 < 1). Distributions also have a convex combination operator 𝜇 ⊕𝑝 𝜈 ,
which weights 𝜇 by 𝑝 and 𝜈 by 1 − 𝑝 .

(𝜇 ⊕𝑝 𝜈) (𝑥) , 𝑝 · 𝜇 (𝑥) + (1 − 𝑝) · 𝜈 (𝑥)
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ÈskipÉD (𝜎) , 𝜂 (𝜎)
È𝐶1 #𝐶2ÉD (𝜎) , È𝐶2É†D

(È𝐶1ÉD (𝜎)
)

È𝐶1 ⊕𝑒 𝐶2ÉD (𝜎) , È𝐶1ÉD (𝜎) ⊕È𝑒Éexp (𝜎) È𝐶2ÉD (𝜎)

Èif 𝑏 then 𝐶1 else 𝐶2ÉD (𝜎) ,
{ È𝐶1ÉD (𝜎) if È𝑏Étest (𝜎) = 1
È𝐶2ÉD (𝜎) if È𝑏Étest (𝜎) = 0

Èwhile 𝑏 do 𝐶ÉD (𝜎) , lfp
(
Φ〈𝐶,𝑏〉

) (𝜎)
È𝑥 B 𝑒ÉD (𝜎) , 𝜂

(
𝜎 [𝑥 B È𝑒Éexp (𝜎)]

)
È𝑥 :≈ 𝑑 (𝑒)ÉD (𝜎) ,

∑︁
𝑣∈Val

𝑑 (È𝑒Éexp (𝜎)) (𝑣) · 𝜂 (𝜎 [𝑥 B 𝑣])

Figure 2.4: Denotational semantics È−ÉD : cmd p → Mem[𝑉 ] → D(Mem[𝑉 ]⊥) of the Prob-
abilistic Command Language (pCL). The semantics of all commands except for the new proba-
bilistic ones 𝐶1 ⊕𝑒 𝐶2 and 𝑥 :≈ 𝑑 (𝑒) carry over from Figure 2.2.

Now that we have de�ned discrete probability distributions, we can give semantics to pCL pro-

grams, using the following type.

È−ÉD : cmd p → Mem[𝑉 ] → D(Mem[𝑉 ]⊥)

�e semantics of pCL is given in Figure 2.4, and is de�ned using the strategy outlined in Sec-

tion 2.1 and Figure 2.2. �at semantic model requires dcpo and monad structures for probability

distributions, which we de�ne in the following sections. We will also de�ne semantics for the

two new probabilistic command forms, 𝐶1 ⊕𝑒 𝐶2 and 𝑥 :≈ 𝑑 (𝑒).

2.2.2 The Probabilistic Powerdomain and Almost-Sure Termination

A powerdomain construction for probability distributions allows us to de�ne the semantics of

unbounded while loops for probabilistic programs. Whereas some probabilistic logics are based

on operational techniques, those logics can only support bounded looping constructs because

their underlying metatheories do not develop the domain theory needed to ensure that in�nite

computations are well-de�ned [Tassaro�i and Harper 2019; Fan et al. 2025].
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In that sense, probabilistic programs are fundamentally di�erent from nondeterministic ones;

in a nondeterministic program, one can quantify over all the �nite traces in order to ensure that

some safety property always holds. But probabilistic programs can have in�nite traces whose

probability only converges to 0 a�er an in�nite amount of time, so reasoning about those pro-

grams requires more sophisticated mathematical tools. For example, consider the 𝐶geo program

below, which terminates on every iteration with probability 1
2 .

𝐶geo ,


𝑥 B 0 # 𝑖 B 0 #
while 𝑥 = 0 do
𝑥 :≈ Ber ( 1

2
)
#

𝑖 B 𝑖 + 1
A�er𝑛 iterations,𝐶geo will have terminated with probability 1− 1

2𝑛 , which clearly tends towards 1,

and the outcomes of the program form a geometric distribution, where P[𝑖 = 𝑛] = 1
2𝑛 for all 𝑛 > 0.

�at distribution has an in�nite support, so we cannot discover all the outcomes a�er a �nite

number of steps, but rather the full distribution is the supremum of all the �nite approximations

of the loop. Domain theory ensures that the supremum is always well de�ned.

�e probabilistic powerdomain was �rst introduced by Jones and Plotkin [1989], whose con-

struction was over continuous probability distributions. Here, we present a simpler discrete prob-

abilistic powerdomain. Rather than working over D(𝑋 ), as we did in the prior section, we now

work over D(𝑋⊥) so as to also represent the probability of nontermination. First, we need a

partial order to represent the notion of accumulating more probability mass for termination.

Lemma 2.11. 〈D(𝑋⊥), vD〉 is a poset where:

𝜇 vD 𝜈 i� ∀𝑥 ∈ 𝑋 . 𝜇 (𝑥) ≤ 𝜈 (𝑥)

Proof. Follows immediately from the fact that 〈R, ≤〉 is a poset. �

Note that in the de�nition of vD , we quantify only over 𝑋 and not 𝑋⊥. It follows that 𝜇 vD 𝜈
implies that 𝜈 (⊥) ≤ 𝜇 (⊥), i.e., as a distribution gets bigger, probability mass moves from ⊥ to

regular outcomes 𝑥 ∈ 𝑋 . �erefore, the bo�om of the vD order is ⊥D , 𝛿⊥. Next, we also need a
dcpo structure forD(𝑋⊥), which ensures that any directed set of distributions has a supremum.
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�eorem 2.12. 〈D(𝑋⊥), vD〉 is a dcpo where for any directed set 𝐷 ⊆ D(𝑋⊥):

(sup𝐷) (𝑥) ,
{
sup𝜇∈𝐷 𝜇 (𝑥) if 𝑥 ∈ 𝑋
inf𝜇∈𝐷 𝜇 (⊥) if 𝑥 = ⊥

Proof. Follows from �eorem 2.1 of Jones and Plotkin [1989]. �

In accordance with the de�nition of vD , suprema maximize the probability of all 𝑥 ∈ 𝑋

and minimize the probability of ⊥. For example, a�er unrolling the loop in 𝐶geo for 𝑛 iterations

starting in state 𝜎 , we get the following approximation of the �nal distribution.

𝜇𝑛 =



𝜎 [𝑥 B 1, 𝑖 B 1] ↦→ 1
2

𝜎 [𝑥 B 1, 𝑖 B 2] ↦→ 1
4

...

𝜎 [𝑥 B 1, 𝑖 B 𝑛] ↦→ 1
2𝑛

⊥ ↦→ 1
2𝑛


So 𝜇𝑛 (𝜏) = 1

2𝑘 if 𝑘 ≤ 𝑛, 𝜏 (𝑥) = 1 (indicating that the loop terminated), 𝜏 (𝑖) = 𝑘 , and otherwise 𝜏

is the same as 𝜎 . �e condition that 𝑘 ≤ 𝑛 indicates that we only know the behavior of the �rst 𝑛

iterations of the loop, so we do not yet know the probability that 𝑖 = 𝑘 for any 𝑘 > 𝑛. Since we do

not yet have information about those outcomes, 𝜇𝑛 instead assigns probability 1
2𝑛 to ⊥, indicating

that the loop has not yet terminated.

It is easy to see that (𝜇𝑛)𝑛∈N is a chain, i.e., that 𝜇𝑛 vD 𝜇𝑛+1 for all𝑛 ∈ N, since each consecutive
pair of distributions only di�ers in that 𝜇𝑛+1 assigns probability 1

2𝑛+1 to the outcomewhere 𝑖 = 𝑛+1,
which is subtracted from the probability of ⊥. Since any chain is a directed set, we can �nd

sup𝑛∈N 𝜇𝑛 using the construction in �eorem 2.12 to obtain:

sup
𝑛∈N

𝜇𝑛 =



𝜎 [𝑥 B 1, 𝑖 B 1] ↦→ 1
2

𝜎 [𝑥 B 1, 𝑖 B 2] ↦→ 1
4

𝜎 [𝑥 B 1, 𝑖 B 3] ↦→ 1
8

...

𝜎 [𝑥 B 1, 𝑖 B 𝑛] ↦→ 1
2𝑛

...


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In the supremum, the probability of ⊥ goes to 0, since inf𝑛∈N 1
2𝑛 = 0. Instead, that probability

mass is allocated over the in�nite set of terminating outcomes.

�e example above demonstrates an important property of probabilistic programs called al-

most sure termination, which means that the probability of termination converges to 1 in the limit.

Formally, we can frame almost sure termination in terms of the program semantics as follows.

De�nition 2.13 (Almost Sure Termination). �e program 𝐶 almost surely terminates in state 𝜎

if È𝐶ÉD (𝜎) (⊥) = 0. If 𝐶 almost surely terminates in any start state state, then we say that it

universally almost surely terminates.

�ere are many approaches for proving almost sure termination [McIver and Morgan 2005;

McIver et al. 2018; Majumdar and Sathiyanarayana 2025], which we will discuss in Section 4.3.3.

2.2.3 The Discrete Probability Monad

�e next step is to de�ne a monad instance for distributions, which gives semantics to sequential

composition. �e discrete probability monad is similar to the (continuous) Giry [1982] monad, it

maps the continuation function 𝑓 : 𝑋 → D(𝑌⊥) over all the elements in the support of a distri-

bution 𝜇 ∈ D(𝑋⊥), and then combines the resulting distributions with a convex sum. Here, we

present a variant of the discrete probability monad that is already composed with the nontermi-

nation monad.

De�nition 2.14 (�e Discrete Probability Monad).
〈D((−)⊥), 𝜂, (−)†〉 is a monad, where:

𝜂 (𝑥) , 𝛿𝑥 𝑓 †(𝜇) ,
∑︁

𝑥∈supp(𝜇)
𝜇 (𝑥) · 𝑓⊥(𝑥)

and for any pointed poset 〈𝑌, ≤〉 with bo�om ⊥𝑌 and function 𝑓 : 𝑋 → 𝑌 , the bo�om extension

𝑓⊥ : 𝑋⊥ → 𝑌 is de�ned as:

𝑓⊥(𝑥) ,
{
𝑓 (𝑥) if 𝑥 ∈ 𝑋
⊥𝑌 if 𝑥 = ⊥𝑋
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To demonstrate why the weighted sum gives meaningful semantics, let us examine the re-

sulting semantics of the program 𝑥 :≈ Ber
( 2
3
)
# 𝑦 :≈ Ber

(𝑥
2
)
. Informally, we expect that 𝑥 takes

on the value 1 with probability 2
3 and 0 with probability 1

3 . In the case that 𝑥 = 1, 𝑦 is distributed

as a fair coin. So, by the de�nition of conditional probability, we get:

P[𝑥 = 1 ∧ 𝑦 = 1] = P[𝑥 = 1] · P[𝑦 = 1 | 𝑥 = 1] =
2
3 ·

1
2 =

1
3

By the same logic, P[𝑥 = 1∧𝑦 = 0] = 1
3 too. In the case that 𝑥 = 0, which occurs with probability

1− 2
3 = 1

3 ,𝑦will be deterministically assigned to be 0, since𝑦 = 1 occurswith probability 𝑥
2 = 0

2 = 0.

So, in the end, we should expect that executing the program in state 𝜎 will result in a uniform

distribution over the three states 𝜎 [𝑥 B 1, 𝑦 B 0], 𝜎 [𝑥 B 1, 𝑦 B 1], and 𝜎 [𝑥 B 0, 𝑦 B 0]. �e

formal derivation of the semantics below exactly matches the intuition.�
𝑥 :≈ Ber ( 2

3
)
# 𝑦 :≈ Ber (𝑥

2
)� (𝜎)

=
�
𝑦 :≈ Ber (𝑥

2
)�† (�

𝑥 :≈ Ber ( 2
3
)� (𝜎))

=
�
𝑦 :≈ Ber (𝑥

2
)�† ( [ 𝜎 [𝑥 B 1] ↦→ 2/3

𝜎 [𝑥 B 0] ↦→ 1/3

] )
=
2
3
�
𝑦 :≈ Ber (𝑥

2
)� (𝜎 [𝑥 B 1]) + 1

3
�
𝑦 :≈ Ber (𝑥

2
)� (𝜎 [𝑥 B 0])

=
2
3

( [
𝜎 [𝑥 B 1, 𝑦 B 1] ↦→ 1/2
𝜎 [𝑥 B 1, 𝑦 B 0] ↦→ 1/2

] )
+ 1
3

( [
𝜎 [𝑥 B 0, 𝑦 B 1] ↦→ 0
𝜎 [𝑥 B 0, 𝑦 B 0] ↦→ 1

] )
=

[
𝜎 [𝑥 B 1, 𝑦 B 1] ↦→ 1/3
𝜎 [𝑥 B 1, 𝑦 B 0] ↦→ 1/3
𝜎 [𝑥 B 0, 𝑦 B 0] ↦→ 1/3

]
By�eorem C.3 of Li et al. [2025b], the Kleisli extension from De�nition 2.14 is Sco� continuous,

meaning that it is suitable for us to use as a basis for a denotational model.

2.3 HOARE LOGIC

Hoare Logic is a deductive reasoning system for specifying programs in terms of preconditions

and postconditions [Hoare 1969]. Roughly speaking, a Hoare Triple {𝑃 } 𝐶 {𝑄} means that if the

program 𝐶 is run in an initial state satisfying 𝑃 , then any reachable end state will satisfy the

postcondition 𝑄 . We formalize the validity of Hoare Triples using the powerdomain semantics
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{𝑃 } skip {𝑃 }
Skip

{𝑃 [𝑒/𝑥]} 𝑥 B 𝑒 {𝑃 }
Assign

{𝑃 } 𝐶1 {𝑄} {𝑄} 𝐶2 {𝑅}

{𝑃 } 𝐶1 #𝐶2 {𝑅}
Seq

{𝑃 ∧ 𝑏} 𝐶1 {𝑄} {𝑃 ∧ ¬𝑏} 𝐶2 {𝑄}

{𝑃 } if 𝑏 then 𝐶1 else 𝐶2 {𝑄}
If

{𝑃 ∧ 𝑏} 𝐶 {𝑃 }

{𝑃 } while 𝑏 do 𝐶 {𝑃 ∧ ¬𝑏}While

𝑃 ′⇒ 𝑃 {𝑃 } 𝐶 {𝑄} 𝑄 ⇒ 𝑄′

{𝑃 ′} 𝐶 {𝑄′}
Conseqence

Figure 2.5: The inference rules of Hoare Logic, where 𝑃 [𝑒/𝑥] denotes syntactic substitution of
the expression 𝑒 for the variable 𝑥 in the assertion 𝑃 .

È𝐶É : Mem[𝑉 ] → 2Mem[𝑉 ] from Section 2.1. Suppose that 𝑃 and 𝑄 belong to some assertion

syntax (we will introduce a concrete one in Section 2.4) and 𝜎 � 𝑃 means that 𝜎 ∈ Mem[𝑉 ]
satis�es the assertion 𝑃 . �en a Hoare Triple is valid, wri�en � {𝑃 } 𝐶 {𝑄} i�:

∀𝜎 � 𝑃 . ∀𝜏 ∈ È𝐶É (𝜎). 𝜏 � 𝑄

Hoare Logic captures partial correctness,𝑄 will hold at the end of any terminating execution, but

Hoare Logic does not guarantee termination. If termination is important, then Total Hoare Logic

[Manna and Pnueli 1974] can instead be used, which has a slightly di�erent metatheory.

Inference rules to deductively derive Hoare Triples are shown in Figure 2.5. Many of the rules

are straightforward, for example, the Skip rule states that a no-op preserves the precondition,

and Seq allows one to derive a speci�cation for a sequential composition from speci�cations of

each command in the sequence.

�e While rule internalizes the partial correctness nature of Hoare Logic. To specify the

behavior of a loop, one only needs to �nd an invariant 𝑃 , which is preserved by each iteration

of the loop body. If such an invariant exists, then it will remain true a�er termination, although

termination is not guaranteed. In order to establish termination, more sophisticated rules are

needed, which incorporate a strictly decreasing rank, which witnesses that each iteration of the

loop moves it closer to termination.
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Finally, the rule of Conseqence allows for strengthening of the precondition and weakening

of the postcondition, which is useful in order to abstract away from the concrete program state

and express speci�cations in a simpler and more intuitive form.

Cook [1978] showed that Hoare Logic is relatively complete, meaning that the inference rules

in Figure 2.5 are su�cient to prove any valid speci�cation, modulo an oracle that can decide im-

plications in the rule of Conseqence.1 But despite Cook’s result, Hoare Logic does not provide

the compositional reasoning principles needed to make program analysis scale. In the proceeding

sections, we will see how modern extensions to Hoare Logic enable large scale reasoning.

2.4 SEPARATION LOGIC

Separation logic is an extension ofHoare Logic, which provides compositionalmechanisms to rea-

son about mutable state [Reynolds 2002; O’Hearn et al. 2001]. �at compositionality has brought

great success in multiple domains including large scale static analysis [Calcagno et al. 2009, 2011,

2015; Distefano et al. 2019] and deductive reasoning about concurrency [O’Hearn 2004; Brookes

2004; Jung et al. 2018; Carbonneaux et al. 2022].

Separation logic’s key innovation is the separating conjunction 𝑃 ∗𝑄 , a new logical connective,

which guarantees that 𝑃 and𝑄 are satis�ed in disjoint portions of memory. Separation allows for

local reasoning wherein properties about program fragments only concern their local resources.

Locality gives rise to compositionality, since speci�cations can be li�ed into a larger memory

footprint with the guarantee that no resources outside of the local footprint will be a�ected by

execution of the program. In the remainder of this section, we will formalize a fragment of sep-

aration logic and see how it enables scalable reasoning.
1As shown by Lipton [1977], implications are undecidable in any su�ciently expressive assertion language for

Hoare Logic, leading to Cook’s [1978] notion of relative completeness. For a complete discussion, refer to Apt [1981].

35



2.4.1 Syntax and Semantics of Separation Logic Assertions

Although separation logic was originally formulated to reason about heaps, in this thesis we will

work in a simpli�ed model based on variable stores. �e reason for the simpli�ed approach is

that it is not yet well understood how heaps and dynamically allocated memory interact with the

combination of probabilistic computation, concurrency, and unbounded loops.

Our separation logic model is built around memories (De�nition 2.1). �e disjoint union

] : Mem[𝑈 ] → Mem[𝑉 ] → Mem[𝑈 ∪𝑉 ] combines two memories as long as 𝑈 ∩𝑉 = ∅, and a

similar operation 𝐴 ∗ 𝐵 is de�ned on sets of memories 𝐴 ⊆ Mem[𝑈 ] and 𝐵 ⊆ Mem[𝑉 ].

(𝜎 ] 𝜏) (𝑥) ,
{
𝜎 (𝑥) if 𝑥 ∈ 𝑈
𝜏 (𝑥) if 𝑥 ∈ 𝑉 𝐴 ∗ 𝐵 , {𝜎 ] 𝜏 | 𝜎 ∈ 𝐴, 𝜏 ∈ 𝐵}

We de�ne projections 𝜋𝑈 : Mem[𝑉 ] → Mem[𝑈 ∩ 𝑉 ] as 𝜋𝑈 (𝜎) (𝑥) , 𝜎 (𝑥) if 𝑥 ∈ 𝑈 . �e syntax

for assertions is shown below.

𝑃 F true | false | 𝑃 ∧𝑄 | 𝑃 ∨𝑄 | 𝑃 ∗𝑄 | ∃𝑋 . 𝑃 | 𝑒 ↦→ 𝐸 | 𝐸1 � 𝐸2 (� ∈ {=, ≤, <, ∈, . . .})
𝐸 F 𝑋 | 𝑣 | 𝐸1 + 𝐸2 | 𝐸1 · 𝐸2 | · · ·

In addition to expressions and variables from Section 6.2, assertions also depend on logical vari-

ables 𝑋,𝑌, 𝑍 ∈ LVar, which cannot be modi�ed by programs. Logical expressions 𝐸 ∈ lexp

mirror standard ones, but operate over logical variables 𝑋 ∈ LVar rather than 𝑥 ∈ Var. Logical

expression evaluation È𝐸Élexp (Γ) in a context Γ : LVar→ Val is de�ned in a standard way.

Separation logic assertions are modeled by both a context Γ, and a memory 𝜎 ∈ Mem[𝑉 ],
the satisfaction relation is shown in Figure 2.6. �e meaning of true, false, conjunction, and

disjunction are standard. �e separating conjunction 𝑃 ∗𝑄 means that the memory 𝜎 ∈ Mem[𝑉 ]
can be divided into two smaller memories 𝜎1 ∈ Mem[𝑉1] and 𝜎2 ∈ Mem[𝑉2] to satisfy 𝑃 and

𝑄 individually. By the de�nition of ], 𝑉1 and 𝑉2 must be disjoint. Our logic is an intuitionis-

tic [Docherty 2019] or a�ne interpretation of separation logic, meaning that information about

variables can be discarded; if Γ, 𝜎 � 𝑃 , then 𝑃 need not describe the entire memory 𝜎 . As such,
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Γ, 𝜎 � true always
Γ, 𝜎 � false never
Γ, 𝜎 � 𝑃 ∧𝑄 i� Γ, 𝜎 � 𝑃 and Γ, 𝜎 � 𝑄

Γ, 𝜎 � 𝑃 ∨𝑄 i� Γ, 𝜎 � 𝑃 or Γ, 𝜎 � 𝑄

Γ, 𝜎 � 𝑃 ∗𝑄 i� ∃𝜎1, 𝜎2. 𝜎1 ] 𝜎2 v 𝜎 and Γ, 𝜎1 � 𝑃 and Γ, 𝜎2 � 𝑄

Γ, 𝜎 � ∃𝑋 . 𝑃 i� Γ [𝑋 B 𝑣], 𝜎 � 𝑃 for some 𝑣 ∈ Val
Γ, 𝜎 � 𝑒 ↦→ 𝐸 i� È𝑒Éexp (𝜎) = È𝐸ÉLExp (Γ)
Γ, 𝜎 � 𝐸1 � 𝐸2 i� È𝐸1É (Γ) � È𝐸2É (Γ)

Figure 2.6: Satisfaction relation for separation logic assertions.

we only require that 𝜎1 ] 𝜎2 v 𝜎 , which we de�ne as 𝜎 v 𝜏 i� 𝜎 ] 𝜎′ = 𝜏 for some 𝜎′, so 𝜏 could

contain more variables than 𝜎 .

We also include a points-to predicate 𝑒 ↦→ 𝐸, although it has a slightly di�erent meaning

than points-to predicates in the standard heap model of separation logic [Reynolds 2002]. Here,

𝑒 does not describe a pointer, but can rather be any concrete expression, and 𝑒 ↦→ 𝐸 simply

means that the 𝑒 evaluates to the same value under 𝜎 as 𝐸 does under Γ, allowing us to connect

concrete and logical state. Finally, 𝐸1 � 𝐸2 allows us to make assertions about logical state, where

� ∈ {=, ≤, ∈, · · · } ranges over similar comparators to the ones in the syntax of assertions 𝑃 . We

de�ne the notation L𝑃M𝑉Γ to obtain the set of all memories 𝜎 ∈ Mem[𝑉 ] that satisfy an assertion

𝑃 , and we omit the superscript when we wish to minimize 𝑉 , so that the memories contain only

the free variables of 𝑃 :

L𝑃M𝑉Γ , {𝜎 ∈ Mem[𝑉 ] | Γ, 𝜎 � 𝑃} L𝑃MΓ , L𝑃Mvars(𝑃)Γ

Finally, we provide syntactic sugar for restricting the domain of existential quanti�ers, asserting

membership in a set, and asserting that the resources of 𝑒 are owned by the current thread.

∃𝑋 ∈ 𝐸. 𝑃 , ∃𝑋 . 𝑃 ∗ 𝑋 ∈ 𝐸 𝑒 ∈ 𝐸 , ∃𝑋 ∈ 𝐸. 𝑒 ↦→ 𝑋 𝑒 ↦→ − , ∃𝑋 .𝑒 ↦→ 𝑋

own(𝑒1, . . . , 𝑒𝑛) , 𝑒1 ↦→ − ∗ · · · ∗ 𝑒𝑛 ↦→ −
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2.4.2 Local Reasoning and the Frame Rule

Separation logic’s compositionality is built around the idea of local reasoning, the ability to prove

properties about program fragments in their local footprints, and then li� those proofs into a

global context. As such, separation logic provides small axioms for reasoning about actions, such

as the rule for assignment below [O’Hearn et al. 2001].

{𝑥 ↦→ −} 𝑥 B 𝑣 {𝑥 ↦→ 𝑣}
Assign

Unlike the Assign rule of Hoare Logic (Figure 2.5), which operates in a global context, the new

rule above only reasons locally about the variable 𝑥 . �e precondition of separation logic’s Assign

rule asserts ownership of the variable𝑥 , ensuring that no one else can retain any information about

it. �erefore, the following triple is also valid for any frame 𝐹 .

{𝑥 ↦→ − ∗ 𝐹 } 𝑥 B 𝑣 {𝑥 ↦→ 𝑣 ∗ 𝐹 }

Since 𝑥 is separated from 𝐹 , we know that the modi�cation of 𝑥 cannot a�ect the truth of 𝐹 . In

fact, the reasoning above is valid not only for individual variable assignments, but also for any

arbitrary command, giving rise to the Frame rule.

{𝑃 } 𝐶 {𝑄}

{𝑃 ∗ 𝐹 } 𝐶 {𝑄 ∗ 𝐹 }Frame

�e Frame rule has formed the basis for scalable static analysis techniques by providing a new

dimension of compositionality of top of Hoare Logic. Hoare Logic already supports sequential

compositionality via the Seq rule. However, Seq requires that the postcondition of the �rst com-

mand exactly matches the precondition of the next command. In a large scale static analysis, the

commands may be complex procedure calls, which already have precomputed speci�cations that

do not match each other.

�e spatial compositionality a�orded by the frame rule provides a strategy for stringing to-

gether sequences of arbitrary speci�cations. �at composition is achieved with the help of bi-

abduction, a heuristic decision procedure for inferring the le�over frame 𝐹 andmissing anti-frame
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𝑀 to make the following entailment hold [Calcagno et al. 2009, 2011].

𝑃 ∗ [𝑀] ` 𝑄 ∗ [𝐹 ]

Using bi-abduction, the following derived rule can infer a speci�cation for a sequentially com-

posed program 𝐶1 #𝐶2 even if the postcondition of 𝐶2 does not match the precondition of 𝐶1.

{𝑃1} 𝐶1 {𝑄1} 𝑄1 ∗ [𝑀] ` 𝑃2 ∗ [𝐹 ] {𝑃2} 𝐶2 {𝑄2}

{𝑃1 ∗𝑀} 𝐶1 #𝐶2 {𝑄2 ∗ 𝐹 }
Bi-Abductive Seq

Meta’s Infer Static Analyzer is built around bi-abduction [Calcagno et al. 2015], which has allowed

it to scale to e�ciently analyzemassive codebases [Distefano et al. 2019]. Infer routinely �nd bugs

in code changes at Meta for so�ware wri�en in a variety of languages including C, C++, Java, and

Hack. Although we do not explore static analysis in this thesis, the compositionality bene�ts of

the Frame rule still carry over to probabilistic contexts, as �rst explored by Barthe et al. [2020].

2.4.3 Concurrent Separation Logic

Separation logic has further applications to veri�cation of concurrent programs. One key di�-

culty in reasoning concurrency is that the semantics of programs is not compositional; the behav-

ior of two threads can completely change when they are composed in parallel. Take, for example,

the following concurrent program.

𝑥 B 0 #
if 𝑥 = 0 then
𝑦 B 0 𝑥 B 1

else
𝑦 B 1

Executing the le� thread on its own, we would expect that 𝑥 and 𝑦 are always equal to 0. Mean-

while, executing the right thread on its own would yield 𝑥 = 1, and 𝑦 le� untouched. But ex-

ecuting both threads in parallel unlocks a new branch of control �ow. If 𝑥 B 1 is scheduled

between 𝑥 B 0 and the if statement, then 𝑦 will be set to 1, a behavior that was not observable

by executing either thread on its own.
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Despite the non-compositional semantics, compositional reasoning about concurrency is pos-

sible with separation logic. �e key idea is to use separation to guarantee that each thread op-

erates in its own region of memory, so that the threads are guaranteed not to interfere with

each other. Inferences about the behavior of a parallel program can therefore be made from

speci�cations about each thread without worrying about all the possible ways that they can be

interleaved. All of that intuition is encapsulated by the Par rule of Concurrent Separation Logic

(CSL) [O’Hearn 2004; Brookes 2004].

{𝑃1} 𝐶1 {𝑄1} {𝑃2} 𝐶2 {𝑄2}

{𝑃1 ∗ 𝑃2} 𝐶1 ‖ 𝐶2 {𝑄1 ∗𝑄2}
Par

Of course, additional di�culties in concurrency analysis come with shared state, when the mem-

ory footprints of the two threads cannot be fully separated. To deal with shared state, CSL intro-

duces the concept of resource invariants, which are assertions about the shared state that must

remain true a�er every atomic step of computation.

More recently, Iris has introduced a generalized notion of resources in order to express more

sophisticated logical properties about shared state [Jung et al. 2018, 2015]. For example, a partic-

ular memory con�guration may correspond to logical ownership of a lock, so that one particular

thread is allowed to freely modify certain memory locations. In Chapter 7, we will see how the

notion of resource invariants carries over into the probabilistic se�ing.

2.5 OUTCOME LOGIC

Outcome Logic is a generalized foundation for uni�ed reasoning about programs whose execu-

tion branches due to di�erent kinds of computational e�ects [Zilberstein 2025]. �e uni�cation

is based on weighted programming, a paradigm that uses di�erent kinds of weights to encode

di�erent kinds of computation [Batz et al. 2022]. Programs are interpreted in a semantic domain

that maps each state (in our case, memories) to a weight of type𝑊 .

È𝐶É : Mem[𝑉 ] → (Mem[𝑉 ] →𝑊 )
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As long as𝑊 is a partial semiring 〈𝑊, +, ·, 1, 0〉, meaning that it has addition and multiplication

operations with associated identities, then the program semantics is de�ned in exactly the same

way as we saw in Section 2.1, where the monad instance is a generalized version of the proba-

bilistic monad (De�nition 2.14). Roughly speaking, addition corresponds to choice between two

branches of computation, and multiplication corresponds to accumulating weight for an outcome

in a sequence of commands.

Nondeterministic computation is captured by the Boolean semiring 〈B,∨,∧, 0, 1〉, which uses

Boolean weights to express whether or not each memory is a possible outcome of running the

program. Addition is given by logical disjunction, meaning that a memory is a possible outcome if

it is possible in any of the computation branches. Multiplication is given by conjunction because

a memory 𝜏 is only reachable via a sequential composition 𝐶1 # 𝐶2 if there is some 𝜎 which is

reachable by running𝐶1 and 𝜏 is also reachable via È𝐶2É (𝜎). Indeed, the set of functions of type
Mem[𝑉 ] → B is isomorphic to the powerset 2Mem[𝑉 ] , so the weighted programming approach

is equivalent to Example 2. Probabilistic computation is captured by the Probabilistic semiring

〈[0, 1], +, ·, 0, 1〉, which results exactly in the discrete probability monad (De�nition 2.14).

Outcome Logic is similar to Hoare Logic in that it speci�es programs in terms of precondition

and postconditions. However, unlike Hoare Logic, outcome triples 〈𝜑〉𝐶 〈𝜓〉 expose the program

weights in the assertion language, giving a far greater degree of expressivity. �at expressivity

is enabled a new logical connective, the outcome conjunction 𝜑 ⊕ 𝜓 , which states that 𝜑 and 𝜓

are two distinct outcomes that can result from running the program. �e outcome conjunction

works in tandems with the weights to express di�erent kinds of properties. For example, we

can express that two outcomes are possible by running a nondeterministic program, and we can
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precisely quantify the likelihood of two outcomes a�er running a probabilistic program.

Nondeterministic

〈𝜑〉 𝐶 〈𝜓1 ⊕𝜓2〉

𝜓1

𝜓2

𝜑 È𝐶É•
•

•

1

1

Probabilistic

〈𝜑〉 𝐶 〈𝜓1 ⊕𝑝 𝜓2〉

𝜓1

𝜓2

𝜑 È𝐶É•
•

•

𝑝

1 − 𝑝

Outcome Logic was initially developed to unify the theories of correctness and incorrectness

[Zilberstein et al. 2023], which had previously diverged into the separate and incompatible Hoare

Logic and Incorrectness Logic [O’Hearn 2020]. �e key di�erence is that a program is correct only

if all executions are safe, whereas it is incorrect even if just one execution leads to a bug. Over

the last several years, the study of theories of incorrectness has ramped up, in part to ensure that

bug �nding analyses such as Infer produce only true positives [Raad et al. 2020; Le et al. 2022].

In Outcome Logic, it is quite easy to express both correctness properties (which apply to all

outcomes) and also incorrectness properties (which single out an erroneous outcome).

Outcome Logic (Correctness)

〈d𝑃e〉 𝐶 〈d𝑄1e ⊕ d𝑄2e ⊕ d𝑄3e〉
𝑄1

𝑄2

𝑄3

𝑃 È𝐶É•
•
•
•

Outcome Logic (Incorrectness)

〈d𝑃e〉 𝐶 〈d𝑄e ⊕ >〉
𝑄

>
𝑃 È𝐶É• •

•

�e Outcome Logic approach to incorrectness has additional bene�ts, such as making it easier to

identify the context that will trigger a bug to occur [Zilberstein et al. 2023]. In addition, Outcome

Logic is compatible with bi-abduction [Zilberstein et al. 2024], the technique that has allowed

Infer to scale to the analysis of massive codebases.

Outcome Logic’s weighted programming approach is quite extensible in that the underlying

model can be composed with additional e�ects such as exceptions [Zilberstein et al. 2023], muta-

ble state [Zilberstein et al. 2024], nontermination [Li et al. 2025b; Li 2025], and multiple types of

outcomes in tandem such as nondeterminism and randomization [Zilberstein et al. 2025b]. In the
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remainder of this thesis, we will build on the probabilistic instance of Outcome Logic. Starting in

the next chapter, we will see how Outcome Logic together with separation logic provides an ex-

pressive and compositional foundation for reasoning about probabilistic programs. �roughout

the remaining chapters, we will see how nondeterminism and concurrency are incorporated into

that initial formulation.
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CHAPTER 3

A MEASURE THEORETIC MODEL OF OUTCOMES

As we saw in the previous chapter, Hoare [1969] style program logics specify programs in terms

of preconditions and postconditions. In more expressive logics like separation logic and Outcome

Logic, the pre- and postconditions can express not only the values of variables, but also additional

information such as disjointness of memory locations and the probabilities of di�erent possible

outcomes. In this chapter, we formally de�ne the assertion language that will be used in the logics

that we introduce throughout the remaining chapters.

3.1 OVERVIEW

Unlike traditional programs, probabilistic programs produce a distribution of outcomes. �us,

formal methods for probabilistic programs must provide a language for describing each outcome

and its likelihood. A few classes of programs that are most naturally described in terms of out-

comes include:

• Encryption Algorithms, where keys are uniformly sampled and the resulting ciphertext must

accordingly be uniformly distributed.

• Randomness Conserving Protocols, where a high-quality source of randomness is derived

from low-quality sources of randomess [von Neumann 1951; Kozen and Soloviev 2018].

• Shu�ling Algorithms, where the input data must be uniformly permuted at the end of exe-

cution [Fisher and Yates 1938; Bacher et al. 2018].

In addition to describing outcomes, compositionality plays an important role in deductive pro-

gram analysis. Rather than describing the entire space of outcomes in a single irreducible asser-

tion, we need the ability to describe parts of the distribution, and to combine those parts into a full

view. To that end, probabilistic independence proves crucial, as it allows us to reconstruct the joint

distribution over all the program variables without explicitly stating their relative probabilities.
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In this chapter, we introduce an assertion language for reasoning about probabilistic programs

in terms of outcomes and independence. First, we discuss the overarching ideas behind that

assertion language, and then in later sections we formalize the semantics using measure theory.

3.1.1 Specifying Distributions via Outcomes

Outcome assertions provide an expressive language for describing the results of probabilistic

computations. �e key primitive for describing a single outcome is the pure assertion d𝑃e, which
li�s standard separation logic assertions 𝑃 from Section 2.4 to be an outcome assertion, which

holds with probability 1. For example, a�er running the program 𝑥 B 5, we can state that

d𝑥 ↦→ 5e, i.e., 𝑥 has the value 5 with probability 1.

�e outcome conjunction

⊕
𝑋∼𝑑 𝜑 expresses that the program has several possible behaviors,

each occurring with a precise probability. It binds a new logical variable 𝑋 , which is distributed

according to the distribution 𝑑 , and 𝜑 holds for each value in the support of 𝑑 . For example, the

following assertion states that 𝑥 is distributed according to a Bernoulli distribution with param-

eter 1
2 (a fair coin �ip). ⊕

𝑋∼Ber( 12 )
d𝑥 ↦→ 𝑋 e

�e outcome conjunction presented here is an evolution of the one that we saw in Section 2.5

and is now specialized to the probabilistic se�ing. It also draws inspiration from the conditioning

modalities of Lilac [Li et al. 2023] and Bluebell [Bao et al. 2025], although the semantic foundations

are set up di�erently to enable compositional reasoning about outcomes. See Section 3.4 for a

more complete comparison. As an abbreviation, we use 𝑥 ∼ 𝑑 as a shorthand for⊕𝑋∼𝑑 d𝑥 ↦→ 𝑋 e.

3.1.2 Independence as Compositionality

As we have already seen, compositionality is the key to scalable program analysis. In the case

of stateful and concurrent programs, separation and spatial compositionality allow us to reason

modularly about components of a program, and then extrapolate that behavior into a larger mem-
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ory footprint. Moving to the probabilistic se�ing, a second dimension ofmodularity is needed. We

not only need to know about the value of each variable, but also how those values are distributed.

And we not only need to know how they are distributed with respect to the local memory, but

also the joint distribution over all the variables in the entire global memory.

To demonstrate, consider the sequential composition of two simple programs, each of which

�ips a fair coin and stores the result in the variables 𝑥 and 𝑦, respectively.

𝑥 :≈ Ber ( 1
2
)

# 𝑦 :≈ Ber ( 1
2
)

As a result, wemaywish to say that 𝑥 is distributed according toBer
( 1
2
)
and, in a separate portion

of memory, 𝑦 is also distributed according to Ber
( 1
2
)
.(

𝑥 ∼ Ber
( 1
2
) ) ∗ (

𝑦 ∼ Ber
( 1
2
) )

As we previously saw in Section 2.4, the separating conjunction ∗ guarantees that 𝑥 and 𝑦 are

stored in separate portions of memory, so that mutations to one will not a�ect the other. �e

individual probabilistic assertions also tell us how 𝑥 and 𝑦 are individually distributed. But we

are still missing a crucial detail: what is the joint distribution over 𝑥 and 𝑦?

To answer that question, we work in a model �rst explored by Barthe et al. [2020] where

separation also models probabilistic independence. In classical probability theory, independence

is a property of events or sets of outcomes in a random experiment. For now, we can think of

an event as being a separation logic assertion 𝑃 , which indeed describes a set of memories. Two

events 𝑃 and𝑄 are independent if the probability of both events occurring is equal to the product

of the individual probabilities of each event.

P[𝑃 ∗𝑄] = P[𝑃] · P[𝑄]

In the case of program above, each sampling operation is probabilistically independent, so for

example, the probability that 𝑥 ↦→ 1 and 𝑦 ↦→ 1 can be obtained by multiplication:

P[𝑥 ↦→ 1 ∗ 𝑦 ↦→ 1] = P[𝑥 ↦→ 1] · P[𝑦 ↦→ 1] =
1
2 ·

1
2 =

1
4
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Multiplication of the probabilities of each event is precisely what is achieved by the probabilistic

separating conjunction; the assertion
(
𝑥 ∼ Ber

( 1
2
) ) ∗ (𝑦 ∼ Ber

( 1
2
) )
means that the joint distribu-

tion over 𝑥 and 𝑦 can be obtained by multiplying the probabilities of the individual outcomes. In

fact, the independence property means that the following distributive rule holds; as long as 𝑋 is

not free in𝜓 , we can move𝜓 inside of an outcome conjunction in the same way as multiplication

distributes over addition in standard arithmetic.(⊕
𝑋∼𝑑

𝜑

)
∗𝜓 =⇒

⊕
𝑋∼𝑑
(𝜑 ∗𝜓 )

In the case of the prior example, that we can alternatively express the postcondition as an iterated

outcome conjunction.(
𝑥 ∼ Ber

( 1
2
) ) ∗ (

𝑦 ∼ Ber
( 1
2
) )

=⇒
⊕

𝑋∼Ber
( 1
2
)

⊕
𝑌∼Ber

( 1
2
) d𝑥 ↦→ 𝑋 ∗ 𝑦 ↦→ 𝑌 e

�e independence-as-compositionality property will repeatedly play an important role through-

out the examples in this thesis, for example, to ensure proper distributions of outcomes in

randomness-conserving protocols, and modular shu�ing algorithms.

3.1.3 Granularity of Independence and Measurable Events

Given that independence is a property of events, questions remain over how granular the inde-

pendence must be in order to allow separation. If two variables 𝑥 and 𝑦 are correlated, is there

any valid way to express a speci�cation about 𝑥 and 𝑦 with a separating conjunction?

�e answer to that question depends on how granularly we need to specify the distributions

over 𝑥 and 𝑦, and also the nature of the correlation between them. For example, suppose 𝑥 and 𝑦

are generated via the following program.

𝑥 B 1 # 𝑦 B 𝑥

Clearly 𝑥 and𝑦 are correlated, since𝑦 is directly derived from 𝑥 . But 𝑥 and𝑦 are also deterministic,

making the independence property trivial. Since the probability of any event is either 0 or 1, all
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of the arithmetic needed to ensure independence works out properly. For the probability 1 event,

the individual probabilities multiply to the desired value.

P[𝑥 ↦→ 1 ∗ 𝑦 ↦→ 1] = 1 = 1 · 1 = P[𝑥 ↦→ 1] · P[𝑦 ↦→ 1]

And the same is true of a probability 0 event, for example:

P[𝑥 ↦→ 1 ∗ 𝑦 ↦→ 0] = 0 = 1 · 0 = P[𝑥 ↦→ 1] · P[𝑦 ↦→ 0]

Stemming from the above example, it is completely equivalent to put a separating conjunction

inside or outside of the pure assertion brackets d−e.

d𝑃 ∗𝑄e ⇐⇒ d𝑃e ∗ d𝑄e

However, the situation is a bit more complicatedwhen the variables display nontrivial correlation,

such as in the program below.

𝑥 :≈ Ber ( 1
2
)

# 𝑦 B 𝑥

Here, we have a clear counterexample to the independence property.

P[𝑥 ↦→ 0 ∗ 𝑦 ↦→ 0] =
1
2 ≠

1
2 ·

1
2 = P[𝑥 ↦→ 0] · P[𝑦 ↦→ 0]

�erefore,
(
𝑥 ∼ Ber

( 1
2
) ) ∗ (

𝑦 ∼ Ber
( 1
2
) )

is not a valid postcondition for the program above. Of

course, as we saw in Section 3.1.1, we can specify the program above with the outcome conjunc-

tion
⊕

𝑋∼Ber( 12 ) d𝑥 ↦→ 𝑋 ∗ 𝑦 ↦→ 𝑋 e, but sometimes we will also need to completely separate the

information about 𝑥 and 𝑦, for example, if one of those variables is part of the shared state in a

concurrent program.

We can achieve separation here by decreasing the precision in the probabilistic events that

we choose to measure. For instance, if we do not wish to assert exactly how 𝑦 is distributed

(i.e., 𝑦 ∼ Ber
( 1
2
)
), but instead only assert a probability 1 event about all the possible outcomes

d𝑦 ∈ {0, 1}e, then the independence property still holds.

P[𝑥 ↦→ 0 ∗ 𝑦 ∈ {0, 1}] =
1
2 =

1
2 · 1 = P[𝑥 ↦→ 0] · P[𝑦 ∈ {0, 1}]
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�erefore, we can specify the program with the assertion (𝑥 ∼ Ber
( 1
2
)) ∗ d𝑦 ∈ {0, 1}e. Although

less precise, the information about 𝑥 and 𝑦 is now fully separated, opening up possibilities for

modular reasoning. In practice, the type of assertion about the distribution of states will o�en

depend highly on the domain, and ourmeasure theoreticmodel of outcome assertions accordingly

supports a variety of compositional reasoning principles.

3.2 PRELIMINARIES

We now introduce concepts from measure theory, which will be needed to formalize our model

of outcomes. For a more in depth introduction, refer to Royden [1968] or Fremlin [2001].

3.2.1 Probability Spaces

Probability spaces are mathematical representations of a random process, which precisely de�ne

not only the probabilities of events but also which events are measurable. Probability spaces

are typically used to de�ne continuous distributions, such as the uniform distribution over the

unit interval [0, 1], where each sample (i.e., point) has probability 0, but nonempty intervals have

nonzero probabilities. For example, a sample from the uniform distribution over [0, 1] has prob-
ability 1

2 of lying in the interval [ 14 , 34 ].
In this thesis, we are concerned only with analyzing discrete randomized programs, where

each of the countably many outcomes has a distinct nonzero probability. However, probability

spaces are also useful in the discrete case for describing how much information is available about

a given distribution, which allows us to express varying levels of probabilistic independence as

we saw in Section 3.1.3.

Each probability space ranges over a universe Ω, which is the set of all samples. In the case

of the above example, the universe is the unit interval [0, 1]. However, there may not be enough

information to determine the probability of any individual sample, it may instead only be possible

to measure the probability of some events, which are sets of samples. So, the probability space
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must also contain a set of events F . �e event space must be a 𝜎-algebra, which means that it

contains ∅ and Ω, and is closed under complementation and countable unions.

De�nition 3.1 (𝜎-Algebra). Given a universe of samples Ω, a 𝜎-algebra F ⊆ 2Ω on Ω is a set of

subsets of Ω such that:

1. Ω ∈ F

2. F is closed under complementation: if 𝐴 ∈ F , then Ω \𝐴 ∈ F

3. F is closed under countable unions: if 𝐴𝑖 ∈ F for all 𝑖 ∈ 𝐼 (where 𝐼 is a countable index set),

then

⋃
𝑖∈𝐼 𝐴𝑖 ∈ F .

�e events ∅ and Ω are always measurable, as they have probabilities 0 and 1 respectively. In

addition, the complement of an event 𝐴 is measurable too: if 𝐴 has probability 𝑝 , then Ω \𝐴 has

probability 1−𝑝 . Countable unions of measurable events must bemeasurable, and by deMorgan’s

law, that implies that countable intersections are also measurable. �e aforementioned probabil-

ities are given by a probability measure 𝜇 : F → [0, 1], which is a mapping from measurable

events to probabilities.

De�nition 3.2 (Probability Measure). Given a 𝜎-algebra F on the sample space Ω, a probability

measure is a function 𝜇 : F → R from F to the real numbers R such that:

1. 𝜇 (∅) = 0

2. 𝜇 (Ω) = 1

3. 𝜇 obeys countable additivity: for any countable sequence (𝐴𝑖)𝑖∈𝐼 of pairwise disjoint sets,

𝜇 (⊎𝑖∈𝐼 𝐴𝑖) =
∑
𝑖∈𝐼 𝜇 (𝐴𝑖)

Countable additivity formalizes the fact that the probability of a sample coming from one of a

disjoint collection of events can be obtained by adding the individual probabilities. For example, a

uniform sample from the unit interval is in [0, 13 ] ∪ [ 23 , 1] with probability 1
3 + 1

3 = 2
3 . A probability

space is simply a triple containing a sample space, an event space, and a probability measure.
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De�nition 3.3 (Probability Spaces). A probability space P = 〈Ω, F , 𝜇〉 is a 3-tuple containing a

sample space Ω, an event space F ∈ 2Ω, and a probability measure 𝜇 : F → [0, 1]

Going forward, we refer to the components of a probability space P as ΩP , FP , and 𝜇P . We

require probability spaces to be complete, meaning that they contain all events of measure zero.

More formally, P is complete if for any 𝐴 ∈ FP such that 𝜇P (𝐴) = 0, then 𝐵 ∈ FP for all

𝐵 ⊆ 𝐴 [Royden 1968]. We will o�en also require the sample space to be the full set of memories

Mem[𝑉 ] for some 𝑉 . A probability space P with ΩP ⊆ Mem[𝑉 ] can be extended as follows:

ext(P) , 〈Mem[𝑉 ], F , 𝜇〉 where F , {𝐴 ⊆ Mem[𝑉 ] | 𝐴 ∩ ΩP ∈ FP} and 𝜇 (𝐴) , 𝜇P (𝐴 ∩ ΩP).
Projections of probability spaces are de�ned as 𝜋𝑈 (P) = 〈Ω, F , 𝜇〉, where Ω = 𝜋𝑈 (ΩP),

F = {𝜋𝑈 (𝐴) | 𝐴 ∈ FP}, and 𝜇 (𝐴) = 𝜇P (𝐴 ∗ 𝜋Var\𝑈 (ΩP)).

3.2.2 Refinement of Probability Spaces

Although probability spaces were historically developed for de�ning continuous probability dis-

tributions, they have more recently also been used to de�ne the amount of information that is

available about a probability distribution in the style of intuitionistic logic [Li et al. 2023, 2024].

In intuitionistic logic, the space of models is equipped with a preorder �, which de�nes when

some model has more information than another model. Assertions must be stable with respect to

�, that is, if𝑚 � 𝑃 and𝑚 � 𝑚′, then𝑚′ � 𝑃 . Intuitively speaking, as we gain more information

about the state of the world, 𝑃 remains true.

For example, suppose that 𝑚 is a mapping from variables to real numbers, up to a certain

precision. We may have that𝑚(𝑥) = 3.14 . . . and𝑚1(𝑥) = 3.140 . . . and𝑚2(𝑥) = 3.142 . . ., where

the ellipsis indicates the limits of precision in each model. So, 𝑚 � 𝑚1 and𝑚 � 𝑚2 since both

𝑚1 and 𝑚2 have more precision than 𝑚 about the value of 𝑥 . It is therefore neither true that

𝑚 � 𝑥 ≤ 𝜋 nor𝑚 � ¬(𝑥 ≤ 𝜋), since each of those assertions is true under one of𝑚1 or𝑚2, so

their truth under𝑚 would not be stable with respect to �.
In the case of probability spaces, the information in the preorder P � Q can be gained across

51



two dimensions: by expanding the memory footprint, or by making the event space more �ne

grained. For P and Q such that ΩP ⊆ Mem[𝑉 ], we de�ne P � Q as follows:

De�nition 3.4 (Re�nement Preorder).

P � Q i� ΩP ⊆ 𝜋𝑉 (ΩQ)
and FP ⊆ {𝜋𝑉 (𝐴) | 𝐴 ∈ FQ}
and ∀𝐴 ∈ FP . 𝜇P (𝐴) = 𝜇Q

(⋃
{𝐵 ∈ FQ | 𝜋𝑉 (𝐵) = 𝐴}

)
So, P � Q i� P contains smaller sample and event spaces, but P and Q agree on the proba-

bility of events whose projections are measurable in P. We now demonstrate the order, returning

to example program from Section 3.1.3 𝑥 :≈Ber ( 1
2
)
#𝑦 B 𝑥 . Let Q be the maximally precise prob-

ability space that describes the result of running that program, so ΩQ = Mem[{𝑥,𝑦}], FQ = 2ΩQ ,

and 𝜇Q is de�ned as follows:

𝜇Q (𝐴) =


1 if {[𝑥 B 0, 𝑦 B 0], [𝑥 B 1, 𝑦 B 1]} ⊆ 𝐴
1
2 if [𝑥 B 0, 𝑦 B 0] ∈ 𝐴 xor [𝑥 B 1, 𝑦 B 1]} ∈ 𝐴
0 otherwise

We will now show two di�erent ways to approximate Q. �e �rst approximation P1 is achieved
by eliminating the ability to measure individual values of 𝑦, as we did in Section 3.1.3. In that

case, ΩP1 is still Mem[{𝑥,𝑦}], but now FP1 contains only those events where either 𝑦 B 0 and

𝑦 B 1 appear or neither appear.

FP1 = {𝐴 j Mem[{𝑥,𝑦}] | ∀𝜎 ∈ 𝐴. 𝜎 (𝑦) ∈ {0, 1} ⇒ 𝜎 [𝑦 B 1 − 𝜎 (𝑦)] ∈ 𝐴}

Clearly though, both probability spaces do agree on, for example, the probability of the event

𝑥 ↦→ 0 ∗ 𝑦 ∈ {0, 1}, and so we have that P1 � Q.
Another way to approximate Q is to lose information about 𝑦 altogether. Let P2 be a proba-

bility space over Mem[{𝑥}], where FP2 = 2Mem[{𝑥}] and 𝜇P2 assigns probability 1
2 to the events

where 𝑥 ↦→ 0 and 𝑥 ↦→ 1. We also have that P2 � Q since the probabilities of the events only

involving 𝑥 are the same in both P2 and Q.
Any proper distribution 𝜇 ∈ D(Mem[𝑈 ]), can be used as a probability space where Ω𝜇 =

Mem[𝑈 ], F𝜇 = 2Mem[𝑈 ] is the greatest 𝜎-algebra on Mem[𝑈 ], and 𝜇𝜇 (𝐴) =
∑
𝜎∈𝐴 𝜇 (𝜎).

52



3.2.3 Operations on Probability Spaces

Mirroring the logical connectives introduced in Section 3.1, there are operations on probability

spaces that semantically correspond to logical outcome assertions 𝜑 ∗ 𝜓 and
⊕

𝑋∼𝑑 𝜑 . �e �rst

operation is the independent product of two probability spaces P ⊗ Q, which constructs a new

probability space in which the probability of composite events 𝐴 ∗ 𝐵 = {𝜎 ] 𝜏 | 𝜎 ∈ 𝐴, 𝜏 ∈ 𝐵} is
given by the product of the individual probabilities of 𝐴 ∈ FP and 𝐵 ∈ FQ .

𝜇P⊗Q (𝐴 ∗ 𝐵) = 𝜇P (𝐴) · 𝜇Q (𝐵)

To formally de�ne the independent product, we �rst need a notion of a product event space

F1 ⊗ F2, which is the smallest 𝜎-algebra containing the conjunctions of all events in F1 and F2:

De�nition 3.5 (Product Event Space). Given two 𝜎-algebras F1 ⊆ 2Mem[𝑈 ]
and F2 ⊆ 2Mem[𝑉 ]

such that𝑈 ∩𝑉 = ∅, the product event space F1 ⊗ F2 is de�ned as follows:

F1 ⊗ F2 , 𝜎 ({𝐴 ∗ 𝐵 | 𝐴 ∈ F1, 𝐵 ∈ F2})

�e independent product also relies on a lemma due to Bao et al. [2025], which states that any

event in F1 ⊗ F2 is equal to a disjoint union of conjunctions of events from F1 and F2.

Lemma 3.6 (Event Decomposition). For any probability space P1 and P2 over countable sample

spaces, there exist countable index sets 𝐼 and 𝐽 and disjoint sequences of events (𝐴𝑖)𝑖∈𝐼 and (𝐵 𝑗 ) 𝑗∈𝐽
such that for any event 𝐴 ∈ F1 ⊗ F2, there exist 𝐼 ′ ⊆ 𝐼 and 𝐽 ′ ⊆ 𝐽 such that 𝐴 =

⊎
(𝑖, 𝑗)∈𝐼 ′×𝐽 ′ 𝐴𝑖 ∗ 𝐵 𝑗 .

Proof. Follows immediately from Lemma C.5 of Bao et al. [2025]. �

Note that sinceMem[𝑉 ] is countable for any𝑉 , Lemma 3.6 applies to any probability spaces

over memories.

De�nition 3.7 (Independent Product). For probability spaces P and Q such that ΩP ⊆ Mem[𝑈 ],
ΩQ ⊆ Mem[𝑉 ], and𝑈 ∩𝑉 = ∅, the independent product is de�ned as:

P ⊗ Q , 〈ΩP ∗ ΩQ, FP ⊗ FQ, 𝜇〉
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where the probability measure 𝜇 : FP ⊗ FQ → R is de�ned as follows:

𝜇 (𝐴) ,
∑︁
(𝑖, 𝑗)∈𝐼×𝐽

𝜇P (𝐴𝑖) · 𝜇Q (𝐵 𝑗 )

and the sequences (𝐴𝑖)𝑖∈𝐼 and (𝐵 𝑗 ) 𝑗∈𝐽 are those witnessed by Lemma 3.6.

Next, we de�ne an operation to capture the semantics of the outcome conjunction. Unlike the

independent product, which combines two probability spaces over disjoint variable sets, the next

operation combines a collection probability spaces over the same variables, but disjoint sample

spaces. When we sample a fresh random variables 𝑥 :≈ 𝑑 , the variable 𝑥 witnesses a partition of

the entire sample space, forming the basis for constructing a direct sum [Fremlin 2001, 214L].

De�nition 3.8 (Direct Sum). Given a countable index set 𝐼 , discrete distribution 𝜉 ∈ D(𝐼 ), and a

probability spaces P𝑖 = 〈Ω𝑖, F𝑖, 𝜇𝑖〉 for each 𝑖 ∈ 𝐼 such that all the Ω𝑖 are pairwise disjoint, the direct
sum is de�ned as follows: ⊕

𝑖∼𝜉
P𝑖 ,

〈⊎
𝑖∈𝐼

Ω𝑖, F , 𝜇
〉

where:

F , {𝐴 ⊆ Ω | ∀𝑖 ∈ 𝐼 . 𝐴 ∩ Ω𝑖 ∈ F𝑖} 𝜇 (𝐴) ,
∑︁
𝑖∈𝐼

𝜉 (𝑖) · 𝜇𝑖 (𝐴 ∩ Ω𝑖)

In a direct sum, the sample space is the disjoint union of all the individual sample spaces, the

measurable events are those events whose projections into each Ω𝑖 are measurable according to

F𝑖 , and the probability measure is given by a convex sum.

We conclude by discussing some pertinent properties of the two operations above. Both of

the operations above are monotone with respect to the re�nement order from Section 3.2.2 [Zil-

berstein et al. 2026, Lemmas B.4 and B.5]:

P1 � Q1 ∧ P2 � Q2 =⇒ P1 ⊗ P2 � Q1 ⊗ Q2

(∀𝑖 .P𝑖 � Q𝑖) =⇒
⊕
𝑖∼𝜉
P𝑖 �

⊕
𝑖∼𝜉
Q𝑖
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In addition, independent products distribute over direct sums [Zilberstein et al. 2026, Lemmas

B.3], which will form the basis for some of the entailment laws in Section 3.3.3.

©­«
⊕
𝑖∼𝜉
P𝑖ª®¬ ⊗ Q =

⊕
𝑖∼𝜉
(P𝑖 ⊗ Q)

3.3 OUTCOME ASSERTIONS

We can now formally de�ne the syntax and semantics of outcome assertions based on the math-

ematical preliminaries from the prior section. �e syntax of outcome assertions is shown in

Figure 3.1. �e �rst �ve items are typical logical constructs and the �nal three are specialized as-

sertions for compositional reasoning about probabilistic programs, as introduced in Section 3.1.

�roughout the remainder of this section, we will describe the semantics and additional proper-

ties of outcome assertions.

3.3.1 Semantics

Outcome assertions are modeled both by a context Γ : LVar → Val, which assigns values to

logical variables, and a probability space P. �e semantics is shown in Figure 3.2 in the form of

𝜑 F > (True)

| ⊥ (False)

| 𝜑 ∧𝜓 (Conjunction)

| 𝜑 ∨𝜓 (Disjunction)

| ∃𝑋 . 𝜑 (Existential �anti�cation)

| 𝜑 ∗𝜓 (Separating Conjunction)

|
⊕
𝑋∼𝑑 (𝐸)

𝜑 (Outcome Conjunction)

| d𝑃e (Almost Sure Assertion)

Figure 3.1: Outcome Assertion syntax.
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Γ,P � > always

Γ,P � ⊥ never

Γ,P � 𝜑 ∧𝜓 i� Γ,P � 𝜑 and Γ,P � 𝜓
Γ,P � 𝜑 ∨𝜓 i� Γ,P � 𝜑 or Γ,P � 𝜓
Γ,P � ∃𝑋 . 𝜑 i� Γ [𝑋 B 𝑣],P � 𝜑 for some 𝑣 ∈ Val
Γ,P �⊕

𝑋∼𝑑 (𝐸) 𝜑 i� ∀𝑣 . Γ [𝑋 B 𝑣], ext(P𝑣 ) � 𝜑 and
⊕

𝑣∼𝜇 P𝑣 � P
for some (P𝑣 )𝑣∈supp(𝜇) where 𝜇 = 𝑑 (È𝐸ÉLExp (Γ))

Γ,P � 𝜑 ∗𝜓 i� Γ,P1 � 𝜑 and Γ,P2 � 𝜓 for some P1,P2, such that P1 ⊗ P2 � P
Γ,P � d𝑃e i� L𝑃M𝑉Γ 𝑆 ∈ FP and 𝜇P

(
L𝑃M𝑉Γ

)
= 1

Figure 3.2: The satisfaction relation for outcome assertions, where Γ : LVar → Var is a logical
context and P = 〈Mem[𝑉 ], FP, 𝜇P〉 is a complete probability space. All the existentially quanti-
fied probability spaces are also complete.

a satisfaction relation Γ,P � 𝜑 . �e semantics of the �rst �ve constructs is standard; > is always

true, ⊥ is never true, 𝜑 ∧𝜓 is true i� both 𝜑 and𝜓 are true, 𝜑 ∨𝜓 is true i� either 𝜑 or𝜓 is true,

and ∃𝑋 .𝜑 is true i� 𝜑 is true with the context updated such that 𝑋 takes on some value 𝑣 .

Moving to the probabilistic constructs, the semantics is based on the operations on probability

spaces from Section 3.2.3. �e outcome conjunction
⊕

𝑋∼𝑑 (𝐸) 𝜑 holds i� P can be decomposed

into a direct sum
⊕

𝑖∼𝜇 P𝑖 such that 𝜇 = 𝑑 (È𝐸ÉLExp (Γ)) and each P𝑖 satis�es 𝜑 with 𝑋 set to 𝑖 .

Similarly, a separating conjunction 𝜑 ∗𝜓 is satis�ed if the probability space P can be decom-

posed into an independent product P1 ⊗P2 such that P1 and P2 satisfy 𝜑 and𝜓 individually. �e

fact that P1 ⊗ P2 � P and not P1 ⊗ P2 = P is crucial to ensure monotonicity of the satisfaction

relation. As we saw in Section 3.1, adding information can make events no longer independent,

so we may need to choose a decomposition with less information in order to make the assertion

valid. For example, (𝑥 ∼ Ber
( 1
2
)) ∗ d𝑦 ∈ {0, 1}e is true even if 𝑥 and 𝑦 are correlated, but the

model where it is true must be constructed using an independent product where the probability

space over 𝑦 cannot measure anything �ner than d𝑦 ∈ {0, 1}e.
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Finally, satisfaction of pure assertions d𝑃e requires that 𝑃 occurs with probability 1. To express
this, we use the notation L𝑃M𝑉Γ = {𝜎 ∈ Mem[𝑉 ] | Γ, 𝜎 � 𝑃} from Section 2.4.1. �e de�nition

above is an intuitionistic or a�ne interpretation of separation logic [Docherty 2019], meaning

that assertions may not describe the entire space of variables, or alternatively, that information

about variables can be dropped, for example:

d𝑥 ↦→ 𝑋 ∗ 𝑦 ↦→ 𝑌 e =⇒ d𝑥 ↦→ 𝑋 e

To ensure consistency, the satisfaction relation must be monotone.

�eorem 3.9 (Satisfaction Monotonicity). For any context Γ, outcome assertions 𝜑 , and probability

spaces P and Q:
Γ,P � 𝜑 and P � Q =⇒ Γ,Q � 𝜑

Proof. By induction on the structure of 𝜑 . Most cases follow trivially. For d𝑃e assertions, we use
the fact that Q is complete to ensure that L𝑃M𝑉Γ is measurable, where ΩQ = Mem[𝑉 ]. �

We conclude by providing some syntactic sugar for assertions, where in each case𝑋 is a fresh

variable. As we saw previously, 𝑒 ∼ 𝑑 (𝐸) expresses that the expression 𝑒 is distributed according
to 𝑑 (𝐸). In addition 𝜑 ⊕𝐸 𝜓 is a binary outcome conjunction and 𝜑 ⊕≥𝐸 𝜓 is a bounded outcome

conjunction.

𝑒 ∼ 𝑑 (𝐸) ,
⊕
𝑋∼𝑑 (𝐸)

d𝑒 ↦→ 𝑋 e 𝜑 ⊕𝐸 𝜓 ,
⊕

𝑋∼Ber(𝐸)
(d𝑋 = 1e ∗ 𝜑) ∨ (d𝑋 = 0e ∗𝜓 )

𝜑 ⊕≥𝐸 𝜓 , ∃𝑋 . d𝑋 ≥ 𝐸e ∗ (𝜑 ⊕𝑋 𝜓 )

3.3.2 Precise and Convex Assertions

Certain properties about outcome assertions dictate how they can be manipulated. �e �rst prop-

erty is precision, a well-known property from separation logic that serves as a su�cient condi-

tion for when the separating conjunction distributes over other connectives [Calcagno et al. 2007;

Vafeiadis 2011]. Formally, an assertion is precise if it has a unique smallest model.
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De�nition 3.10 (Precision). An assertion 𝜑 is precise if for any Γ under which 𝜑 is satis�able there

is a unique smallest probability space P such that Γ,P � 𝜑 and if Γ,P′ � 𝜑 , then P � P′. We write

precise(𝜑1, . . . , 𝜑𝑛) if 𝜑𝑖 is precise for all 1 ≤ 𝑖 ≤ 𝑛.

In the probabilistic se�ing, precision intuitively means that every measurable event has an

exact probability. For example, d𝑃e is precise for any 𝑃 , since the measurable event 𝑃 occurs with

probability exactly 1. An outcome conjunction
⊕

𝑋∼𝑑 (𝐸) 𝜑 is precise as long as 𝜑 is precise and it

witnesses a partition of the state space, whichwe formalize by saying that𝜑 ⇒ d𝑒 ↦→ 𝑋 e for some

expression 𝑒 . For example, the assertion
⊕

𝑋∼Ber(𝑝) d𝑥 ↦→ 𝑋 e is precise because P[𝑥 ↦→ 1] = 𝑝

and P[𝑥 ↦→ 0] = 1 − 𝑝 . On the other hand,
⊕

𝑋∼Ber(𝑝) d∃𝑌 . 𝑥 ↦→ 𝑌 ∗ 𝑌 ≤ 𝑋 e is not precise
since it does not witness a partition of the sample space and thus 0 ≤ P[𝑥 ↦→ 1] ≤ 𝑝 and

1 − 𝑝 ≤ P[𝑥 ↦→ 0] ≤ 1 and we could therefore construct many di�erent minimal probability

spaces to satisfy the assertion by varying the probabilities of the events 𝑥 ↦→ 1 and 𝑥 ↦→ 0.

Finally, a separating conjunction 𝜑 ∗ 𝜓 is precise as long as 𝜑 and 𝜓 are precise, since we

obtain the exact probabilities of each measurable event via multiplication due to the probabilistic

independence property. �e precision laws are formalized below.

precise(d𝑃e)
precise(𝜑) 𝜑 ⇒ d𝑒 ↦→ 𝑋 e

precise(⊕𝑋∼𝑑 (𝐸) 𝜑)
precise(𝜑,𝜓 )
precise(𝜑 ∗𝜓 )

When an assertion is imprecise, a weaker property called convexity can still hold. Intuitively, 𝜑

is convex if 𝜑 ⊕𝑝 𝜑 ⇒ 𝜑 , and it is de�ned formally below.

De�nition 3.11 (Convex Assertions). convex(𝜑) i� for all Γ under which 𝜑 is satis�able, there

exist Ω, F , and a convex set 𝑆 of probability measures on F such that:

∀P . Γ,P � 𝜑 i� ∃𝜇 ∈ 𝑆. 〈Ω, F , 𝜇〉 � P

Any precise assertion is convex since the set 𝑆 is just a singleton set containing the probability

measure witnessed by the de�nition of precision. �e assertion 𝜑 ⊕≥𝐸 𝜓 is an example of an

assertion that is convex, but not precise, since we only have a bound on the probabilities of 𝜑 and
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d𝑃 ∗𝑄e a` d𝑃e ∗ d𝑄e 𝑃 ` 𝑄
d𝑃e ` d𝑄e

𝜑 ` 𝜑′ 𝜓 ` 𝜓 ′
𝜑 ∗𝜓 ` 𝜑′ ∗𝜓 ′

𝜑 ` 𝜓⊕
𝑋∼𝑑 (𝐸) 𝜑 `

⊕
𝑋∼𝑑 (𝐸)𝜓

𝑌 ∉ vars(𝜑)⊕
𝑋∼𝑑 (𝐸) 𝜑 `

⊕
𝑌∼𝑑 (𝐸) 𝜑 [𝑌/𝑋 ]

𝑋 ∉ vars(𝜓 ) convex(𝜑)⊕
𝑋∼𝑑 (𝐸) 𝜑 ` 𝜑

𝑋 ∉ vars(𝜓 )
(⊕𝑋∼𝑑 (𝐸) 𝜑) ∗𝜓 `

⊕
𝑋∼𝑑 (𝐸) (𝜑 ∗𝜓 )

𝑋 ∉ vars(𝜓 ) 𝜑 ⇒ d𝑒 ↦→ 𝑋 e precise(𝜓 )⊕
𝑋∼𝑑 (𝐸) (𝜑 ∗𝜓 ) ` (

⊕
𝑋∼𝑑 (𝐸) 𝜑) ∗𝜓

Figure 3.3: Selected entailment laws, where 𝜑 [𝐸/𝑋 ] is a syntactic substitution of 𝐸 for 𝑋 in 𝜑 .

𝜓 holding rather than an exact likelihood. A separating conjunction 𝜑 ∗𝜓 is only convex if one

of the conjuncts is precise, which rules out hidden correlations between the terms.

precise(𝜑)
convex(𝜑)

convex(𝜑,𝜓 ) 𝜑 ⇒ d𝑒 ↦→ 1e 𝜓 ⇒ d𝑒 ↦→ 0e
convex(𝜑 ⊕≥𝐸 𝜓 )

convex(𝜑) precise(𝜓 )
convex(𝜑 ∗𝜓 )

3.3.3 Entailment Laws

�e �nal element that we need to work with and manipulate outcome assertions is entailment

laws. We write 𝜑 ` 𝜓 to mean 𝜑 implies𝜓 is derivable, which semantically means that for any Γ

and P, if Γ,P � 𝜑 , then Γ,P � 𝜓 .
Some selected entailment laws are shown in Figure 3.3. First, separating conjunctions can

be moved inside and outside of almost sure assertions. Implications can be performed inside of

almost sure assertions, separating conjunctions, and outcome conjunctions.

Variables bound by outcome conjunctions can be 𝛼-renamed as long as the new name is fresh.

Outcome conjunctions of convex assertions can be collapsed. Finally, any assertion𝜓 which does

not contain the variable 𝑋 which is bound by an outcome conjunction can be distributed inside

the outcome conjunction, but it can only be factored out of the outcome conjunction if it is precise.

To see why precision is needed in the la�er case, consider the assertion:⊕
𝑋∼Ber(𝑝)

(
d𝑥 ↦→ 𝑋 e ∗ ∃𝑌 . 𝑦 ∼ Ber (𝑌 )

)
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If the value of 𝑌 depends on 𝑋 , then 𝑥 and 𝑦 are correlated, and therefore we cannot factor the

information about 𝑦 out to obtain (𝑥 ∼ Ber (𝑃)) ∗ ∃𝑌 . 𝑦 ∼ Ber (𝑌 ). However, if 𝑦 is distributed

in some �xed way
⊕

𝑋∼Ber(𝑝) (d𝑥 ↦→ 𝑋 e ∗ 𝑦 ∼ Ber (𝑞)), then no correlation is possible and it can

thus be factored out to obtain (𝑥 ∼ Ber (𝑝)) ∗ (𝑦 ∼ Ber (𝑞)).

3.4 RELATEDWORK

�e idea to model probabilistic independence with separation was �rst explored by Barthe et al.

[2020] with their introduction of Probabilistic Separation Logic (PSL). However, PSL was limited

both in its ability to reason about the granularity of independence and also about conditional

independence. Dependence and Independence Bunched Implications (DIBI) later extended PSL

with a conditioning operator, for improved abilities to reason about control �ow [Bao et al. 2021].

Li et al. [2023, 2024] later introduced the Lilac logic, which reformulated probabilistic sepa-

ration based on measure theory in order express independence at varying levels of granularity,

as we saw in Section 3.1.3. Lilac also features a conditioning modality, which supports reasoning

about continuous probability, but lacks some of the compositional reasoning properties of the

direct sum, which will become important in the next chapter. On the other hand, Lilac’s con-

ditioning modality does support reasoning about continuous probability distributions, so both

approaches have relative strengths. Bluebell is based on a similar construction as Lilac, but is

limited to discrete distributions and additionally o�ers relational reasoning about many program

executions [Bao et al. 2025].

�e de�nition of separation in this thesis draws both from PSL [Barthe et al. 2020] and also

newer logics. We use probability spaces for reasoning about independence at varying levels of

granularity, but also use a cartesian product construction to fully separate memory footprints

rather than the more general approach of Lilac and Bluebell, which rely on a theorem stating

that independent products are unique [Li et al. 2023, Lemma 2.3]. We use the explicit product

construction in order to guarantee that each variable can only occur on one side of the ∗, making
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mutation rules simpler. Lilac does not allow mutable state, and so mutation is not a factor. On

the other hand, Bluebell handles mutation by explicitly tracking permissions, but the product

construction is simpler to use than the permission approach.

�e notion of precision has been previously studied in separation logics, in part to explain

when the separating conjunction distributes over other logical connectives, such as the regular

conjunction [Calcagno et al. 2007; Vafeiadis 2011]. In PSL, precision (under the name supported)

was used to ensure that the guard of an if statement remains independent of the postcondition

of the two branches. Conditioning à la Lilac and Bluebell provides a more �exible way to reason

about control �owwithout forcing the guard to be independent of the states in the two branches.

61



CHAPTER 4

PROBABILISTIC OUTCOME LOGIC

Having just formalized an assertion language for specifying the outcomes of a probabilistic pro-

gram, we can now use that assertion language to de�ne Probabilistic Outcome Logic (pOL). Al-

though prior logics enable compositional reasoning about probabilistic programs using proba-

bilistic independence [Barthe et al. 2020; Bao et al. 2021, 2025; Li et al. 2023], all of those logics

have limited abilities to handle control �ow and loops, whereas pOL is more powerful in those

regards (refer to Section 4.5 for a more complete comparison). �erefore, pOL provides an ex-

pressive foundation on top of which we add the ability to additionally handle nondeterminism

and concurrency in chapters Chapters 5 and 7, respectively.

4.1 OVERVIEW

Logics for expressive and compositional reasoning about probabilistic programs require a com-

bination of several features. Expressiveness stems from describing distributions of outcomes.

Compositionality relies on the ability to reason locally about state, à la separation logic, and also

to reason locally about random outcomes. To that end, pOL augments standard Outcome Logic

[Zilberstein 2025] with the probabilistic separation capabilities from the previous chapter.

As in prior program logics, pOL expresses speci�cations as triples 〈𝜑〉 𝐶 〈𝜓〉, where the pre-

condition 𝜑 and postcondition 𝜓 are outcome assertions (Figure 3.1) and 𝐶 ∈ cmd p is a pCL

program whose syntax and semantics were given in Section 2.2. As a simple example, we specify

a fair coin �ip using a postcondition that states that 𝑥 is distributed according to a coin �ip.

〈d𝑥 ↦→ −e〉 𝑥 :≈ Ber ( 1
2
)
〈𝑥 ∼ Ber

( 1
2
)
〉

However, deriving speci�cations for larger composite programs requires rules for reasoning in

a modular way. We will now describe a few of the modular reasoning principles of pOL, and in

later sections we will formalize those principles as sounds inference rules.
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4.1.1 Local Reasoning and the Frame Rule

As we saw in Section 2.4, the Frame rule enables local reasoning by li�ing speci�cations about a

local heaplet into a larger global context [Reynolds 2002; O’Hearn et al. 2001; Yang and O’Hearn

2002]. In the probabilistic se�ing, the Frame rule takes the same form, but additionally guarantees

that the local variables are distributed independently from other variables [Barthe et al. 2020].

〈𝜑〉 𝐶 〈𝜓〉

〈𝜑 ∗ 𝜗〉 𝐶 〈𝜓 ∗ 𝜗〉Frame

For instance, returning to the example from the beginning of the section, we can use the Frame

rule to prove that a freshly sampled variable is probabilistically independent from other variables.

〈d𝑥 ↦→ −e〉 𝑥 :≈ Ber ( 1
2
)
〈𝑥 ∼ Ber

( 1
2
)
〉

〈d𝑥 ↦→ −e ∗ (
𝑦 ∼ Ber

( 1
2
) )
〉 𝑥 :≈ Ber ( 1

2
)
〈
(
𝑥 ∼ Ber

( 1
2
) ) ∗ (

𝑦 ∼ Ber
( 1
2
) )
〉
Frame

�e independence information is very useful; it allows us to obtain the entire joint distribution

over all of the program variables.

4.1.2 Conditioning and Control Flow

Consider the following program, which simulates a three-sided die using only Bernoulli distri-

butions. Upon termination, 𝑥 will be a uniformly distributed integer between 1 and 3.

𝑥 :≈ Ber ( 1
3
)
#

if 𝑥 = 1 then
skip

else
𝑦 :≈ Ber ( 1

2
)
#

𝑥 B 2 + 𝑦
Since the control �ow of the program depends on random behavior, proving its correctness will

require us to know how likely the program is to enter each branch of the if statement. �erefore,

although it would be sound to adapt the standard if rule of Hoare Logic to OL, that rule is not

su�ciently expressive to reason about probabilistic control �ow.

〈d𝑃 ∗ 𝑏 ↦→ 1e〉 𝐶1 〈d𝑄e〉 〈d𝑃 ∗ 𝑏 ↦→ 0e〉 𝐶2 〈d𝑄e〉
〈d𝑃 ∗ 𝑏 ↦→ −e〉 if 𝑏 then 𝐶1 else 𝐶2 〈d𝑄e〉

If (Hoare)
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Instead, we use a series of rules, which allow us to reason about both the likelihood and behavior

of each branch. We show simpli�ed versions of those rules here. First, the Split rule allows us

to reason underneath an outcome conjunction.

〈𝜑〉 𝐶 〈𝜓〉

〈
⊕
𝑋∼𝑑 (𝐸)

𝜑〉 𝐶 〈
⊕
𝑋∼𝑑 (𝐸)

𝜓〉
Split

In the conclusion, 𝑋 is bound by the outcome conjunction, but in the premise it is implicitly

universally quanti�ed. So, if 〈𝜑〉 𝐶 〈𝜓〉 holds for any �xed value of 𝑋 , then we can conclude that

the same pre- and postcondition pair holds underneath the outcome conjunctions. For example,

if we initially know that 𝑥 is distributed according to Ber
( 1
2
)
, and the program increments 𝑥 , then

the Split rule essentially allows us to map the plus 1 function over the distribution of outcomes.

〈d𝑥 ↦→ 𝑋 e〉 𝑥 B 𝑥 + 1 〈d𝑥 ↦→ 𝑋 + 1e〉
〈

⊕
𝑋∼Ber( 12 )

d𝑥 ↦→ 𝑋 e〉 𝑥 B 𝑥 + 1 〈
⊕

𝑋∼Ber( 12 )
d𝑥 ↦→ 𝑋 + 1e〉

Split

Returning to analyzing control �ow, if the initial outcome conjunction gives the distribution over

values of the test 𝑏, then Split puts us in a scenario where the program will deterministically

take one branch or the other.

〈𝜑 ∗ d𝑏 ↦→ 𝑋 e〉 if 𝑏 then 𝐶1 else 𝐶2 〈𝜓〉

〈
⊕

𝑋∼Ber(𝑝)
𝜑 ∗ d𝑏 ↦→ 𝑋 e〉 if 𝑏 then 𝐶1 else 𝐶2 〈

⊕
𝑋∼Ber(𝑝)

𝜓〉
Split

Since 𝑏 is a Boolean-valued test expression, then 𝑋 in the premise of the above derivation can

only take on the values 0 or 1. So, by considering both possible values of𝑋 , we force the execution

to deterministically take the true or false branch, and then we can use the following two rules to

complete the proof.

〈𝜑 ∗ d𝑏 ↦→ 1e〉 𝐶1 〈𝜓〉

〈𝜑 ∗ d𝑏 ↦→ 1e〉 if 𝑏 then 𝐶1 else 𝐶2 〈𝜓〉
IfT

〈𝜑 ∗ d𝑏 ↦→ 0e〉 𝐶2 〈𝜓〉

〈𝜑 ∗ d𝑏 ↦→ 0e〉 if 𝑏 then 𝐶1 else 𝐶2 〈𝜓〉
IfF
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In fact, we can derive a composite rule, which is similar to the classic one from Hoare Logic, but

which now takes the probabilistic behavior into account.

〈𝜑 ∗ d𝑏 ↦→ 1e〉 𝐶1 〈𝜓〉 〈𝜑 ∗ d𝑏 ↦→ 0e〉 𝐶2 〈𝜓〉

〈
⊕

𝑋∼Ber(𝑝)
𝜑 ∗ d𝑏 ↦→ 𝑋 e〉 if 𝑏 then 𝐶1 else 𝐶2 〈

⊕
𝑋∼Ber(𝑝)

𝜓〉
If

Returning to the original program, we can use the postcondition:

𝜓 , d𝑋 = 1 ∗ 𝑥 ↦→ 1e ∨
(
d𝑋 = 0e ∗

⊕
𝑌∼Ber( 12 )

d𝑥 ↦→ 2 + 𝑌 e
)

It is relatively easy to see that: ⊕
𝑋∼Ber( 13 )

𝜓 =⇒ 𝑥 ∼ unif ({1, 2, 3})

�erefore, using the If rule presented above, we can obtain the following �nal speci�cation.

〈
⊕

𝑋∼Ber( 13 )
d𝑥 ↦→ 𝑋 e〉 if 𝑥 = 1 then skip else 𝑦 :≈ Ber ( 1

2
)
# 𝑥 B 2 + 𝑦 〈𝑥 ∼ unif ({1, 2, 3}) 〉

In Outcome Logic, compositional reasoning via the Split rule in the way shown above is com-

monly needed to reason about the control �ow in programs, which we will see repeatedly

throughout the remaining chapters.

4.1.3 Loops and Almost Sure Termination

�e �nal form of reasoning needed to analyze probabilistic programs consists of rules to modu-

larly reason about loops. We are primarily concerned with almost sure termination, the property

that a program terminates with probability 1 in the limit. Inspired by Total Hoare Logic [Manna

and Pnueli 1974], we can use a ranking function to ensure that the program moves toward ter-

mination with each iteration of the loop.

However, unlike standard programs, probabilistic loops need not always move toward termi-

nation, but rather only must move toward termination with some probability. For example, the
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following program terminates with probability 1
2 on each iteration. So the probability of nonter-

mination a�er 𝑛 iterations is 1
2𝑛 , which clearly goes to zero as 𝑛 goes to in�nity.

while 𝑥 = 0 do 𝑥 :≈ Ber ( 1
2
)

But the situation can get more complicated. For example, the program may not immediately exit

on each iteration, but rather only probabilistically move toward termination, as is the case below.

while 𝑥 > 0 do 𝑥 B 𝑥 − 1 ⊕ 1
2
skip

Wewill see how to formally prove almost sure termination for the program above in Section 4.3.3,

and sketch the proof informally here. First, we need a ranking function, which in this case is just

the value of the variable 𝑥 . Clearly, when 𝑥 reaches 0, the program terminates, so all we need to

do is show that the rank decreases with some nonzero probability 𝑝 on each iteration. Clearly,

the rank decreases with probability 1
2 each iteration, so the program will eventually terminate

with probability 1. �ere are many more complex rules for proving termination of probabilistic

programs [McIver and Morgan 2005; McIver et al. 2018; Majumdar and Sathiyanarayana 2025],

but in this thesis the style above, known as bounded rank, will su�ce.

4.2 FORMALIZING OUTCOME TRIPLES

Triples in pOL 〈𝜑〉𝐶 〈𝜓〉 are judgements, where the pre- and postconditions 𝜑 and𝜓 are outcome

assertions that we formalized in Chapter 3 and 𝐶 ∈ cmd p is a probabilistic program with syntax

and semantics given in Section 2.2. Informally, the meaning of 〈𝜑〉 𝐶 〈𝜓〉 is that if the program𝐶

is run on a distribution of states described by 𝜑 , then the outcomes will be distributed according

to 𝜓 . �e meaning is similar to Hoare triples {𝑃 } 𝐶 {𝑄}, but li�ed into a se�ing where 𝜑 , 𝐶 , and

𝜓 are all probabilistic.

As we saw in Section 4.1.1, pOL triples are also frame preserving in that the validity of

〈𝜑〉 𝐶 〈𝜓〉 implies the validity of 〈𝜑 ∗ 𝜗〉 𝐶 〈𝜓 ∗ 𝜗〉. Following many higher order separation

logics [Birkedal and Yang 2007] including Iris [Jung et al. 2018], the frame property is baked into
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the validity de�nition of the triples. Doing so eliminates the need for cumbersome side conditions

that existed in Probabilistic Separation Logic [Barthe et al. 2020].

We write �pOL 〈𝜑〉 𝐶 〈𝜓〉 to mean that a triple is semantically valid in pOL. Validity requires

the initial state to be captured by a logical variable context Γ : LVar → Val, a local probability

space P, a frame probability space P𝐹 , and a distribution over states 𝜇. Since P models the local

state, then it must satisfy the precondition, i.e., Γ,P � 𝜑 . �e second probability space P𝐹 models

any distribution of variables that are not in the local memory, which will be unchanged a�er

the program executes. Finally, 𝜇 is the concrete distribution over memories, and it re�nes the

independent product of P and P𝐹 , i.e., P ⊗ P𝐹 � 𝜇.
As long as those conditions are met, then �pOL 〈𝜑〉 𝐶 〈𝜓〉 means that there must be some �nal

probability space Q such that È𝐶É† (𝜇) re�nes Q ⊗P𝐹 and Γ,Q � 𝜓 . �e formal de�nition of pOL

triples is given below.

De�nition 4.1 (Probabilistic Outcome Triples). �pOL 〈𝜑〉 𝐶 〈𝜓〉 i� for any Γ, 𝜇, and probability

spaces P and P𝐹 such that P ⊗ P𝐹 � 𝜇 and Γ,P � 𝜑 , then:

∃Q . Q ⊗ P𝐹 � È𝐶É†D (𝜇) and Γ,Q � 𝜓

Note that probability spaces range over memories (without ⊥), so the fact that Q ⊗ P𝐹 �
È𝐶É†(𝜇) means that È𝐶É†(𝜇) (⊥) = 0, i.e., that 𝐶 almost surely terminated. In that sense, pOL

is similar to a total correctness logic [Manna and Pnueli 1974], where the validity of any triple

implies termination. Accordingly, the loop rule will establish termination. For the remainder of

the chapter, we will omit the pOL superscript and simply write � 〈𝜑〉 𝐶 〈𝜓〉.

4.3 PROOF RULES

Given the formal meaning of pOL triples, we can now develop proof rules to mechanically derive

valid judgements in the logic. We write ` 〈𝜑〉 𝐶 〈𝜓〉 to mean that the triple is derivable via the

rules. All of the rules in the following sections are sound with respect to the validity de�nition
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〈𝜑〉 skip 〈𝜑〉
Skip

〈𝜑〉 𝐶1 〈𝜗〉 〈𝜗〉 𝐶2 〈𝜓〉

〈𝜑〉 𝐶1 #𝐶2 〈𝜓〉
Seq

〈𝜑〉 𝐶1 〈𝜓1〉 〈𝜑〉 𝐶2 〈𝜓2〉 𝜑 ⇒ d𝑒 ↦→ 𝐸e 𝜓1 ⇒ d𝑒′ ↦→ 1e 𝜓2 ⇒ d𝑒′ ↦→ 0e
〈𝜑〉 𝐶1 ⊕𝑒 𝐶2 〈𝜓1 ⊕𝐸 𝜓2〉

Prob

𝜑 ⇒ d𝑏 ↦→ 1e 〈𝜑〉 𝐶1 〈𝜓〉

〈𝜑〉 if 𝑏 then 𝐶1 else 𝐶2 〈𝜓〉
IfT

𝜑 ⇒ d𝑏 ↦→ 0e 〈𝜑〉 𝐶2 〈𝜓〉

〈𝜑〉 if 𝑏 then 𝐶1 else 𝐶2 〈𝜓〉
IfF

𝜑 ⇒ d𝑒 ↦→ 𝐸e ∧ (𝜓 ∗ down(𝑥)e)
〈𝜑〉 𝑥 B 𝑒 〈d𝑥 ↦→ 𝐸e ∗𝜓〉 Assign

𝜑 ⇒ d𝑒 ↦→ 𝐸e ∧ (𝜓 ∗ down(𝑥)e)
〈𝜑〉 𝑥 :≈ 𝑑 (𝑒) 〈(𝑥 ∼ 𝑑 (𝐸)) ∗𝜓〉 Samp

Figure 4.1: Rules for sequential commands in pOL.

(De�nition 4.1), which means that any derivable triple is semantically valid.

` 〈𝜑〉 𝐶 〈𝜓〉 =⇒ � 〈𝜑〉 𝐶 〈𝜓〉

We will defer the details of the soundness proof to Section 7.4.

4.3.1 Basic Sequential Commands

We begin in Figure 4.1 with the standard rules for analyzing sequential (non-looping) commands.

�e Skip rule preserves the precondition for a no-op command and the Seq rule composition-

ally builds a speci�cation for a sequential composition 𝐶1 #𝐶2 from derivations for the two sub-

commands. Soundness of the Seq rule follows from the associativity law of monads.

To analyze a probabilistic choice command𝐶1⊕𝑒𝐶2, the precondition 𝜑 must dictate the value

of the probability 𝑒 , i.e., 𝜑 ⇒ d𝑒 ↦→ 𝐸e. In addition, the postconditions of the two branches 𝜓1

and 𝜓2 must witness a partition of the program states via the expression 𝑒′, i.e., 𝜓1 ⇒ d𝑒′ ↦→ 1e
and𝜓2 ⇒ d𝑒′ ↦→ 0e. �en, the postcondition of the triple as a whole is simply𝜓1 ⊕𝐸 𝜓2.

Next, IfT and IfF are used to create speci�cations for the true and false branches of an if state-

ment, respectively. Compared to the simpler versions from Section 4.1.2, the ones in Figure 4.1

have a more �exible precondition, only requiring, e.g., that 𝜑 ⇒ d𝑏 ↦→ 1e rather than forcing the

68



precondition to have the form 𝜑 ∗ d𝑏 ↦→ 1e. �e more general form allows the guard 𝑏 to refer-

ence multiple variables or probabilistic information, for example if the guard 𝑏 is the expression

𝑥 +𝑦 ≥ 0 and the precondition is (𝑥 ∼ Ber (𝑝)) ∗ (𝑦 ∼ Ber (𝑞)), then the condition is clearly met.

(𝑥 ∼ Ber (𝑝)) ∗ (𝑦 ∼ Ber (𝑞)) ⇒ d(𝑥 + 𝑦 ≥ 0) ↦→ 1e

Finally, we have two rules for reasoning about the assignment 𝑥 B 𝑒 and sampling 𝑥 :≈ 𝑑 (𝑒)
actions. In both cases, the precondition 𝜑 must imply both that the program expression 𝑒 evalu-

ates to the logical expression 𝐸 (d𝑒 ↦→ 𝐸e), and that we have permission to write to 𝑥 (own(𝑥)).
In addition, the le�over state 𝜓 about the variables other than 𝑥 must be separate from 𝑥 itself

in order to properly represent the postcondition. �e rules are formulated in that way so as to

capture many di�erent modes of use. For example, the expression 𝑒 may be derived frommultiple

variables other than just 𝑥 :

d𝑥 ↦→ 1 ∗ 𝑦 ↦→ 2e ⇒ d(𝑥 + 𝑦) ↦→ 3e ∧ (d𝑦 ↦→ 2e ∗ down(𝑥)e)
〈d𝑥 ↦→ 1 ∗ 𝑦 ↦→ 2e〉 𝑥 B 𝑥 + 𝑦 〈d𝑥 ↦→ 3e ∗ d𝑦 ↦→ 2e〉 Assign

Alternatively, 𝑥 itself may be distributed in a complex way:

(𝑥 ∼ 𝑑) ∗ d𝑦 ↦→ 2e ⇒ d𝑦 ↦→ 2e ∧ (d𝑦 ↦→ 2e ∗ down(𝑥)e)
〈(𝑥 ∼ 𝑑) ∗ d𝑦 ↦→ 2e〉 𝑥 B 𝑦 〈d𝑥 ↦→ 2e ∗ d𝑦 ↦→ 2e〉 Assign

4.3.2 Structural Rules

Our next set of rules, shown in Figure 4.2, are structural rules that do not depend on the program

syntax. As described in Section 4.1.1, the Frame rule allows a local probabilistic speci�cation to be

li�ed into a larger distribution overmemories. �e rule of Conseqence allows for strengthening

of the precondition and weakening of the postcondition. It can be used in conjunction with the

entailment laws from Figure 3.3.

�e �nal two rules are for case analysis on outcomes, as described in Section 4.1.2. We include

two variants. �e �rst rule, Split1, requires that𝜓 dictates the partition of the probability spaces

in order to construct a �nal direct sum. �e partition is witnessed in a similar fashion to rules
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〈𝜑〉 𝐶 〈𝜓〉

〈𝜑 ∗ 𝜗〉 𝐶 〈𝜓 ∗ 𝜗〉Frame
𝜑′⇒ 𝜑 〈𝜑〉 𝐶 〈𝜓〉 𝜓 ⇒ 𝜓 ′

〈𝜑′〉 𝐶 〈𝜓 ′〉
Conseqence

〈𝜑〉 𝐶 〈𝜓〉 𝜓 ⇒ d𝑒 ↦→ 𝑋 e
〈

⊕
𝑋∼𝑑 (𝐸)

𝜑〉 𝐶 〈
⊕
𝑋∼𝑑 (𝐸)

𝜓〉
Split1

〈𝜑〉 𝐶 〈𝜓〉 convex(𝜓 ) 𝑋 ∉ vars(𝜓 )
〈

⊕
𝑋∼𝑑 (𝐸)

𝜑〉 𝐶 〈𝜓〉
Split2

Figure 4.2: Structural pOL rules.

for establishing precision that we saw in Section 3.3.2, by requiring that𝜓 ⇒ d𝑒 ↦→ 𝑋 e for some

expression 𝑒 . Since𝑋 takes on distinct values in each case of the direct sum, then 𝑒 ↦→ 𝑋 witnesses

that the sample space can be partitioned. If 𝜓 does not witness a partition, then the Split2 rule

can instead be used, which requires𝜓 to be convex and not dependent on 𝑋 .

We now demonstrate the two modes of use. Below, 𝑥 is initially distributed according to

some distribution 𝑑 (𝐸), and then it is incremented. �e sample space is still partitioned a�er the

increment, which is witnessed by d𝑥 − 1 ↦→ 𝑋 e, so Split1 can be used.

` 〈d𝑥 ↦→ 𝑋 e〉 𝑥 B 𝑥 + 1 〈d𝑥 ↦→ 𝑋 + 1e〉 d𝑥 ↦→ 𝑋 + 1e ⇒ d𝑥 − 1 ↦→ 𝑋 e
` 〈

⊕
𝑋∼𝑑 (𝐸)

d𝑥 ↦→ 𝑋 e〉 𝑥 B 𝑥 + 1 〈
⊕
𝑋∼𝑑 (𝐸)

d𝑥 ↦→ 𝑋 + 1e〉
Split1

On the other hand, the next program samples 𝑦, and the resulting sample space is not partitioned

according to 𝑋 . Instead, Split2 is used since the postcondition is convex.

` 〈d𝑥 ↦→ 𝑋 ∗ 𝑋 ∈ {0, 1}e〉 𝑦 :≈ Ber (𝑥
2
)
〈∃𝑌 . d𝑌 ≤ 1

2e ∗ 𝑦 ∼ Ber (𝑌 ) 〉
` 〈

⊕
𝑋∼Ber( 12 )

d𝑥 ↦→ 𝑋 ∗ 𝑋 ∈ {0, 1}e〉 𝑦 :≈ Ber (𝑥
2
)
〈∃𝑌 . d𝑌 ≤ 1

2e ∗ 𝑦 ∼ Ber (𝑌 ) 〉
Split2

Another use for the spli�ing rules is to derive a two-sided rule for if statements. �e If rule shown

below is derived by �rst using Split1 to condition on the value of the test 𝑏, and then applying

IfT and IfF to handle the two cases.

𝐼 `𝑚 〈𝜑 ∗ d𝑋 = 1e〉 𝐶1 〈𝜓〉 𝐼 `𝑚 〈𝜑 ∗ d𝑋 = 0e〉 𝐶2 〈𝜓〉 𝜑 ⇒ d𝑏 ↦→ 𝑋 e 𝜓 ⇒ d𝑏 ↦→ 𝑋 e
𝐼 `𝑚 〈

⊕
𝑋∼Ber(𝑝) 𝜑〉 if 𝑏 then 𝐶1 else 𝐶2 〈

⊕
𝑋∼Ber(𝑝)𝜓〉

If
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4.3.3 Analyzing Loops

As we saw in Section 4.1.3, analyzing probabilistic loops and proving almost sure termination

is more complicated than loop analysis in deterministic programs. In this section, we present a

proof rule for analyzing probabilistic loops. �e approach to establishing almost sure termination

is based on prior work [McIver and Morgan 2005; Kaminski 2019; McIver et al. 2018]. However,

unlike prior work, the pOL loop rule also speci�es the distribution of outcomes that occur upon

termination, rather than just establishing that the loop terminates.

�e basic strategy to ensure termination uses a bounded integer rank ℓ ≤ 𝑅 ≤ ℎ, that strictly
decreases with probability 𝑝 > 0 on each iteration. Once the rank reaches the lower bound ℓ , the

loop must terminate. �at means that at any point, the loop will terminate within ℎ− ℓ iterations
with probability 𝑝ℎ−ℓ , which is nonzero. Let 𝑡 be the probability of termination, then we can lower

bound 𝑡 as the the probability of termination within ℎ − ℓ iterations plus the probability that the

program does not terminate in that time plus 𝑡 .

𝑡 ≥ 𝑝ℎ−ℓ + (1 − 𝑝ℎ−ℓ) · 𝑡

By subtracting (1 − 𝑝ℎ−ℓ) · 𝑡 from both sides of the inequality, we get that 𝑡 · 𝑝ℎ−ℓ ≥ 𝑝ℎ−ℓ , and
since 𝑝 > 0, the only solution to that inequality is 𝑡 = 1. Refer to McIver and Morgan [2005, §2.6]

for a more complete discussion.

Our loop rule, shown in Figure 4.3, is built around a loop invariant 𝜑 , which is an outcome

assertion that may describe a distribution of many di�erent outcomes. �e loop invariant must

imply that the rank is in bounds, i.e., that ℓ ≤ 𝑅 ≤ ℎ. It must also be the case that when 𝑅 = ℓ , 𝜑

implies that the loop guard 𝑏 is false, and otherwise if 𝑅 > ℓ then 𝑏 is true.

�e premise of the rule requires that as long as the invariant 𝜑 holds and 𝑅 = 𝑁 > ℓ , then

running the loop body𝐶 will result in a distribution where the invariant 𝜑 still holds, and 𝑅 < 𝑁

with probability 𝑝 > 0 and otherwise 𝑅 ≥ 𝑁 . In the case that 𝑅 < 𝑁 , then 𝑅 is distributed

according to some distribution 𝑑1(𝐸1) whose support contains only integers between ℓ and 𝑁 −1.
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〈𝜑 ∗ d𝑅 = 𝑁 e〉 𝐶 〈
(⊕

𝑅∼𝑑1 (𝐸1) 𝜑
) ⊕𝑝 (⊕

𝑅∼𝑑2 (𝐸2) 𝜑
)
〉

𝜑⇒dℓ≤𝑅≤ℎe
𝜑∗d𝑅=ℓe⇒d𝑏 ↦→0e
𝜑∗d𝑅>ℓe⇒d𝑏 ↦→1e

supp(𝑑1 (𝐸1))⊆[ℓ,𝑁−1]
supp(𝑑2 (𝐸2))⊆[𝑁,ℎ]

𝑁>ℓ
𝑁∉vars(𝜑)
0<𝑝≤1

precise(𝜑 [ℓ/𝑅])
〈
⊕

𝑅∼𝑑 (𝐸) 𝜑〉 while 𝑏 do 𝐶 〈𝜑 [ℓ/𝑅]〉 BoundedRank

Figure 4.3: A loop rule for almost-sure termination in pOL.

Similarly, 𝑅 is distributed according to another distribution 𝑑2(𝐸2) whose support is between 𝑁
and ℎ in the case where 𝑅 ≥ 𝑁 .

If those conditions hold, then as long as the initial states satisfy the invariant 𝜑 , with 𝑅 dis-

tributed according to any distribution 𝑑 (𝐸), then the loop will almost surely terminate with the

outcomes distributed according to 𝜑 with 𝑅 = ℓ . We will see examples using BoundedRank in

Section 4.4. Additional strategies for proving almost-sure termination are discussed in Section 4.5.

4.4 EXAMPLES

We now introduce two running examples to demonstrate how pOL provides an expressive foun-

dation for reasoning about probabilistic programs with unbounded loops. In future chapters, we

will extend the examples with nondeterminism and concurrency, and see how the Outcome Logic

proof strategies evolve to deal with increasingly complex combinations of computational e�ects.

4.4.1 RandomWalk

�e �rst example is a random walk in which an agent moves toward the origin with probability
1
2 on each round. �e agent’s position is stored in the variable 𝑥 and the walk terminates when

the agent reaches the origin, i.e., 𝑥 = 0. A program implementing the walk is shown below.

while 𝑥 > 0 do
𝑥 B 𝑥 − 1 ⊕ 1

2
skip

We want to prove both that the random walk almost surely terminates, and that the agent ends

up at position 0. Since pOL triples imply almost sure termination, both requirements are captured

72



〈d𝑥 ↦→ 𝑁 e〉 𝑥 B 𝑥 − 1 〈d𝑥 ↦→ 𝑁 − 1e〉 Assign
〈d𝑥 ↦→ 𝑁 e〉 skip 〈d𝑥 ↦→ 𝑁 e〉 Skip

〈d𝑥 ↦→ 𝑁 ∗ 0 < 𝑁 ≤ 𝑋 e〉 𝑥 B 𝑥 = 1 ⊕ 1
2
skip 〈d𝑥 ↦→ 𝑁 − 1e ⊕ 1

2
d𝑥 ↦→ 𝑁 e〉 Prob

〈d𝑥 ↦→ 𝑋 ∗ 0 ≤ 𝑋 e〉 while 𝑥 > 0 do 𝑥 B 𝑥 = 1 ⊕ 1
2
skip 〈d𝑥 ↦→ 0e〉 BoundedRank

Figure 4.4: Almost sure termination proof for a simple random walk in pOL.

by the postcondition d𝑥 ↦→ 0e. As a precondition, we will use d𝑥 ↦→ 𝑋 ∗ 0 ≤ 𝑋 e, i.e., the agent
begins at some arbitrary positive position 𝑋 . In order to apply BoundedRank, we �rst need an

invariant. �e invariant simply states that 𝑥 ↦→ 𝑅, the current position 𝑥 is also the current rank

𝑅, and the rank is bounded between 0 and 𝑋 , the initial starting point.

𝜑 , d𝑥 ↦→ 𝑅 ∗ 0 ≤ 𝑅 ≤ 𝑋 e

�e other parameters of BoundedRank are instantiated as follows:

𝑝 ,
1
2 𝑑 (𝐸) , unif ({𝑋 }) 𝑑1(𝐸1) , unif ({𝑁 − 1}) 𝑑1(𝐸1) , unif ({𝑁 })

�e rank decreases each iteration with probability 𝑝 = 1
2 and all three distributions 𝑑 (𝐸), 𝑑1(𝐸1),

and 𝑑2(𝐸2) are uniform distributions over singleton sets, meaning that the outcome conjunctions

collapse into a single term. �e derivation is shown in Figure 4.4. First, the BoundedRank rule

is applied with the parameters described previously. �e precondition of the premise is:

𝜑 ∗ d𝑅 = 𝑁 e = d𝑥 ↦→ 𝑅 ∗ 0 ≤ 𝑅 ≤ 𝑋 e ∗ d𝑅 = 𝑁 e

Along with the side condition that 𝑁 > ℓ = 0, we simplify this precondition in Figure 4.4 to

d𝑥 ↦→ 𝑁 ∗ 0 < 𝑁 ≤ 𝑋 e. We next apply the Prob rule in order to analyze the two probabilistic

branches in the body of the loop. In the �rst branch, Assign is used to conclude that d𝑋 ↦→ 𝑁 −1e
and in the second branch, Skip is used to conclude that d𝑥 ↦→ 𝑁 e. Pu�ing the two branches

together, we get that d𝑥 ↦→ 𝑁 − 1e ⊕ 1
2
d𝑥 ↦→ 𝑁 e, which is roughly equivalent to the following

assertion (in Figure 4.4, we omit the bounds on 𝑅 and 𝑁 for clarity).( ⊕
𝑅∼unif ({𝑁−1})

𝜑
)
⊕ 1

2

( ⊕
𝑅∼unif ({𝑁 })

𝜑
)
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�e postcondition is therefore 𝜑 [0/𝑅], which is equal to d𝑥 ↦→ 0e.

4.4.2 The von Neumann Trick

�e second running example is a randomness-conserving protocol for simulating a fair coin given

a coin with a �xed, unknown bias 0 < 𝑝 < 1. Originally due to von Neumann [1951], the protocol

(shown as a program below) �ips the coin twice and returns the value of the �rst coin �ip if the

outcomes di�er, otherwise it tries again.

𝑥 B 0 #
𝑦 B 0 #
while 𝑥 = 𝑦 do
𝑥 :≈ Ber (𝑝) #
𝑦 :≈ Ber (𝑝)

Intuitively, the von Neumann trick works because on any given round, the probability of ge�ing

𝑥 = 0 and 𝑦 = 1 is equal to the probability of ge�ing 𝑥 = 1 and 𝑦 = 0; both events occur

with probability 𝑝 (1 − 𝑝). �at means that on any given round, the protocol will terminate with

probability 2𝑝 (1 − 𝑝), and if it does terminate, then the values of 𝑥 will be uniformly distributed.

To prove correctness of the protocol using pOL, we will need a loop invariant with which we

can invoke BoundedRank. We will construct the invariant in two parts, which represent the two

di�erent ranks (0 and 1).

𝜑 , (𝜑0 ∗ d𝑅 = 0e) ∨ (𝜑1 ∗ d𝑅 = 1e) 𝜑0 ,
⊕

𝑋∼Ber( 12 )
d𝑥 ↦→ 𝑋 ∗ 𝑦 ↦→ ¬𝑋 e 𝜑1 , d𝑥 = 𝑦 ↦→ 1e

Rank 0 must imply termination, so 𝑥 ≠ 𝑦. In addition, for correctness, we require that the values

of 𝑥 are uniformly distributed. In the case where 𝑅 = 1, we only require that the loop guard 𝑥 = 𝑦

is true. As stated previously, on every round, the loop will exit with probability 2𝑝 (1− 𝑝), which
is nonzero since 0 < 𝑝 < 1. �e derivation is shown in Figure 4.5.

�e precondition is simply 𝜑1, which states that 𝑥 = 𝑦 and obviously applies to the program

state a�er executing 𝑥 B 0 # 𝑦 B 0. �e proof is quite mechanical, except for the application of

74



〈d𝑥 = 𝑦 ↦→ 1e〉 𝑥 :≈ Ber (𝑝) 〈𝑥 ∼ Ber (𝑝) ∗ down(𝑦)e〉 Samp

·········· 〈𝑥 ∼ Ber (𝑝) ∗ down(𝑦)e〉 𝑦 :≈ Ber (𝑝) 〈𝑥 ∼ Ber (𝑝) ∗ 𝑦 ∼ Ber (𝑝) 〉 Samp

〈d𝑥 = 𝑦 ↦→ 1e〉 𝑥 :≈ Ber (𝑝) # 𝑦 :≈ Ber (𝑝) 〈𝑥 ∼ Ber (𝑝) ∗ 𝑦 ∼ Ber (𝑝) 〉 Seq

〈d𝑥 = 𝑦 ↦→ 1e〉 𝑥 :≈ Ber (𝑝) # 𝑦 :≈ Ber (𝑝) 〈𝜑0 ⊕2𝑝 (1−𝑝) 𝜑1〉
Conseqence

〈d𝑥 = 𝑦 ↦→ 1e〉
while 𝑥 = 𝑦 do
𝑥 :≈ Ber (𝑝) #
𝑦 :≈ Ber (𝑝)

〈𝑥 ∼ Ber
( 1
2
)
〉

BoundedRank

Figure 4.5: Correctness proof for the von Neumann trick in pOL.

the rule of Conseqence. To see why the consequence holds, we can �rst apply the distributive

law of the outcome conjunction over the separating conjunction to obtain:

𝑥 ∼ Ber (𝑝) ∗ 𝑦 ∼ Ber (𝑝) =⇒
⊕

𝑋∼Ber(𝑝)

⊕
𝑌∼Ber(𝑝)

d𝑥 ↦→ 𝑋 ∗ 𝑦 ↦→ 𝑌 e

Now, we are going to fold the nested outcome conjunctions into a single Bernoulli distribution

by considering only the cases where 𝑋 = 𝑌 and 𝑋 ≠ 𝑌 . �e values of 𝑋 and 𝑌 di�er when 𝑋 = 0

and 𝑌 = 1 or vice versa, which both occur with probability 𝑝 (1−𝑝), therefore 𝑋 ≠ 𝑌 occurs with

probability 2𝑝 (1 − 𝑝). Furthermore, the probability that 𝑋 = 0 and 𝑋 = 1 are equal, conditioned

on the fact that 𝑋 ≠ 𝑌 , since both probabilities are 𝑝 (1− 𝑝). �erefore, the following implication

holds too.⊕
𝑋∼Ber(𝑝)

⊕
𝑌∼Ber(𝑝)

d𝑥 ↦→ 𝑋 ∗𝑦 ↦→ 𝑌 e =⇒
( ⊕
𝑋∼Ber( 12 )

d𝑥 ↦→ 𝑋 ∗𝑦 ↦→ ¬𝑋 e
)
⊕2𝑝 (1−𝑝) d𝑥 = 𝑦 ↦→ 1e

�e assertion above is exactly equivalent to the postcondition of the premise in the application

of BoundedRank in Figure 4.5. Accordingly, the �nal postcondition should be simply 𝜑0. In

Figure 4.5, we simpli�ed 𝜑0 by forge�ing the information about 𝑦 to obtain simply 𝑥 ∼ Ber
( 1
2
)
.
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4.5 RELATEDWORK

Weakest Pre-Expectations. Weakest pre-expectation transformers are calculi for reasoning

about probabilistic programs in terms of expected values [Morgan et al. 1996a]. �ey were in-

spired by propositional weakest precondition calculi [Dijkstra 1975, 1976], Probabilistic Proposi-

tional Dynamic Logic [Kozen 1983], and probabilistic predicate transformers [Jones 1990].

�e key idea is to de�newp : cmd p×exp → exp, which takes in a program𝐶 and a expression

𝑒 and returns an expression 𝑒′, which represents the expected value of 𝑒 a�er 𝐶 is executed. For

example, the expected value of 𝑥 + 𝑦 a�er executing 𝑥 :≈ unif ({1, 2, 3}) is derived below:

wp (𝑥 :≈ unif ({1, 2, 3}) , 𝑥 + 𝑦) = 1
3 · (1 + 𝑦) +

1
3 · (2 + 𝑦) +

1
3 · (3 + 𝑦) = 2 + 𝑦

�e traditional wp approach can only be used to reason about a single outcome at a time, unlike

pOLwhich can reason about many outcomes in tandem. However, reasoning about outcomes and

expectations are not mutually exclusive; Barthe et al. [2018, �eorem 1] showed how to embed

a wp calculus in a probabilistic program logic. A similar construction could be done in pOL.

In addition, Zhang et al. [2024] introduced a weakest hyper pre calculus, which can range over

multiple outcomes. Refer to Kaminski [2019] for a thorough overview of the wp technique.

Work onwp has intersected with almost sure termination analysis for probabilistic programs.

Some of that work uses martingales [Chakarov and Sankaranarayanan 2013] to show that pro-

grams terminate with �nite expected running time. More sophisticated techniques exist for al-

most sure termination too, which inspired the rules in this chapter [Kaminski 2019; McIver and

Morgan 2005; McIver et al. 2018].

Probabilistic Hoare Logics. Probabilistic Outcome Logic takes inspiration from prior pro-

gram logics such as Probabilistic Hoare Logic [den Hartog 2002; Corin and den Hartog 2006; den

Hartog 1999], VPHL [Rand and Zdancewic 2015], and Ellora [Barthe et al. 2018]. �ose logics

provide means to prove properties about the distributions of outcomes in probabilistic programs,
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to which we added the ability to reason about independence via separation logic, which increases

the compositionality and modularity of the proof system.

Couplings and Relational Proofs. An alternative strategy for verifying probabilistic pro-

grams is to relate the behavior of two probabilistic programs. Probabilistic Relational Hoare

Logic (pRHL) does so by li�ing a relation over deterministic states to a relation over distributions

of states [Barthe et al. 2009, 2015]. For example, the following speci�cation relates sampling from

a Bernoulli distribution to sampling from from a uniform distribution, which is witnessed by a

coupling in which a draw of 0 (resp. 1) in the �rst program corresponds to a draw of 1 (resp. 2)

in the second program with equal probability.

{true}
(
𝑥1 :≈ Ber

( 1
2
) ) ∼ (𝑥2 :≈ unif ({1, 2})) {𝑥1 = 𝑥2 − 1}

Refer to Hsu [2017] for a comprehensive introduction to probabilistic relational techniques.

Relational logics can be used for re�nement proofs, where one program is being veri�ed and

the other is the speci�cation [Gregersen et al. 2024a,b; Haselwarter et al. 2024]. It can sometimes

be easier to prove a relational property as compared to a unary one, so the re�nement approach

is useful as long as the speci�cation program is obviously correct. However, the downside of the

relational approach is that the sampling operations of the two programs have to be coupled in

lockstep, and so it is not so easy to prove correctness in cases where the distribution over desired

outcomes looks very di�erent from the structure of sampling operations in the program, as is the

case in the three-sided die (Section 4.1.2) and the von Neumann trick (Section 7.5.2).

�e Clutch logic somewhat mitigates the issue of lockstep execution by introducing a logi-

cal pre-sampling tape, which can be manipulated as part of the proof [Gregersen et al. 2024b].

However, that approach introduces additional complexity, whereas pOL can o�en more easily

establish a direct speci�cation. Bao et al. [2025] showed how relational probabilistic logics can

be combined with Probabilistic Separation Logic to bene�t from the features of both approaches.
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Probabilistic Separation Logic. �e idea of modeling separation using probabilistic indepen-

dence was �rst explored by Barthe et al. [2020], however the resulting Probabilistic Separation

Logic (PSL) had only limited abilities to reason about the program’s control �ow. Successors of

PSL such as DIBI [Bao et al. 2021], Lilac [Li et al. 2023], and Bluebell [Bao et al. 2025] included

additional modalities to reason about conditional independence, which improved handling of

control �ow. However, none of those logics support the Split1 and Split2 rules of pOL, which

are needed to reason about control �ow in a more general way.

Lilac supports reasoning about continuous probability, but not mutable state. �e Lilac rule

for reasoning about control �ow (H-If) essentially sequentializes the two branches of the if state-

ments to execute one a�er the other, which is only valid because all variables are immutable.

Bluebell has a spli�ing rule called c-wp-swap, however it requires ownership over all the pro-

gram variables, and therefore it is incompatible with the frame rule. By contrast, Split1 and

Split2 in Outcome Logic are fully compositional and can be used with Frame. Further, neither

Lilac nor Bluebell have unbounded loops, and so they cannot be used to reason about almost

surely terminating programs like we saw in Section 4.4.

Amaryllis was more recently introduced to support probabilistic separation in tandem with

more sophisticated types of resources such as dynamically allocatable memory, however it re-

quires �nitely supported distributions and therefore does not have the dcpo structure that would

be needed for unbounded looping [Lohse et al. 2026].

Relative Completeness and Expressivity. �e idea of relative completeness was �rst de-

veloped by Cook [1978] as a way to show that a program logic’s inference rules are su�cient

for reasoning about the structure of a program even if entailments in the underlying assertion

language are undecidable. Analogous results for probabilistic programs are more sparse.

�e �rst relative completeness proof for a probabilistic program logic was due to den Har-

tog [2002], however the programming language did not include loops, and so the metatheory is

substantially simpli�ed. Later, Barthe et al. [2018] and Zilberstein [2025] proved relative com-
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pleteness for logics with unbounded looping, but their logics are based on semantic assertions

and therefore the completeness proofs do not answer questions of what an expressive assertion

language would look like. Further, the derivations witnessed by those completeness proofs in-

volve existentially quantifying over the particular distribution that satis�es the precondition, and

therefore they do not mirror the style of derivation that would be used in practice.

Batz et al. [2021] developed an expressive assertion language for weakest pre-expectations,

but that language does not include the ability to reason aboutmultiple outcomes as pOL does. Ma-

jumdar and Sathiyanarayana [2025] showed that the loop rule of McIver et al. [2018] is complete

for proving almost sure termination; that result could play a role in a future relative completeness

proof for pOL.
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CHAPTER 5

DEMONIC OUTCOME LOGIC

Moving on from pOL, we now enter a domain of programs that are not only probabilistic, but also

display a second form of nondeterministic behavior, which is controlled by an adversary. Even-

tually, that adversarial behavior will be used to model a scheduler that chooses how to interleave

concurrent computation threads, but as we will see in this chapter, there are major challenges

even in a simpler se�ing where the nondeterminism arises from an explicit choice operator.

5.1 OVERVIEW

We begin by adding a new demonic choice operator to our programming language 𝐶1 &𝐶2, and

a nondeterministic assignment operator 𝑥 ← 𝑒 . Whereas in 𝐶1 ⊕𝑝 𝐶2 and 𝑥 :≈ 𝑑 (𝑒), each out-

come occurs with a precise probability, the new constructs are fundamentally di�erentWe cannot

reason about 𝐶1 & 𝐶2 and 𝑥 ← 𝑒 quantitatively, but rather can only guarantee correctness of a

program if the desired property holds even in the worst case.

In addition, the new demonic constructs have intricate interactions with probabilistic com-

mands. To demonstrate that interaction, we consider an example in which an adversary tries to

guess the outcome of a fair coin �ip. If the coin �ip happens before the adversary’s choice (below

on the le�), then the adversary can exactly guess the outcome of the coin �ip, since its value is

already stored in the variable 𝑥 . However, if the adversary chooses �rst (below on the right), then

𝑥 will be uniformly distributed no ma�er how the adversary picks.

𝑥 :≈ Ber ( 1
2
)
# 𝑦 ← {0, 1} 𝑦 ← {0, 1} # 𝑥 :≈ Ber ( 1

2
)

We need a semantic model and sound logical rules to capture the behavior described above. We

will now outline the challenges that arise in designing such a logical system.
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5.1.1 Semantics and Compositionality

Following the approach to program semantics outlined in Section 2.1, a monad for probabilis-

tic nondeterminism will allow us to easily de�ne semantics for our programs. However, it is

well known that the nondeterminism (powerset) monad (Example 2) does not compose with the

probability monad (De�nition 2.14) in a straightforward way [Varacca and Winskel 2006; Zwart

and Marsden 2019; Zwart 2020; Parlant 2020]. As a simple counterexample, let us examine two

di�erent parenthesizations of the program below [Varacca and Winskel 2006, §6.5].(
𝑥 :≈ Ber ( 1

2
)
# 𝑥 B 1

)
# 𝑦 ← {0, 1} 𝑥 :≈ Ber ( 1

2
)
#
(
𝑥 B 1 # 𝑦 ← {0, 1})

Suppose we now wanted to interpret both of the above programs using a naive composition

of the powerset and probability monads, where the operations unit 𝜂 : 𝑋 → 2D(𝑋 ) and Kleisli

composition (−)† : (𝑋 → 2D(𝑌 )) → 2D(𝑋 ) → 2D(𝑌 ) are de�ned below.

𝜂 (𝑥) = {𝛿𝑥 } 𝑓 †(𝑆) =


∑︁
𝑥∈supp(𝜇)

𝜇 (𝑥) · 𝜈𝑥

������ 𝜇 ∈ 𝑆, ∀𝑥 ∈ supp(𝜇) . 𝜈𝑥 ∈ 𝑓 (𝑥)


�at is, the unit 𝜂 simply returns a singleton set containing a point-mass distribution and the

Kleisli composition produces a set containing all of the distributions that could result from any

combination of demonic choices. It is also easy to see how to de�ne probabilistic and demonic

choice operators. A probabilistic choice 𝑆 ⊕𝑝 𝑇 is the set of convex combinations of demonically

chosen distributions from 𝑆 and 𝑇 , and a demonic choice 𝑆 &𝑇 is simply a union of the demonic

choices in 𝑆 and 𝑇 .

𝑆 ⊕𝑝 𝑇 =
{
𝜇 ⊕𝑝 𝜈 | 𝜇 ∈ 𝑆, 𝜈 ∈ 𝑇

}
𝑆 &𝑇 = 𝑆 ∪𝑇

However, the de�nitions above lead to non-compositional semantics. In the �rst variant of the

program above, the 𝑥 B 1 command completely erases the fact that a probabilistic choice had

occurred, and so the subsequent nondeterministic choice happens only once, meaning that 𝑦 is
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either 0 or 1 each with probability 1.�(
𝑥 :≈ Ber ( 1

2
)
# 𝑥 B 1

)
# 𝑦 ← {0, 1}� (𝑠)

= È𝑦 ← {0, 1}É† (�𝑥 :≈ Ber ( 1
2
)
# 𝑥 B 1

� (𝑠))
= È𝑦 ← {0, 1}É (𝑠 [𝑥 B 1])
=

{[
𝑠 [𝑥 B 1, 𝑦 B 0] ↦→ 1

]
,
[
𝑠 [𝑥 B 1, 𝑦 B 1] ↦→ 1

]}
However, in the second variant, the demonic choice is grouped with 𝑥 B 1, and the entire com-

posite command is executed once for each of the two outcomes of the Bernoulli distribution. �at

means that in the second program, the demonic choice can be resolved di�erently for each out-

come of the initial sampling operation, so there is an additional possibility that 𝑦 is 0 or 1 each

with probability 1
2 .�

𝑥 :≈ Ber ( 1
2
)
#
(
𝑥 B 1 # 𝑦 ← {0, 1})� (𝑠)

= È𝑥 B 1 # 𝑦 ← {0, 1}É† (�𝑥 :≈ Ber ( 1
2
)� (𝑠))

= È𝑥 B 1 # 𝑦 ← {0, 1}É†
({[

𝑠 [𝑥 B 0] ↦→ 1/2
𝑠 [𝑥 B 1] ↦→ 1/2

]})
=

{[
𝑠 [𝑥 B 1, 𝑦 B 0] ↦→ 1

]
,
[
𝑠 [𝑥 B 1, 𝑦 B 1] ↦→ 1

]
,

[
𝑠 [𝑥 B 1, 𝑦 B 0] ↦→ 1/2
𝑠 [𝑥 B 1, 𝑦 B 1] ↦→ 1/2

]}
Following from the counterexample above, sets of distributions do not constitute a monad since

the associative law (𝑓 † ◦ 𝑔)† = 𝑓 † ◦ 𝑔† is violated. More concerningly, associativity of sequential

composition𝐶1 # (𝐶2 #𝐶3) ≡ (𝐶1 #𝐶2) #𝐶3 does not hold and the Seq rule of pOL (and other Hoare-

like logics) is unsound, meaning that sequential programs cannot be analyzed compositionally.

However, compositionality can be restored by requiring the sets of distributions used to en-

code program semantics to be convex. A set 𝑆 ∈ 2D(𝑋 ) is convex if for any 𝜇, 𝜈 ∈ 𝑆 and 𝑝 ∈ [0, 1]
the convex combination 𝜇 ⊕𝑝 𝜈 is also contained in 𝑆 . In restricting to convex sets, it is no longer

valid to de�ne demonic choice as a simple union, since convex sets are not closed under union.

Instead, demonic choice becomes a convex union.

𝑆 &𝑇 =
⋃

𝑝∈[0,1]
𝑆 ⊕𝑝 𝑇
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Operationally, the convex union de�nition of demonic choice corresponds to an adversary that

can use coin �ips to make decisions. Instead of deterministically picking between two options,

the adversary can �ip a coin with any bias 𝑝 to make the choice. Of course, the adversary could

always choose 𝑝 = 0 or 𝑝 = 1 to make the choice deterministic, so the probabilistic adversary

is strictly a stronger threat model. Convexity solves the associativity program, since in both

variants of the previous program, 𝑦 can be 0 or 1 with any probability. �at is, we get:�(
𝑥 :≈ Ber ( 1

2
)
# 𝑥 B 1

)
# 𝑦 ← {0, 1}� (𝑠) = �

𝑥 :≈ Ber ( 1
2
)
#
(
𝑥 B 1 # 𝑦 ← {0, 1})� (𝑠)

=

{[
𝑠 [𝑥 B 1, 𝑦 B 0] ↦→ 𝑝
𝑠 [𝑥 B 1, 𝑦 B 1] ↦→ 1 − 𝑝

] ���� 𝑝 ∈ [0, 1]}
5.1.2 Demonic Outcome Logic

In Demonic Outcome Logic (dOL), we specify the probabilistic behavior of programs using the

same outcome assertions that we used in pOL. However, the demonic triple 〈𝜑〉𝐶 〈𝜓〉 has a subtly

di�erent meaning; since the denotation of 𝐶 is now a set of distributions, 𝜓 must model every

distribution in that set. �e handling of nondeterminism by universal quanti�cation over the

�nal distributions mirrors the way that nondeterminism is captured in standard Hoare Logic.

However, unlike Hoare Logic, the pre- and postconditions in dOL describe probabilistic be-

havior. So, disjunctions are not expressive enough for reasoning about nondeterminism. For

instance, d𝑦 ↦→ 0e ∨ d𝑦 ↦→ 1e is not a valid postcondition for the program 𝑦 ← {0, 1}; it is not
true that either 𝑦 ↦→ 0 with probability 1 or 𝑦 ↦→ 1 with probability 1, but rather rather the values

of 𝑦 may be distributed in some other way.

To account for the probabilistic scheduling behavior, we introduce a new& logical modality,

which is a nondeterministic analogue of the outcome conjunction. �e assertion &𝑋∈𝑆 𝜑 means

that there exists some distribution 𝜇 ∈ D(𝑆) such that
⊕

𝑋∼𝜇 𝜑 holds. We can use & to specify

the behavior of a demonic choice.

〈d𝑦 ↦→ −e〉 𝑦 ← {0, 1} 〈&𝑌∈{0,1} d𝑦 ↦→ 𝑌 e〉
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Since & is formulated with the same measure theoretic foundations as the outcome conjunction,

it can also be used to reason about independence, even if we do not know the precise probabilities

of each outcome. Returning to the variant of the coin �ip game where the adversary picks �rst

𝑦 ← {0, 1} #𝑥 :≈Ber ( 1
2
)
, we can use the Frame rule on the second command to conclude that the

coin �ip is probabilistically independent from 𝑦, a previously chosen demonic value.

〈d𝑥 ↦→ −e〉 𝑥 :≈ Ber ( 1
2
)
〈𝑥 ∼ Ber

( 1
2
)
〉

〈d𝑥 ↦→ −e ∗&𝑌∈{0,1} d𝑦 ↦→ 𝑌 e〉 𝑥 :≈ Ber ( 1
2
)
〈
(
𝑥 ∼ Ber

( 1
2
) ) ∗&𝑌∈{0,1} d𝑦 ↦→ 𝑌 e〉 Frame

Although we do not know the exact distribution over 𝑌 , the probabilistic independence property

means that we can apply a distributive law to obtain the following:(
𝑥 ∼ Ber

( 1
2
) ) ∗ &

𝑌∈{0,1}
d𝑦 ↦→ 𝑌 e =⇒ &

𝑌∈{0,1}

(
𝑥 ∼ Ber

( 1
2
) ) ∗ d𝑦 ↦→ 𝑌 e

=⇒ &
𝑌∈{0,1}

⊕
𝑋∼Ber( 12 )

d𝑥 ↦→ 𝑋 ∗ 𝑦 ↦→ 𝑌 e

So, for any �xed 𝑌 , 𝑋 is uniformly distributed. �at means that 𝑥 = 𝑦 with probability exactly 1
2 .

=⇒ &
𝑌∈{0,1}

⊕
𝑋∼Ber( 12 )

d(𝑥 = 𝑦) ↦→ 𝑋 e

Since the inner term does not depend on 𝑌 , we can remove the & to determine that 𝑥 = 𝑦 with

probability 1
2 , i.e., that the adversary cannot do any be�er than guessing the value of 𝑥 .

=⇒ (𝑥 = 𝑦) ∼ Ber
( 1
2
)

Modular reasoning with the Frame rule gives us an elegant way to specify the program above.

However the reversed program, where the �ip occurs before the demonic choice, is more complex.

5.1.3 The Pitfalls of Reasoning about Nondeterminism

When reasoning about nondeterminism in dOL, it is important to take into account the ways

in which the demonic adversary can inject correlations between the program variables. Let us

return to the previous speci�cation for a demonic choice.

〈d𝑦 ↦→ −e〉 𝑦 ← {0, 1} 〈&𝑌∈{0,1} d𝑦 ↦→ 𝑌 e〉
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�e triple above is valid in isolation, but it is not frame preserving. Indeed, applying the Frame rule

with 𝑥 ∼ Ber
( 1
2
)
would allow us to conclude that the demonically chosen 𝑦 is probabilistically

independent from a previously randomly sampled variable 𝑥 , which is not true according to the

program semantics since 𝑦 can be chosen based on the value of 𝑥 .

So, reasoning about nondeterminism requires a weaker triple. Although we just saw that the

weaker triple cannot support a Frame rule with independence guarantees, it can support a Frame

rule that only guarantees disjointness of state. To achieve that, we generalize the separating

conjunction𝜑∗𝑚𝜓 to be parameterized by amode𝑚 ∈ {w, s}, wherew stands forweak separation,

which does not imply independence, and s stands for strong separation and has the samemeaning

that we saw in Chapter 3. Strong is the default mode, so we will henceforth write ∗ to mean ∗s.
Triples are accordingly also parameterized by a mode, which indicates what kind of separating

conjunction can be used in the frame rule.

`𝑚 〈𝜑〉 𝐶 〈𝜓〉

`𝑚 〈𝜑 ∗𝑚 𝜗〉 𝐶 〈𝜓 ∗𝑚 𝜗〉
Frame

Although most rules are agnostic to the kind of frame preservation that is enabled, certain treat-

ments of nondeterminism require a weak triple, such as handling demonic choice.

`w 〈d𝑦 ↦→ −e〉 𝑦 ← {0, 1} 〈&𝑌∈{0,1} d𝑦 ↦→ 𝑌 e〉

Now, we can use the weak variant of the Frame rule to get a speci�cation for a random choice

followed by a demonic choice

`w 〈d𝑦 ↦→ −e〉 𝑦 ← {0, 1} 〈&𝑌∈{0,1} d𝑦 ↦→ 𝑌 e〉
`w 〈

(
𝑥 ∼ Ber

( 1
2
) ) ∗w d𝑦 ↦→ −e〉 𝑦 ← {0, 1} 〈 (

𝑥 ∼ Ber
( 1
2
) ) ∗w &𝑌∈{0,1} d𝑦 ↦→ 𝑌 e〉 Frame

Since 𝑥 and 𝑦 are stored in separate portions of memory, the demonic assignment to 𝑦 cannot

a�ect the way that 𝑥 is distributed. However, the scheduler can base its choice of 𝑦 on the dis-

tribution of values over 𝑥 , so 𝑥 and 𝑦 are not necessarily probabilistically independence. �at

intuition is exactly what is formally conveyed by the triple above.
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While it may seem inconvenient to have two universes of triples, the strong and weak triples

are compatible with each other, and there are rules to go between them. Unsurprisingly, any

strong triple can be converted into a weak triple. However, weak triples can also be strengthened

into strong triples as long as the postcondition is precise.

` 〈𝜑〉 𝐶 〈𝜓〉

`w 〈𝜑〉 𝐶 〈𝜓〉
Weaken

`w 〈𝜑〉 𝐶 〈𝜓〉 precise(𝜓 )
` 〈𝜑〉 𝐶 〈𝜓〉

Strengthen

Recall from De�nition 3.10 that a precise assertion is one where every measurable event has

an exact probability. Obviously, &𝑋∈{0,1} d𝑦 ↦→ 𝑌 e is not precise, since the probabilities of 𝑦

being 0 or 1 are existentially quanti�ed. Precision e�ectively removes the nondeterminism from

the postcondition 𝜓 , ensuring that it is probabilistically independent from the frame by limiting

the behavior of the adversary to one unique model. Some amount of nondeterminism may be

possible, but it is not measurable.

In the coin �ip game example, we can recover a strong triple by weakening the postcondition

from &𝑋∈{0,1} d𝑦 ↦→ 𝑌 e to d𝑦 ∈ {0, 1}e, which is precise since it is valid in any probability space

where d𝑦 ↦→ 1e and d𝑦 ↦→ 0e are not measurable, but d𝑦 ∈ {0, 1}e has probability exactly 1.

`w 〈d𝑦 ↦→ −e〉 𝑦 ← {0, 1} 〈&𝑌∈{0,1} d𝑦 ↦→ 𝑌 e〉
`w 〈d𝑦 ↦→ −e〉 𝑦 ← {0, 1} 〈d𝑦 ∈ {0, 1}e〉 Conseqence

` 〈d𝑦 ↦→ −e〉 𝑦 ← {0, 1} 〈d𝑦 ∈ {0, 1}e〉 Stengthen

` 〈 (
𝑥 ∼ Ber

( 1
2
) ) ∗ d𝑦 ↦→ −e〉 𝑦 ← {0, 1} 〈 (

𝑥 ∼ Ber
( 1
2
) ) ∗ d𝑦 ∈ {0, 1}e〉 Frame

Note that the speci�cation above does not imply that 𝑥 and 𝑦 are probabilistically independent;

since we only have almost-surely-true information about 𝑦, it is possible that it is correlated with

𝑥 in the concrete distribution of outcomes. �erefore, we cannot conclude anything about the

probability that 𝑥 = 𝑦, unlike in the case where the adversary picks �rst.

5.2 DENOTATIONAL SEMANTICS AND THE CONVEX POWERDOMAIN

�e addition of demonic choice to our logical system requires us to �rst adjust the syntax and

semantics of the underlying programming language. Figure 5.1 gives the syntax of the Probabilis-
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cmd pd 3 𝐶 F skip (No-op)

| 𝐶1 #𝐶2 (Sequential Composition)

| 𝐶1 ⊕𝑝 𝐶2 (Probabilistic Choice)

| 𝐶1 &𝐶2 (Demonic Choice)

| if 𝑏 then 𝐶1 else 𝐶2 (Conditional Branching)

| while 𝑏 do 𝐶 (Loops)

| 𝑎 (Basic Actions 𝑎 ∈ act )

act 3 𝑎 F 𝑥 B 𝑒 (Assignment)

| 𝑥 :≈ 𝑑 (𝑒) (Probabilistic Sampling)

| 𝑥 ← 𝑒 (Demonic Assignment)

Figure 5.1: Syntax of the Probabilistic Demonic Command Language (pdCL). The new additions
over pCL are highlighted in yellow. As before, tests𝑏 ∈ test and expressions 𝑒 ∈ exp are discussed
in Section 2.1.1 and distributions 𝑑 are from Figure 2.3

tic Demonic Command Language (pdCL), where the demonic choice commands from Section 5.1

have been added. We will de�ne denotational semantics for pdCL using a computational domain

with a monad and dcpo structure, as in Section 2.1. �at domain is fundamentally based on sets

of distributions 2D(Mem[𝑆]⊥) , but as we already saw in Section 5.1.1, simple sets of distributions

are not a monad on their own [Varacca and Winskel 2006], and therefore do not provide the

compositional properties that are needed to support the metatheory of a program logic.

5.2.1 The Convex Powerdomain

We now present the convex powerdomain, the underlying semantic structure that we will use to

represent probabilistic nondeterminism. We use a construction that is due to He et al. [1997] and

McIver and Morgan [2005]. To recover the monad structure, sets of distributions must be convex,

which intuitively means that they are closed under convex combinations of their elements.

De�nition 5.1 (Convex Sets). A set 𝑆 ⊆ D(𝑋 ) of distributions is convex if 𝜇 ∈ 𝑆 and 𝜈 ∈ 𝑆 implies

that 𝜇 ⊕𝑝 𝜈 ∈ 𝑆 for every 𝑝 ∈ [0, 1].

87



Additional restrictions are needed for the dcpo structure, so that loops have well de�ned

semantics. Sets of distributions are ordered using the Smyth [1978] order.

𝑆 vSmyth 𝑇 i� ∀𝜈 ∈ 𝑇 . ∃𝜇 ∈ 𝑆. 𝜇 vD 𝜈

We use the Smyth order because is models total correctness [Søndergaard and Sesto� 1992], and

therefore it will provide a foundation for establishing almost sure termination, as we did in pOL.

�e problem is that the Smyth order is not a partial order, since it is not antisymmetric. To make

the Smyth order antisymmetric, we must additionally require that the sets are up-closed.

De�nition 5.2 (Up-Closed and Down-Closed Sets). Given a poset 〈𝐴, ≤〉, a set 𝑆 ⊆ 𝐴 is up-closed

(resp. down-closed) if 𝑥 ∈ 𝑆 and 𝑥 ≤ 𝑦 implies that 𝑦 ∈ 𝑆 (resp. 𝑥 ∈ 𝑆 and 𝑦 ≤ 𝑥 implies that 𝑦 ∈ 𝑆).
�e up- and down-closures of an element 𝑥 ∈ 𝐴 are de�ned as follows:

↑𝑥 , {𝑦 ∈ 𝐴 | 𝑥 ≤ 𝑦} ↓𝑥 , {𝑦 ∈ 𝐴 | 𝑦 ≤ 𝑥}

As a convention if 〈𝐴, <〉 is a strict poset, then ↑𝑥 and ↓𝑥 do not contain 𝑥 . Closures extend to sets of

elements 𝑋 ⊆ 𝐴 as follows:

↑𝑋 ,
⋃
𝑥∈𝑋
↑𝑥 ↓𝑋 ,

⋃
𝑥∈𝑋
↓𝑥

�us, 𝑋 is up-closed (resp. down-closed) i� 𝑋 = ↑𝑋 (resp. 𝑋 = ↓𝑋 ).

Recall from Lemma 2.11 that 𝜇 vD 𝜈 implies that 𝜈 (⊥) ≤ 𝜇 (⊥), and so if 𝜇 (⊥) = 0, then 𝜇 is

already maximal. �erefore if 𝜇 (⊥) = 0, then ↑{𝜇} = {𝜇}, but if 𝜇 (⊥) > 0, then 𝜇 can be made

larger by reassigning probability mass from ⊥ to proper states, e.g., 𝛿⊥ vD 𝛿𝜎 . As a consequence,
↑{𝛿⊥} = D(Mem[𝑉 ]⊥), the set of all distributions. Up-closure means that we cannot be sure

whether a program truly diverges, or instead exhibits erratic nondeterministic behavior, which is

a common limitation of the Smyth powerdomain [Søndergaard and Sesto� 1992]. However, dOL

is concerned with proving almost sure termination of programs, so the loss of precision in the

semantics when nontermination might occur does not a�ect the accuracy of our logic.
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When restricting to up-closed sets, the Smyth order is equivalent to reverse subset inclusion,

i.e., 𝑆 vSmyth 𝑇 i� 𝑆 ⊇ 𝑇 . �at means that suprema are given by set intersection. Although

intersections of arbitrary sets of sets are always de�ned, we are interested only in nonempty sets.

Since nontermination is captured by ↑{𝛿⊥} = D(Mem[𝑉 ]⊥), an empty set of distributions has no

inherent meaning as a semantic object. �erefore, we need a way to guarantee that intersections

of directed sets are nonempty.

To guarantee nonemptiness, we add a �nal requirement that the sets of distributions must be

Cauchy closed, meaning that they are closed in the usual topological sense [McIver and Morgan

2005]. A subset of D(𝑋 ) is closed if it is closed in the product topology [0, 1]𝑋 , where [0, 1] has
the Euclidean topology. So closure means that a set 𝑆 contains all of its limit points.

As a consequence of Cauchy closure, the convex powerdomain cannot model unbounded

nondeterminism. More precisely, it is impossible to de�ne a primitive command 𝑥 B F, which

terminates and nondeterministically selects a value for 𝑥 from an in�nite set (such asN). Bounded

nondeterminism is typical a limitation, stemming from the impossibility proof of Apt and Plotkin

[1986]. Refer to McIver and Morgan [2005, p.335] for a more explicit discussion of how Cauchy

closure relates to bounded nondeterminism. We now have all the ingredients needed to de�ne

the convex powerdomain:

De�nition 5.3 (�e Convex Powerdomain).

C(𝑋 ) , {
𝑆 ⊆ D(𝑋⊥) | 𝑆 is nonempty, convex, Cauchy closed, and up-closed

}
As described previously, the various restrictions on C give it the required properties to serve

as a semantic domain, as outlined in Section 2.1.5. Convex powersets have a monad structure,

originally due to Jacobs [2008].

Lemma 5.4. �e structure

〈C, 𝜂, (−)†〉 is a monad, where the operations are de�ned as follows:

𝜂 (𝑥) , ↑{𝛿𝑥 } 𝑓 †(𝑆) ,


∑︁
𝑥∈supp(𝜇)

𝜇 (𝑥) · 𝜈𝑥
��� 𝜇 ∈ 𝑆,∀𝑥 ∈ supp(𝜇). 𝜈𝑥 ∈ 𝑓⊥(𝑥)
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Proof. See Appendices B.1 and B.2 of Zilberstein et al. [2025b]. �

As stated previously, elements in C are ordered with the Smyth [1978] order, which is equiva-

lent to reverse subset inclusion since elements of C are up-closed. We now prove that the convex

powerdomain is a dcpo.

�eorem 5.5. For any 𝑋 , 〈C(𝑋 ), vC〉 is a pointed dcpo, where:

𝑆 vC 𝑇 i� 𝑆 vSmyth 𝑇 i� 𝑆 ⊇ 𝑇

Proof. �e poset structure is immediate from the fact that
〈
2𝑌 , ⊇〉 is a poset for any 𝑌 . We now

show that any directed set has a supremum in C(𝑋 ). By Corollary 2 of Markowsky [1976], it

su�ces to show that any chain in C(𝑋 ) has a supremum. Consider such a chain:

𝑆0 ⊇ 𝑆1 ⊇ 𝑆2 ⊇ · · ·

We need to show that
⋂
𝑖 𝑆𝑖 ∈ C(𝑋 ). By Lemma B.4.4 of McIver and Morgan [2005], D(𝑋⊥) is

a compact topological space and by the de�nition of C, each 𝑆𝑖 is closed and nonempty. �ere-

fore, by the �nite intersection property,
⋂
𝑖 𝑆𝑖 is nonempty. It is well known that the remaining

properties (up-closure, convexity, and closedness) are preserved by set intersection.

�e bo�om of 〈C(𝑋 ), vC〉 is the set of all distributions ⊥C = D(𝑋⊥), which is trivially a

superset of any other element of C(𝑋 ), therefore C(𝑋 ) is pointed. �

Zilberstein et al. [2025b, Appendix B.3] showed that the Kleisli composition is Sco� continu-

ous in 〈C(𝑋 ), vC〉, therefore C satis�es all the properties needed to give semantics to programs

according to the approach in Section 2.1.5.

5.2.2 Denotational Semantics

�e convex powerdomain semantics for pdCL is shown in Figure 5.2. Like pCL, the semantics is

based on the standard model from Figure 2.2 for all the deterministic commands.

�e semantics of the probabilistic choice 𝐶1 ⊕𝑒 𝐶2 and nondeterministic choice 𝐶1 &𝐶2 com-

mands rely on new operators on the convex powerdomain. A probabilistic choice 𝑆 ⊕𝑝𝑇 between
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ÈskipÉC (𝜎) , 𝜂 (𝜎)
È𝐶1 #𝐶2ÉC (𝜎) , È𝐶2É†C

(È𝐶1ÉC (𝜎)
)

È𝐶1 ⊕𝑒 𝐶2ÉC (𝜎) , È𝐶1ÉC (𝜎) ⊕È𝑒Éexp (𝜎) È𝐶2ÉC (𝜎)
È𝐶1 &𝐶2ÉC (𝜎) , È𝐶1ÉC (𝜎) & È𝐶2ÉC (𝜎)

Èif 𝑏 then 𝐶1 else 𝐶2ÉD (𝜎) ,
{ È𝐶1ÉC (𝜎) if È𝑏Étest (𝜎) = 1
È𝐶2ÉC (𝜎) if È𝑏Étest (𝜎) = 0

Èwhile 𝑏 do 𝐶ÉC (𝜎) , lfp
(
Φ〈𝐶,𝑏〉

) (𝜎)
È𝑥 B 𝑒ÉC (𝜎) , 𝜂

(
𝜎 [𝑥 B È𝑒Éexp (𝜎)]

)
È𝑥 :≈ 𝑑 (𝑒)ÉC (𝜎) ,

{ ∑︁
𝑣∈Val

𝑑
(
È𝑒Éexp (𝜎)

)
(𝑣) · 𝛿𝜎 [𝑥B𝑣]

}
È𝑥 ← 𝑒ÉC (𝜎) , &

𝑣∈È𝑒Éexp (𝜎)
𝜂 (𝜎 [𝑥 B 𝑣])

Figure 5.2: Denotational semantics È−ÉC : cmd pd → Mem[𝑉 ] → C(Mem[𝑉 ]) of pdCL. The
semantics of standard commands carry over from Figure 2.2.

𝑆 and 𝑇 is the set of all distributions obtained by a convex combination 𝜇 ⊕𝑝 𝜈 for any 𝜇 ∈ 𝑆 and

𝜈 ∈ 𝑇 . Similarly, a nondeterministic choice 𝑆 &𝑇 is the union of all probabilistic choices 𝑆 ⊕𝑝 𝑇
for all 𝑝 ∈ [0, 1], which corresponds to the intuition that the scheduler is probabilistic.

𝑆 ⊕𝑝 𝑇 ,
{
𝜇 ⊕𝑝 𝜈 | 𝜇 ∈ 𝑆, 𝜈 ∈ 𝑇

}
𝑆 &𝑇 ,

⋃
𝑝∈[0,1]

𝑆 ⊕𝑝 𝑇

Indexed nondeterministic choices &𝑖∈𝐼 𝑆𝑖 are also de�ned. If the index set is �nite, i.e., there is

an 𝑛 ∈ N such that 𝐼 = {𝑖1, . . . , 𝑖𝑛}, then the nondeterministic choice is simply given by iterating

binary choices &𝑖∈𝐼 𝑆𝑖 , 𝑆𝑖1 & · · · & 𝑆𝑖𝑛 . If 𝐼 is in�nite, then &𝑖∈𝐼 𝑆𝑖 , ⊥C . Refer to McIver and

Morgan [2005, p.336] for more information on why the convex closure of an in�nite union must

be equal to ⊥C . For integer limits ℓ and ℎ, we also write &ℎ
𝑖=ℓ 𝑆𝑖 to mean &𝑖∈{ℓ,...,ℎ} 𝑆𝑖 .

�e semantics of sampling commands 𝑥 :≈ 𝑑 (𝑒) is a singleton set containing a distribution

where 𝑥 is updated to the various possible values of 𝑑 (𝑒). �e semantics of nondeterministic

assignment 𝑥 ← 𝑒 is given by an indexed nondeterministic choice.
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Although the semantics of the probabilistic commands 𝐶1 ⊕𝑒 𝐶2 and 𝑥 :≈ 𝑑 (𝑒) are de�ned

slightly di�erently in pdCL compared to pCL (Figure 2.4), the intuitive meaning is e�ectively the

same. We show that pdCL is an extension of pCL with the following theorem, which states that

the pdCL semantics of a program 𝐶 is the upward closure of its pCL semantics.

�eorem 5.6 (pdCL and pCL semantics). For any program𝐶 ∈ cmd p and memory 𝜎 ∈ Mem[𝑉 ]:
È𝐶ÉC (𝜎) = ↑È𝐶ÉD (𝜎)

Proof. By induction on the structure of 𝐶 . �e cases for skip, 𝐶1 ⊕𝑒 𝐶2, if 𝑏 then 𝐶1 else 𝐶2,

𝑥 B 𝑒 , and 𝑥 :≈ 𝑑 (𝑒) follow from the semantic de�nitions and the induction hypothesis. For

𝐶1 # 𝐶2, we additionally need that ↑𝑓 †(𝜇) = (↑𝑓 )†(↑𝜇) for all 𝑓 : Mem[𝑉 ] → D(Mem[𝑉 ]) and
𝜇 ∈ D(Mem[𝑉 ]), where (↑𝑓 ) (𝑥) = ↑(𝑓 (𝑥)). Expanding the de�nitions, we must show that:

↑©­«
∑︁

𝜎∈supp(𝜇)
𝜇 (𝜎) · 𝑓⊥(𝜎)ª®¬ =


∑︁

𝜎∈supp(𝜈)
𝜈 (𝜎) · 𝜉𝜎

������ 𝜈 ∈ ↑𝜇, ∀𝜎. 𝜉𝜎 ∈ ↑𝑓⊥(𝜎)


�at equality clearly holds since the Kleisli composition on the right produces an element of

C(Mem[𝑉 ]), which is up-closed by de�nition, and therefore both the le� and right hand side are

up-closed sets generated from the single element
∑
𝜎∈supp(𝜇) 𝜇 (𝜎) · 𝑓⊥(𝜎).

For while loops, we need to show that up-closure commutes with supremum, i.e., ↑sup𝐷 =⋂
𝜇∈𝐷 ↑𝜇 for any directed set 𝐷 ⊆ D(Mem[𝑉 ]). We show the inclusion in both directions. First,

suppose that 𝜈 ∈ ↑sup𝐷 , which means that sup𝐷 vD 𝜈 . Since sup𝐷 is an upper bound of 𝐷 ,

then 𝜇 vD sup𝐷 vD 𝜈 for all 𝜇 ∈ 𝐷 , and therefore 𝜈 ∈ ↑𝜇 for all 𝜇 ∈ 𝐷 , so 𝜈 ∈ ⋂
𝜇∈𝐷 ↑𝜇. For

the reverse inclusion, suppose that 𝜈 ∈ ⋂
𝜇∈𝐷 ↑𝜇, which means that 𝜇 vD 𝜈 for all 𝜇 ∈ 𝐷 . So, 𝜈 is

an upper bound of 𝐷 , which means it must be greater than the least upper bound: sup𝐷 vD 𝜈 ,

which means that 𝜈 ∈ ↑sup𝐷 . �

Recall that the upward closure operation does not add anything to the semantics of termi-

nating programs where È𝐶ÉD (𝜎) (⊥) = 0. �erefore, if𝐶 almost surely terminates starting from

state 𝜎 , we can simplify �eorem 5.6 to simply say that the pdCL semantics is a singleton set

containing the pCL semantics È𝐶ÉC (𝜎) =
{È𝐶ÉD (𝜎)}.
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𝜑 F > (True)

| ⊥ (False)

| 𝜑 ∧𝜓 (Conjunction)

| 𝜑 ∨𝜓 (Disjunction)

| ∃𝑋 . 𝜑 (Existential �anti�cation)

| 𝜑 ∗𝑚 𝜓 (Separating Conjunction)

|
⊕
𝑋∼𝑑 (𝐸)

𝜑 (Outcome Conjunction)

| &
𝑋∈𝐸

𝜑 (Demonic Outcome Conjunction)

| d𝑃e (Almost Sure Assertion)

Figure 5.3: Outcome Assertion syntax extended with demonic constructs, where𝑚 ∈ {s,w}.

5.3 DEMONIC OUTCOME ASSERTIONS

In order to reason explicitly about nondeterminism, we need to augment the outcome assertions

that were �rst introduced in Chapter 3. �e new additions to the outcome assertion syntax are

shown in Figure 5.3. �e �rst new construct is the weak separating conjunction 𝜑 ∗w 𝜓 , which
requires that the variables referenced in 𝜑 and𝜓 are disjoint, but allows probabilistic correlation

between them. �e second addition is the demonic outcome conjunction&𝑋∈𝐸 𝜑 , where 𝐸 indexes

the support of the distribution of outcomes, but does not specify the likelihood of each outcome.

Demonic outcome assertions are modeled similarly to standard outcome assertions. An asser-

tion 𝜑 is satis�ed by a pair of a logical variable context Γ : LVar → Val and probability space P,
i.e., Γ,P � 𝜑 . In fact, the de�nition of the satisfaction relation � is carries over from Figure 3.2 for

all but the two new syntactic constructs. In the following sections, we will describe the semantics

of the two new assertions, and provide new entailment laws for reasoning about them.
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5.3.1 Weak Separation

Rather than de�ning weak separation as a new logical operator, we generalize the separating

conjunction to be parameterized by a mode 𝑚 ∈ {s,w}. Strong separation (mode s) is the in-

terpretation of separation from Chapter 3 that requires probabilistic independence and separation

of variables, whereas weak separation (mode w) does not require independence, and only sepa-

rates the variables. As we explained in Section 5.1, weak separation is needed when reasoning

about nondeterministic outcomes leaves us in a scenario where strong frame preservation does

not hold. Semantically, the di�erence is captured by the combinator operation �𝑚 , with strong

separation using an independent product and weak separation including all probability spaces P,
which marginalize to the two operands.

P1 �s P2 , {P1 ⊗ P2} P1 �w P2 , {P | P1 = 𝜋𝑈 (P),P2 = 𝜋𝑉 (P)}

where ΩP1 = Mem[𝑈 ] and ΩP2 = Mem[𝑉 ] and 𝑈 ∩𝑉 = ∅. Using the new �𝑚 operator, we can

de�ne semantics for the generalized separating conjunction.

Γ,P � 𝜑 ∗𝑚 𝜓 i� P′ � P and Γ,P1 � 𝜑 and Γ,P2 � 𝜓
for some P1,P2, and P′ ∈ P1 �𝑚 P2

Since P1 �s P2 is the singleton set {P1 ⊗ P2}, 𝜑 ∗s 𝜓 has the exact same meaning as 𝜑 ∗𝜓 from

Chapter 3. Strong separation will be used more commonly, so we will drop the subscript there

and write ∗ to mean ∗s. In addition, P1 �s P2 ⊆ P1 �w P2, which immediately gives us that

𝜑 ∗s 𝜓 ⇒ 𝜑 ∗w 𝜓 , motivating the strong vs. weak nomenclature.

5.3.2 Nondeterministic Outcome Conjunctions

�e semantics of the nondeterministic outcome conjunction & is de�ned by existentially quan-

tifying the distribution in the de�nition of the standard outcome conjunction
⊕

.

Γ,P �&
𝑋∈𝐸

𝜑 i� Γ,P �
⊕
𝑋∼𝜇

𝜑 for some 𝜇 ∈ D
(
È𝐸ÉLExp (Γ)

)
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d𝑃e ∗ 𝜑 a` d𝑃e ∗w 𝜑 𝜑 ∗w 𝜓 ` 𝜑 ∗𝜓
𝜑 ` 𝜑′ 𝜓 ` 𝜓 ′
𝜑 ∗𝑚 𝜓 ` 𝜑′ ∗𝑚 𝜓 ′

𝜑 ` 𝜓
&𝑋∈𝐸 𝜑 `&𝑋∈𝐸𝜓

𝑌 ∉ vars(𝜑)
&𝑋∈𝐸 𝜑 `&𝑌∈𝐸 𝜑 [𝑌/𝑋 ]

dsupp(𝑑 (𝐸)) ⊆ 𝐸′e⊕
𝑋∼𝑑 (𝐸) 𝜑 `&𝑋∈𝐸 ′ 𝜑

&𝑋∈{𝐸} 𝜑 a` 𝜑 [𝐸/𝑋 ]

𝑋 ∉ vars(𝜓 )
(&𝑋∈𝐸 𝜑) ∗𝜓 `&𝑋∈𝐸 (𝜑 ∗𝜓 )

𝑋 ∉ vars(𝜓 ) precise(𝜓 )
&𝑋∼𝑑 (𝐸) (𝜑 ∗𝜓 ) ` (&𝑋∼𝑑 (𝐸) 𝜑) ∗𝜓

𝑋 ∉ vars(𝜓 ) convex(𝜓 )
&𝑋∈𝐸 (𝜑 ∗w 𝜓 ) ` (&𝑋∈𝐸 𝜑) ∗w 𝜓

𝑋 ∉ vars(𝜑) convex(𝜑)
&𝑋∼𝑑 (𝐸) 𝜑 ` 𝜑

Figure 5.4: Selected entailment laws with new assertions for nondeterministic reasoning.

5.3.3 Entailment Laws

Since the assertions that we have introduced are a conservative extension of the ones from Chap-

ter 3, all of the entailment laws from Figure 3.3 carry over. We now present additional entailment

laws relating to weak separation and nondeterministic outcome conjunctions.

First, we note that the new constructs are not precise (De�nition 3.10), since they do not

dictate the probabilities of all measurable events. However, they are both convex (De�nition 3.11),

similarly to how their probabilistic analogues are precise.

convex(𝜑,𝜓 )
convex(𝜑 ∗w 𝜓 )

convex(𝜑) 𝜑 ⇒ d𝑒 ↦→ 𝑋 e
convex(&𝑋∈𝐸 𝜑)

New entailment laws are shown in Figure 5.4, which highlight the di�erences between the strong

and weak separating conjunctions and the standard and nondeterministic outcome conjunctions.

First, the meaning of the strong and weak separating conjunctions are identical when one of

the conjuncts is a pure assertion d𝑃e, since pure assertions give vacuous independence guarantees
(recall Section 3.1.3). In addition, strong separation can always be weakened to weak separation.

Just as before, weakening can be applied under both weak and strong separating conjunctions,

so the third rule is a generalized version of the one in Figure 3.3.
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Nondeterministic separating conjunctions have similar properties to standard ones. Weaken-

ing applies under the modality, and the bound variable can be 𝛼-renamed. In addition, outcome

conjunctions can be weakened to nondeterministic outcome conjunctions, that range over a su-

perset of the support of the original outcome conjunction. We let supp be de�ned as follows:

supp(Ber (𝐸)) ,

{0, 1} if 0 < 𝐸 < 1
{0} if 𝐸 = 0
{1} if 𝐸 = 1

supp(geo (𝐸)) , N supp(unif (𝐸)) , 𝐸

A nondeterministic outcome conjunction over a singleton set {𝐸} is equivalent to the a single

outcome 𝜑 [𝐸/𝑋 ] with 𝐸 substituted for 𝑋 .

Terms can only distribute into outcome conjunctions if they are joined with a strong separat-

ing conjunction. Since weak separation does not preclude correlation, the implication below is

invalid. On the le� side, it is possible that 𝑥 = 𝑦, since both are distributed in the same way and

are not necessarily independent. However, on the right side, that distribution is precluded.( ⊕
𝑋∼Ber( 12 )

d𝑥 ↦→ 𝑋 e
)
∗w

( ⊕
𝑌∼Ber( 12 )

d𝑦 ↦→ 𝑌 e
)

6=⇒
⊕

𝑋∼Ber( 12 )

⊕
𝑌∼Ber( 12 )

d𝑥 ↦→ 𝑋 e ∗w d𝑦 ↦→ 𝑌 e

As before, a term 𝜓 joined with a strong separating conjunction can be factored outside of a

nondeterministic outcome conjunction as long as𝜓 is precise. If𝜓 is instead joined with a weak

separating conjunction, then it only needs to be convex in order to be factored out. Finally,

nondeterministic outcome conjunctions over a convex assertion 𝜑 can be folded into a single

assertion 𝜑 as long as the bound variable 𝑋 is not free in 𝜑 .

5.4 DEMONIC OUTCOME LOGIC

We now present Demonic Outcome Logic (dOL), an extension of pOL for reasoning about pro-

grams that are both probabilistic and nondeterministic. In dOL, nondeterminism is treated de-

monically, meaning that the postcondition holds regardless of how the adversarial nondetermin-

ism is resolved in the program execution. �ere are two key di�erences in the de�nition of validity

of dOL triples compared to pOL triples. First, the program semantics is interpreted in the convex
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powerdomain rather than individual probability distributions. So, a universal quanti�er is used

to state that every distribution in the convex set of results satis�es the postcondition. �e second

di�erence is that the frame preservation property is now parameterized by a mode𝑚 ∈ {s,w}.

De�nition 5.7 (Demonic Outcome Triples). �dOL𝑚 〈𝜑〉𝐶 〈𝜓〉 i� for any Γ, 𝜇, and probability spaces

P, P𝐹 , and P′ ∈ P �𝑚 P𝐹 such that P′ � 𝜇 and Γ,P � 𝜑 , then:

∀𝜈 ∈ È𝐶É†C (𝜇). ∃Q, Q′ ∈ Q �𝑚 P𝐹 . Q′ � 𝜈 and Γ,Q � 𝜓

Despite the di�erences between pOL and dOL, the meanings of two logics coincide when we

restrict dOL to pCL programs (which do not have any nondeterministic constructs).

�eorem 5.8. dOL is a conservative extension of pOL. �at is, for any pCL program 𝐶 ∈ cmd p:

�dOLs 〈𝜑〉 𝐶 〈𝜓〉 i� �pOL 〈𝜑〉 𝐶 〈𝜓〉

Proof. With the mode specialized to s, �dOLs 〈𝜑〉 𝐶 〈𝜓〉 is de�nitionally equivalent to:

∀Γ, 𝜇,P,P𝐹 . P ⊗ P𝐹 � 𝜇 ∧ Γ,P � 𝜑 =⇒ ∀𝜈 ∈ È𝐶É†C (𝜇). ∃Q . Q ⊗ P𝐹 � 𝜈 ∧ Γ,Q � 𝜓

By �eorem 5.6, the above is equivalent to:

∀Γ, 𝜇,P,P𝐹 . P ⊗ P𝐹 � 𝜇 ∧ Γ,P � 𝜑 =⇒ ∀𝜈 ∈ ↑È𝐶É†D (𝜇). ∃Q . Q ⊗ P𝐹 � 𝜈 ∧ Γ,Q � 𝜓

Since Q ⊗ P𝐹 � 𝜈 , then 𝜈 (⊥) = 0 for any 𝜈 ∈ ↑È𝐶É†D (𝜇). �erefore, the upward closure must

not add anything and therefore it is a singleton set: ↑È𝐶É†D (𝜇) =
{
È𝐶É†D (𝜇)

}
. We can therefore

rewrite the formula above to be the exact de�nition of a pOL triple �pOL 〈𝜑〉 𝐶 〈𝜓〉.

∀Γ, 𝜇,P,P𝐹 . P ⊗ P𝐹 � 𝜇 ∧ Γ,P � 𝜑 =⇒ ∃Q . Q ⊗ P𝐹 � È𝐶É†D (𝜇) ∧ Γ,Q � 𝜓 �

�eorem 5.8 essentially implies that all of the inference rules from pOL carry over the dOL,

albeit with the additional mode parameter. Of course, additional rules will be needed to reason

about nondeterministic program constructs. We now present the proof rules of dOL and we

will discuss soundness in Section 7.4. For the remainder of the chapter, we will omit the dOL
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`𝑚 〈𝜑〉 skip 〈𝜑〉
Skip

`𝑚 〈𝜑〉 𝐶1 〈𝜗〉 `𝑚 〈𝜗〉 𝐶2 〈𝜓〉

`𝑚 〈𝜑〉 𝐶1 #𝐶2 〈𝜓〉
Seq

`𝑚 〈𝜑〉 𝐶1 〈𝜓1〉 `𝑚 〈𝜑〉 𝐶2 〈𝜓2〉 𝜑 ⇒ d𝑒 ↦→ 𝐸e 𝜓1 ⇒ d𝑒′ ↦→ 1e 𝜓2 ⇒ d𝑒′ ↦→ 0e
`𝑚 〈𝜑〉 𝐶1 ⊕𝑒 𝐶2 〈𝜓1 ⊕𝐸 𝜓2〉

Prob

𝜑 ⇒ d𝑏 ↦→ 1e `𝑚 〈𝜑〉 𝐶1 〈𝜓〉

`𝑚 〈𝜑〉 if 𝑏 then 𝐶1 else 𝐶2 〈𝜓〉
IfT

𝜑 ⇒ d𝑏 ↦→ 0e `𝑚 〈𝜑〉 𝐶2 〈𝜓〉

`𝑚 〈𝜑〉 if 𝑏 then 𝐶1 else 𝐶2 〈𝜓〉
IfF

𝜑 ⇒ d𝑒 ↦→ 𝐸e ∧ (𝜓 ∗ own(𝑥))
`𝑚 〈𝜑〉 𝑥 B 𝑒 〈d𝑥 ↦→ 𝐸e ∗𝜓〉 Assign

𝜑 ⇒ d𝑒 ↦→ 𝐸e ∧ (𝜓 ∗ own(𝑥))
`𝑚 〈𝜑〉 𝑥 :≈ 𝑑 (𝑒) 〈(𝑥 ∼ 𝑑 (𝐸)) ∗𝜓〉Samp

𝜑′⇒ 𝜑 `𝑚 〈𝜑〉 𝐶 〈𝜓〉 𝜓 ⇒ 𝜓 ′

`𝑚 〈𝜑′〉 𝐶 〈𝜓 ′〉
Conseqence

`𝑚 〈𝜑〉 𝐶 〈𝜓〉 𝜓 ⇒ d𝑒 ↦→ 𝑋 e
`𝑚 〈

⊕
𝑋∼𝑑 (𝐸)

𝜑〉 𝐶 〈
⊕
𝑋∼𝑑 (𝐸)

𝜓〉
Split1

`𝑚 〈𝜑〉 𝐶 〈𝜓〉 convex(𝜓 ) 𝑋 ∉ vars(𝜓 )
`𝑚 〈

⊕
𝑋∼𝑑 (𝐸)

𝜑〉 𝐶 〈𝜓〉
Split2

Figure 5.5: Inference rules that carry over to dOL from pOL.

superscript and simply write �𝑚 〈𝜑〉 𝐶 〈𝜓〉 to denote validity of a dOL triple. When𝑚 = s, we

will also omit the subscript and simply write � 〈𝜑〉 𝐶 〈𝜓〉.

�e carryover rules from pOL are shown in Figure 5.5. �e only di�erence between the new

rules compared to the versions from Figure 4.1 is that the mode must match between the premises

and the conclusion. Refer to Section 4.3 for an in depth description of the rules.

5.4.1 The Frame Rule

�e Frame rule of dOL, shown in Figure 5.6, di�ers somewhat from that of pOL in that the type

of separation between the local state and the frame is dictated by the triple’s mode. �e triple’s

mode can be altered with strengthening and weakening rules, also shown in Figure 5.6.

A strong triple can be weakened using Weaken, so that it only supports framing with sepa-
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`𝑚 〈𝜑〉 𝐶 〈𝜓〉

`𝑚 〈𝜑 ∗𝑚 𝜗〉 𝐶 〈𝜓 ∗𝑚 𝜗〉
Frame

` 〈𝜑〉 𝐶 〈𝜓〉

`w 〈𝜑〉 𝐶 〈𝜓〉
Weaken

`w 〈𝜑〉 𝐶 〈𝜓〉 precise(𝜓 )
` 〈𝜑〉 𝐶 〈𝜓〉

Strengthen

Figure 5.6: Framing rules for dOL.

ration of state and does not guarantee that the program 𝐶 preserves probabilistic independence

between the local variables and the rest of the global state. Going in the opposite direction via the

Strengthen rule additionally requires that the postcondition 𝜓 is precise. If 𝜓 is precise, then

any nondeterminism in the command 𝐶 is not measurable, and therefore the demonic adversary

cannot induce any measurable correlation, allowing us to reenable the strong frame rule.

5.4.2 Nondeterminism Rules

�e next set of new rules for dOL pertain to reasoning about nondeterminism, shown in Fig-

ure 5.7. Aswe already saw in Section 5.1.3, reasoning about nondeterminism is somewhat fraught,

and care must be taken to design sound rules. For that reason, the rules for analyzing nondeter-

ministic choice 𝐶1 & 𝐶2 and nondeterministic assignment 𝑥 ← 𝑒 di�er from their probabilistic

counterparts (𝐶1 ⊕𝑒 𝐶2 and 𝑥 :≈ 𝑑 (𝑒)) in two key ways. First, they require the resulting triples to

only be weakly frame preserving, since the demonic adversary could induce a correlation with

the rest of the global memory. Refer to Section 5.1.3 for a concrete example of induced correlation.

�e second change is that the preconditionmust be a single pure assertion d𝑃e. �e restriction

on the precondition ensures that the sequencing of probabilistic and nondeterministic choices are

respected, so that if the precondition already represents a distribution of outcomes, then Split1

or Split2 must �rst be used to apply the inference about the nondeterministic choice to each
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`w 〈d𝑃e〉 𝐶1 〈𝜓〉 `w 〈d𝑃e〉 𝐶2 〈𝜓〉 convex(𝜓 )
`w 〈d𝑃e〉 𝐶1 &𝐶2 〈𝜓〉

Nondet

d𝑃e ⇒ d𝑒 ↦→ 𝐸e ∧ (𝑄 ∗ down(𝑥)e) finite(𝐸)
`w 〈d𝑃e〉 𝑥 ← 𝑒 〈&𝑋∈𝐸 d𝑄 ∗ 𝑥 ↦→ 𝑋 e〉 NAssign

`𝑚 〈𝜑〉 𝐶 〈𝜓〉 𝜓 ⇒ d𝑒 ↦→ 𝑋 e
`𝑚 〈&

𝑋∈𝐸
𝜑〉 𝐶 〈&

𝑋∈𝐸
𝜓〉

NSplit1
`𝑚 〈𝜑〉 𝐶 〈𝜓〉 convex(𝜓 ) 𝑋 ∉ vars(𝜓 )

`𝑚 〈&
𝑋∈𝐸

𝜑〉 𝐶 〈𝜓〉
NSplit2

`w 〈&𝑋∈𝐸 d𝑃e〉 𝐶 〈𝜓〉 d𝑃e ⇒ 𝑒 ↦→ 𝑋

`w 〈d∃𝑋 ∈ 𝐸. 𝑃e〉 𝐶 〈𝜓〉
Exists

Figure 5.7: dOL rules for reasoning about nondeterminism.

outcome, such as in the example below:

`w 〈d𝑥 ↦→ 𝑋 e〉 𝑦 ← {0, 1} 〈&𝑌∈{0,1} d𝑥 ↦→ 𝑋 ∗ 𝑦 ↦→ 𝑌 e〉 NAssign

`w 〈
⊕

𝑋∼Ber( 12 ) d𝑥 ↦→ 𝑋 e〉 𝑦 ← {0, 1} 〈⊕𝑋∼Ber( 12 )&𝑌∈{0,1} d𝑥 ↦→ 𝑋 ∗ 𝑦 ↦→ 𝑌 e〉 Split1

Here, the & ends up nested inside of the
⊕

, re�ecting the fact that the probabilistic choice hap-

pened �rst, and that the nondeterministic selection occurs for each �xed probabilistic outcome.

�e Nondet rule additionally requires that the postcondition is convex, since in reality, it may

not be a single state that satis�es d𝑃e, but rather a distribution of states. In addition requires

that the the expression 𝐸 constitutes a �nite set of values in line with the �nite nondeterminism

restriction of the convex powerdomain.

Recall from the previous section that weak triples can be converted to strong triples as long

as the postcondition is precise. Since all pure assertions are precise, we can derive the following

inference rule that produces a strong triple for nondeterministic assignment.

finite(𝐸)
` 〈d𝑥 ↦→ −e〉 𝑥 ← 𝐸 〈d𝑥 ∈ 𝐸e〉
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In Section 5.5, we will see more involved ways in which Strengthen is applied a�er a longer

sequence of steps.

Next, the NSplit1 and NSplit2 enable case analysis on nonderministic outcomes. �ese two

rules mirror their probabilistic counterparts (Split1 and Split2), which were explained in Sec-

tion 4.3.2. �e spli�ing rules do not require triples to be weakly frame preserving.

�e �nal rule, Exists, pertains to moving between representations of nondeterminism. In-

deed, at �rst glance the assertions &𝑋∈𝐸 d𝑃e and d∃𝑋 ∈ 𝐸. 𝑃e may appear to be expressing the

same thing, but in the former assertion the di�erent outcomes are measurable (even if the prob-

abilities are not known), whereas in the la�er the outcomes are not necessarily measurable. As a

result, the assertions below have very di�erent meaning:(
&𝑋∈𝐸 d𝑥 ↦→ 𝑋 e

)
∗

(
𝑦 ∼ Ber

( 1
2
) ) d∃𝑋 ∈ 𝐸. 𝑥 ↦→ 𝑋 e ∗

(
𝑦 ∼ Ber

( 1
2
) )

Although neither assertions dictates the probability of 𝑥 taking on various values, the assertion

on the le� stipulates that 𝑥 and 𝑦 are probabilistically independent, whereas 𝑥 and 𝑦 may be

correlated according to the assertion on the right. �e problem is that, even with a precondition

of d∃𝑋 ∈ 𝐸. 𝑃e, we may need to do case analysis on the values of the bound variable 𝑋 , for

example, when the control �ow of the program depends on 𝑋 .

�e Exists rule allows us to move between the &𝑋∈𝐸 d𝑃e and d∃𝑋 ∈ 𝐸. 𝑃e representations in
the precondition of a triple, so that we can then use NSplit1 or NSplit2 to do case analysis on

the variable 𝑋 . �e conversion is only valid under weak frame preservation, since the premise of

the rule does not require 𝑋 to be independent of external global state when joined with a strong

separating conjunction, whereas the premise does require independence.

5.4.3 Loops and Almost Sure Termination

Recall that in pOL, the BoundedRank rule allowed us to prove almost sure termination for a

loop given a loop invariant 𝜑 and a bounded integer rank ℓ ≤ 𝑅 ≤ ℎ such that the rank strictly

decreases on each iteration with probability 𝑝 . Compared to pOL, we generalize the dOL loop
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`𝑚 〈𝜑 ∗ d𝑅 = 𝑁 > ℓe〉 𝐶 〈
(
&𝑁−1
𝑅=ℓ 𝜑

) ⊕≥𝑝 (
&ℎ
𝑅=𝑁 𝜑

)
〉

𝜑⇒dℓ≤𝑅≤ℎe
𝜑∗d𝑅=ℓe⇒d𝑏 ↦→0e
𝜑∗d𝑅>ℓe⇒d𝑏 ↦→1e

𝑁∉vars(𝜑)
0<𝑝≤1

precise(𝜑 [ℓ/𝑅])
`𝑚 〈&ℎ

𝑅=ℓ 𝜑〉 while 𝑏 do 𝐶 〈𝜑 [ℓ/𝑅]〉
BoundedRank

Figure 5.8: The loop analysis rule of dOL.

rule to account for the fact that the rank may be a�ected by nondeterminism too. �e new rule

is shown in Figure 5.8

�e introduction of & into the assertion language means that we can remove the explicit dis-

tributions 𝑑 , 𝑑1, and 𝑑2, and instead use& to state that the rank is distributed in some unspeci�ed

way. As such, the rule states that as long as the rank is initially distributed between ℓ and ℎ, and

that the rank strictly decreases with probability at least 𝑝 > 0 on each iteration, then the loop

will almost surely terminate.

5.5 EXAMPLES

To demonstrate the nondeterministic reasoning principles of dOL, we turn to the running exam-

ples �rst introduced in Section 4.4. �e examples are now modi�ed to include demonic choice in

addition to the prior random behavior.

5.5.1 Adversarial RandomWalk

�e �rst example is an adversarial variant of the random walk from Section 4.4.1. �e goal of

the random walk is still to reach the origin, and the agent still moves toward the origin with

probability 1
2 . However, now, in the case where the agent does not move toward the origin, the

agent’s position gets reset to a demonically chosen location between 𝑥 and 𝑧.

while 𝑥 > 0 do
𝑥 B 𝑥 − 1 ⊕ 1

2
𝑥 ← {𝑥, ..,max(𝑥, 𝑧)}

�e demonic variant of the random walk still almost surely terminates. Since the adversary’s

reset is bounded by 𝑧, the adversary will reach the origin with probability at least 1
2𝑧 at any point

102



in time, which is nonzero, and therefore the program almost surely terminates. We will now

prove that fact rigorously using dOL.

We start with the precondition d𝑥 ↦→ 𝑋 ∗ 𝑧 ↦→ 𝑍 e, i.e., that 𝑥 and 𝑧 have some universally

quanti�ed values, and we will separately assume that 𝑋 and 𝑍 are natural numbers. Next, we

need a loop invariant 𝜑 . Similar to the prior version, the invariant states that the rank 𝑅 is simply

the value of 𝑥 , but now 𝑅 is bounded between 0 and the max of 𝑋 and 𝑍 . In addition, the rank

will decrease on each iteration with probability at least 1
2 .

𝜑 , d𝑥 ↦→ 𝑅 ∗ 𝑧 ↦→ 𝑍 ∗ 0 ≤ 𝑅 ≤ max(𝑋,𝑍 )e 𝑝 ,
1
2

�e derivation is shown in Figure 5.9. �e �rst aspect to note is that the nondeterministic as-

signment inside of the loop body forces us to work with a weakly frame preserving triple. While

the loop is executing, the distribution over values of 𝑥 depends on the adversary’s behavior, and

therefore it is not necessarily probabilistically independent from the distribution over other vari-

ables in the global memory. However, the adversary’s behavior cannot a�ect the probability of

eventual termination. As such, at the end of the derivation we get the precise postcondition

d𝑥 ↦→ 0e, i.e., the program almost surely terminates in a state where 𝑥 has value 0. �erefore, we

can use Strengthen to reenable strong frame preservation.

�e remainder of the proof is quite mechanical. A�er applying BoundedRank, we apply

Prob to split up the two random outcomes. �e �rst case is dispatched with a simple application

of the Assign rule and the second case is dispatched with NAssign.

5.5.2 The Adversarial von Neumann Trick

�e second of the two running examples is the von Neumann [1951] trick, which is a randomness

preserving protocol for simulating a fair coin given a biased coin. In Section 4.4.2, we saw a

correctness proof for the classical version of the protocol, where the coin’s bias is �xed. We now

present an adversarial version where the bias is nondeterministically chosen on each round.
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�e new variant of the program is shown below. �e only change is that 𝑝 is no longer a

constant, but rather it is chosen nondeterministically from the interval [𝜀, 1 − 𝜀]Δ, where Δ is a

�nite step size, making the set �nite and 0 < 𝜀 ≤ 1
2 is an arbitrarily small probability.

𝑥 B 0 #
𝑦 B 0 #
while 𝑥 = 𝑦 do
𝑝 ← [𝜀, 1 − 𝜀]Δ #
𝑥 :≈ Ber (𝑝) #
𝑦 :≈ Ber (𝑝)

�e derivation for the adversarial von Neumann program is shown in Figure 5.10. Since the

�rst two lines obviously leave us in a state where d𝑥 ↦→ 0 ∗ 𝑦 ↦→ 0e, we omit those commands

and complete the derivation only for the while loop. Just like the adversarial random walk, the

nondeterminism inside the loop body forces us to use a weakly frame preserving triple. �e

adversary can in�uence the probability of terminating on each round, therefore the local state

at any intermediary stage is not necessarily probabilistically independent from any other global

state. However, we will prove that 𝑥 ∼ Ber
( 1
2
)
upon termination, which is precise, therefore we

can use Strengthen at the end to regain strong frame preservation.

Before we can analyze the while loop, we �rst need a loop invariant and ranking function. As

before, the rank is bounded between 0 and 1. When the rank is 0, 𝑥 ≠ 𝑦 and the loop terminates.

In that case, 𝑥 is also uniformly distributed. When the rank is 1, then 𝑥 = 𝑦 and the loop keeps

going. �e only di�erence from Section 4.4.2 is that now we add own(𝑝) to 𝜑1.
𝜑 , (𝜑0 ∗ d𝑅 = 0e) ∨ (𝜑1 ∗ d𝑅 = 1e)

𝜑0 ,
⊕

𝑋∼Ber( 12 )
d𝑥 ↦→ 𝑋 ∗ 𝑦 ↦→ ¬𝑋 e 𝜑1 , d(𝑥 = 𝑦) ↦→ 1 ∗ own(𝑝)e

Clearly, d𝑥 ↦→ −∗𝑦 ↦→ 0∗own(𝑝)e ⇒ 𝜑1 ⇒&1
𝑅=0 𝜑 , therefore we can use BoundedRank to han-

dle the while loop. In the premise, we start by using Seq to break up the sequential composition.

An application of NAssign gives us a & ranging over the possible values for 𝑝 .

Next, before analyzing the remaining sequence of two sampling operations, we use NSplit2 to

do case analysis on the exact value of 𝑝 . �at allows us to mechanically derive the postcondition
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𝑥 ∼ Ber (𝑍 ) ∗𝑦 ∼ Ber (𝑍 ) ∗𝑝 ↦→ 𝑍 a�er the sampling operations execute (note that 𝜀 ≤ 𝑍 ≤ 1−𝜀,
although we omit that detail from Figure 5.10 to conserve space).

�e �nal step is to use a consequence to derive the desired postcondition for the premise of

BoundedRank. We start by expanding the outcome conjunctions and distributing the all of the

pure assertions to the inside.

𝑥 ∼ Ber (𝑍 ) ∗ 𝑦 ∼ Ber (𝑍 ) ∗ 𝑝 ↦→ 𝑍

=⇒
⊕

𝑋∼Ber(𝑍 )

⊕
𝑌∼Ber(𝑍 )

d𝑥 ↦→ 𝑋 ∗ 𝑦 ↦→ 𝑌 ∗ own(𝑝)e

Next, we note that there are two outcomes where 𝑥 ≠ 𝑦: either 𝑋 = 1 and 𝑌 = 0 (with probability

𝑍 · (1−𝑍 )) or 𝑋 = 0 and 𝑌 = 1 (with probability (1−𝑍 ) ·𝑍 ). �erefore, the total probability that

𝑥 ≠ 𝑦 is 2 · 𝑍 · (1 − 𝑍 ), and within that outcome, it is equally likely that 𝑥 ↦→ 1 or 𝑥 ↦→ 0.

=⇒
©­­«

⊕
𝑋∼Ber( 12 )

d𝑥 ↦→ 𝑋 ∗ 𝑦 ↦→ ¬𝑋 e
ª®®¬ ⊕2𝑍 (1−𝑍 ) d(𝑥 = 𝑦) ↦→ 1 ∗ own(𝑝)e

�e two operands of the ⊕ are exactly equal to 𝜑0 and 𝜑1, so we can fold them according to their

de�nitions. Finally, since we know that 𝜀 ≤ 𝑍 ≤ 1−𝜀, then it must be that 2·𝑍 · (1−𝑍 ) ≥ 2·𝜀 · (1−𝜀),
and therefore we can replace the exact outcome conjunction with an approximate one in order.

=⇒ 𝜑0 ⊕≥2𝜀 (1−𝜀) 𝜑1

Since the assertion above no longer depends on 𝑍 , we apply NSplit2 to complete the proof.

5.6 RELATEDWORK

Semantic Domains for Probabilistic Concurrency. Powerdomains are a domain theoretic

tool for reasoning about looping nondeterministic programs, which provide a domain in which

loops can be interpreted as �xed points. Powerdomain revolve around de�ning orders over sets

of states to show that iterated actions eventually converge. Given a partially ordered domain of
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program states 〈Σ, ≤〉, there are three typical choices for orders over sets of states, known as the

Hoare, Smyth [1978], and Egli-Milner orders, de�ned below:

𝑆 vH 𝑇 i� ∀𝜎 ∈ 𝑆. ∃𝜏 ∈ 𝑇 . 𝜎 ≤ 𝜏
𝑆 vS 𝑇 i� ∀𝜏 ∈ 𝑇 . ∃𝜎 ∈ 𝑆. 𝜎 ≤ 𝜏
𝑆 vEM 𝑇 i� 𝑆 vH 𝑇 and 𝑆 vS 𝑇

In general, none of these relations are antisymmetric, making them preorders, whereas domain

theoretic tools for �nding �xed points operate on partial orders. So the sets representing the

program semanticsmust be closed in order to obtain a proper domain. �is closure operation loses

precision of the semantics, incorporating additional possibilities which are not always intuitive.

�e Hoare order requires a down-closure, essentially meaning that nontermination may al-

ways be an option. �e Hoare order is therefore a good choice for partial correctness, where we

only wish to determine what happens if the program terminates, as in Hoare Logic. �e Smyth

[1978] order, which we use in our de�nition of the convex powerdomain, requires an upwards

closure, so that nontermination becomes erratic behavior. �e upward closure makes the Smyth

order appropriate for total correctness [Manna and Pnueli 1974], which is concerned only with

terminating programs where erratic behavior does not arise.

In the Egli-Milner case (and the associated Plotkin Powerdomain [1976]) the more precise, but

also less intuitive Egli-Milner closure is used. McIver and Morgan [2001] created a denotational

model where �xed points are taken with respect to the Egli-Milner order rather than the Smyth

[1978] one. As such, they require the domain of computation to be Egli-Milner closed, which

means that 𝑆 = ↑𝑆 ∩ ↓𝑆 . Unlike up-closedness (required for the Smyth approach), which is

preserved by all the operations in Figure 5.2, the semantics of McIver and Morgan [2001] must

take the Egli-Milner closure a�er nondeterministic and probabilistic choice and a�er sequential

composition, making the model more complex and adding outcomes that do not have an obvious

operational meaning. Refer to Tix et al. [2009]; Keimel and Plotkin [2017] for a more complete

exploration of that approach.

Let us examine the semantics of a coin �ip in order to demonstrate why the Smyth order is
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preferable to Hoare. �e variable 𝑥 is assigned the values 1 or 0 each with probability 1
2 . So, the

result of running the program is a singleton set containing the aforementioned distribution.

�
𝑥 :≈ Ber ( 1

2
)� (𝜎) = {[

𝜎 [𝑥 B 1] ↦→ 1
2

𝜎 [𝑥 B 0] ↦→ 1
2

]}
If we were to use the Hoare powerdomain, then we would need to down-close the set, adding

all smaller distributions too. �at down closure not only includes nontermination as a possible

outcome, but also prevents us from even determining that 𝑥 is 1 or 0 with equal probability.

�
𝑥 :≈ Ber ( 1

2
)� (𝜎) = {[

𝜎 [𝑥 B 1] ↦→ 𝑝

𝜎 [𝑥 B 0] ↦→ 𝑞

⊥ ↦→ 1 − 𝑝 − 𝑞

] ����� 𝑝 ≤ 1
2 , 𝑞 ≤

1
2

}
Varacca’s [2002] indexed valuationmodel was formulated in theHoare powerdomain, and the loss

of precision is re�ected in the associated adequacy theorems. In particular, Varacca’s Proposition

6.10 shows that the denotational model includes outcomes that may not be possible according to

the associated operational model. By contrast, the up-closure that is required by the Smyth order

adds nothing for the simple coin �ip; the semantics is already a full distribution and therefore

there are no distributions larger than it. We can therefore conclude that the two outcomes occur

with probability exactly 1
2 and that nontermination is impossible, as desired.

Powerdomains demonstrate that the notion of partial correctness (as embodied by the Hoare

order) does not make much sense in probabilistic se�ings, since it translates to uncertainty about

the minimum probability of an event. Total correctness, on the other hand, does make sense,

and corresponds to the notion of almost sure termination, which is a property of great interest in

probabilistic program analysis [McIver et al. 2018; Chakarov and Sankaranarayanan 2013].

�e problem with the Smyth powerdomain is that it is not a dcpo in the presence of un-

bounded nondeterminism [Apt and Plotkin 1986; Søndergaard and Sesto� 1992], which is why

He et al. [1997] instead use the Knaster-Tarski theorem to guarantee the �xed point existence

via trans�nite iteration, which only requires monotonicity and not Sco� continuity. �e main

shortcoming of He et al.’s approach is that it did not guarantee non-emptiness of the set of result

distributions, meaning that some programs may have vacuous semantics.
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In response, Morgan et al. [1996a] added the additional requirement that the domain only

include topologically closed sets (Morgan et al. called this property Cauchy closure). Topological

closure ensures that no programs are modeled as empty sets, but it also prevents commands from

exhibiting unbounded nondeterminism. For example, it is not possible to represent a program

𝑥 B F, which nondeterministically selects a value for 𝑥 from the natural numbers.

Further work by Tix [1999, 2000], Tix et al. [2009], and Keimel and Plotkin [2017] has extended

convex powerdomain semantics using powerdomains other than the Smyth one, and allow for

continuous distributions rather than only discrete ones.

Monads for Probabilistic Nondeterminism. Varacca [2002, 2003] introduced powersets of

indexed valuations. An indexed valuation behaves similarly to a distribution, but the idempotence

property is removed, i.e., 𝑋 ⊕𝑝 𝑋 ≠ 𝑋 . As shown by Varacca and Winskel [2006], a powerset of

indexed valuations has a Beck [1969] distributive law, and is therefore amonad. However, indexed

valuations are di�cult to work with since equivalence is taken modulo renaming of the indices.

Varacca [2002, �eorem 6.5] proved that denotational models based on indexed valuations are

equivalent to operational models in which a deterministic scheduler resolves the nondeterminism.

With the goal in mind of modeling adversarial nondeterminism, convex sets provide correctness

guarantees against a stronger probabilistic scheduler, giving us more robust guarantees.

An alternative approach is to �ip the order of composition andwork insteadwith distributions

of nondeterministic outcomes. While the distribution monad does not compose with powerset, it

does compose with multiset, as shown by Jacobs [2021] and further explored by Kozen and Silva

[2024]. �e downside is that the multisets must be �nite, but it is easy to construct programs that

reach in�nitely many nondeterministic outcomes via while loops. So the distribution of mutiset

model cannot be used to represent arbitrary programs from the language in Section 6.2. �e use

of multiset instead of powerset is again an instance of removing an idempotence law, this time

for nondeterminism: 𝑋 &𝑋 ≠ 𝑋 . Indeed, idempotence is the key reason why no distributive law

exists in both cases [Parlant 2020; Zwart and Marsden 2019; Zwart 2020].
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Weakest Pre-expectations. From the start, weakest pre-expectations (wp) supported nonde-

terminism; in fact,wp emerged from a line of work on semantics for randomized nondeterministic

programs [He et al. 1997; McIver andMorgan 2001; Morgan et al. 1996b]. Nondeterminism is han-

dled by lower-bounding expectations, corresponding to larger expected values being be�er. An

angelic variant can alternatively be used for upper bounds.

As noted byKaminski [2019, §2.3.3], the choice of either upper or lower bounding the expected

values is “extremal”—it forces a viewwhere expectations must be either maximized or minimized,

as opposed to our approach where multiple outcomes can be represented in one speci�cation.

However, reasoning about outcomes and expectations are not mutually exclusive; Barthe et al.

[2018, �eorem 1] showed how to embed awp calculus in a probabilistic program logic. A similar

construction could be explored in Demonic Outcome Logic.
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CHAPTER 6

DENOTATIONAL SEMANTICS FOR PROBABILISTIC CONCURRENT PROGRAMS

Before extending dOL with concurrency reasoning principles, we must take a detour to discuss

the semantics of programs that are both probabilistic and concurrent. Although the approach laid

out in Section 2.1, where the semantics follows from a monad with a dcpo structure, captures a

wide variety of e�ects, concurrency is fundamentally di�erent because running two programs in

parallel can completely change their respective behaviors.

As a result, this chapter develops an underlying semantic structure called pomsets with for-

mulae, which capture the meaning of concurrent randomized programs in a compositional way.

We then provide a linearization procedure, which returns the set of all distributions that can be

obtained by the di�erent interleavings of the parallel threads. Finally, we show that the lineariza-

tion semantics for pdCL programs (without parallel composition) yields the exact same convex

powerdomain semantics È−ÉC from the previous chapter, allowing us to extend dOL to handle

concurrency in the next chapter.

6.1 OVERVIEW

When two programs are composed in parallel, the resulting behavior can be completely di�erent

from the behavior of the programs when run in isolation. As an example of behavioral changes,

consider the following concurrent program.

𝑥 B 0 #
if 𝑥 = 0 then
𝑦 B 0 𝑥 B 1

else
𝑦 B 1

It is relatively easy to see that running the le� thread in isolation will always yield a state where 𝑥

and 𝑦 are both 0. In addition, the right thread will set 𝑥 to 1 and leave 𝑦 unchanged. However, the

composite program has an interleaving where 𝑥 B 1 is executed between 𝑥 B 0 and the guard
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cmd pc 3 𝐶 F skip (No-op)

| 𝐶1 #𝐶2 (Sequential Composition)

| 𝐶1 ⊕𝑝 𝐶2 (Probabilistic Choice)

| 𝐶1 &𝐶2 (Demonic Choice)

| 𝐶1 ‖ 𝐶2 (Parallel Composition)

| if 𝑏 then 𝐶1 else 𝐶2 (Conditional Branching)

| while 𝑏 do 𝐶 (Loops)

| 𝑎 (Basic Actions 𝑎 ∈ act )

Figure 6.1: Syntax of the Probabilistic Concurrent Command Language (pcCL). The new addition
over pdCL is highlighted in yellow. As before, tests𝑏 ∈ test and expressions 𝑒 ∈ exp are discussed
in Section 2.1.1, distributions 𝑑 are from Figure 2.3, and actions are the same from Figure 5.1.

of the if statement, which will cause 𝑦 to be set to 1, even though that was not an observable

behavior in either thread on its own. �erefore, we cannot capture the semantics as a function

È𝐶É : Mem[𝑉 ] → C(Mem[𝑉 ]), but rather, we need a more sophisticated semantic structure,

which tracks the dependencies between all of the atomic actions in the program.

6.1.1 Pomsets with Formulae

Our goal is to develop a denotational model to capture concurrency in amanner that is compatible

with the convex powerdomain. More concretely, we need a compositional way to model the

semantics the Probabilistic Concurrent Command Language (pcCL) shown in Figure 6.1.

Partially ordered multisets (pomsets) are the predominant denotational technique for model-

ing concurrent programs [Gischer 1988; Pra� 1976; Brookes 2004; Grabowski 1981]. Pomsets use

a partial order to denote causality between the actions in a concurrent program, allowing them

to encode the two types of composition shown below.

È𝑎1 # 𝑎2Épom =
𝑎2

𝑎1

OO È𝑎1 ‖ 𝑎2Épom =
𝑎1 𝑎2

•
]] AA

Sequential composition 𝑎1 #𝑎2 results in a causality 𝑎1 → 𝑎2, meaning that 𝑎1 must execute before
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𝐶 , 𝑥 :≈ Ber ( 1
2
)
#

©­­­­­«
if 𝑥 = 0 then
𝑦 B 0

else

𝑦 B 1

𝑦 B 2

ª®®®®®¬
È𝐶Épom =

𝑦 B 0 𝑦 B 1 𝑦 B 2

?(𝑥 = 0)
T

]] ]]

F

AAAA

•
^^

JJ

𝑥 :≈ Ber ( 1
2
)OO

Figure 6.2: A randomized concurrent program (le�) and its associated semantic structure (right).

𝑎2. By contrast, the parallel composition 𝑎1 ‖ 𝑎2 results in both actions stemming from a single

root with no causality between them, meaning that 𝑎1 and 𝑎2 can execute in any order.

�e problem with standard pomsets is that they cannot properly model control �ow that

depends on probabilistic computation, which is present in the program on the le� of Figure 6.2.

In that program, the result of a fair coin �ip is used to control the �ow of execution in one of two

parallel branches. �e key issue is that standard pomsets do not track control �ow, and instead

separate each computation branch into an individual trace. �at approach is problematic in cases

like Figure 6.2, since no trace has enough information to interpret all of the random outcomes.

For a more complete counterexample, refer to Zilberstein et al. [2025a, §2].

We introduce a new semantic structure called pomsets with formulae to address the issue of

randomized control �ow. �e key innovation is the use of Boolean formulae to capture guarded

branching. As shown on the right of Figure 6.2, one single structure describes all the possible

program traces, avoiding the need to separate traces in a way that is incompatible with proba-

bilistic computation. Formulae show up in the new arrow types 𝑏 T−→𝑎1 and 𝑏
F−→𝑎2, which state

that 𝑎1 (resp. 𝑎2) can only be scheduled if the test 𝑏 evaluates to true (resp. false).

6.1.2 Unbounded Looping and Domain Theory

Combining all program traces into a single structure introduces challenges when modeling un-

bounded loops, such as the random walk and von Neumann trick programs from Chapters 4

and 5. Instead of recording an in�nite set of �nite traces, we now need a single in�nite structure.
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Although standard domain theoretic techniques allow us to construct in�nite structures via �xed

points, more work is needed to ensure that pomsets with formula form a dcpo.

Following from the Kleene Fixed Point �eorem, in�nite pomsets will be constructed as the

supremum of their �nite unrollings, shown below.

Èwhile 𝑏 do 𝑎Épom = sup


⊥,
⊥
𝑎
OO

•
𝑏

T

\\ \\

F
CCCC ,

⊥
𝑎
OO

•
𝑏

T

\\ \\

F
CCCC

𝑎

OO

•
𝑏

T
[[ [[

F
CCCC

, · · ·


=

...

𝑎

OO

•
𝑏T

]] ]]

F
CCCC

𝑎

OO

•
𝑏

T
[[ [[

F
CCCC

Here, a new node label ⊥ indicates that a computation is un�nished, and each pomset in the

sequence expands a ⊥ node to include an additional execution of the loop body. Although Meyer

and de Vink [1989] had previously de�ned a dcpo structure for standard pomsets, the inclusion

of formulae makes the construction more complex.

6.1.3 Linearization and Adequacy

Pomsets with formulae provide a compositional model for the semantics of randomized concur-

rent programs, but they cannot answer questions about the probabilities of outcomes that result

from running the program. For example, in the program from Figure 6.2, we may wish to know

the probability that 𝑦 takes on the value 0, 1, or 2.

We determine those probabilities via linearization L : pom → Mem[𝑉 ] → C(Mem[𝑉 ]), a
function that interprets a pomset as a state transformer, mapping a start state to the convex set

of end states obtained by di�erent interleavings of the concurrent actions. Linearizing È𝐶Épom

from Figure 6.2, we get the following set of distributions:

L(È𝐶Épom) (𝜎) =



𝑠 [𝑥 B 0, 𝑦 B 0] ↦→ 1

2𝑝

𝑠 [𝑥 B 0, 𝑦 B 2] ↦→ 1
2 (1 − 𝑝)

𝑠 [𝑥 B 1, 𝑦 B 1] ↦→ 1
2𝑞

𝑠 [𝑥 B 1, 𝑦 B 2] ↦→ 1
2 (1 − 𝑞)


��������� 0 ≤ 𝑝, 𝑞 ≤ 1


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Linearization provides new insights about the program, which were not obvious in the pomset

structure. A�er executing the coin �ip, the scheduler can pick the order of updates to 𝑦 in the

two threads. Since we are interpreting the program in the convex powerdomain, the scheduler

is allowed to make its choice probabilistically, hence we have two probabilities, 𝑝 and 𝑞, which

correspond to the di�erent traces that result from the initial coin �ip. �e scheduler cannot make

𝑦 equal to 0 or 1 with probability greater than 1
2 , but it can make 𝑦 = 2 with any probability.

Linearization also makes it possible to compare pomset with formulae semantics with the

standard powerdomain semantics from Section 5.2. In fact, for any pdCL program 𝐶 ∈ cmd pd,

we prove that L(È𝐶Épom) = È𝐶ÉC . As a consequence, the dOL inference rules for non-parallel

commands will directly carry over to the concurrent se�ing.

6.2 SEMANTIC STRUCTURES

We will now de�ne the mathematical structures that will form the basis of our semantic model.

As discussed in Section 6.1, the semantic structures must account for both the deterministic and

the parallel branching behavior of the pcCL language from Figure 6.1.

6.2.1 Labelled Partial Orders with Formulae

In order to formally represent mathematical objects like the ones in Figure 6.2, each node must

have a unique identi�er, so that we can describe its relationship to the other nodes. Using the

node’s label (e.g., the actions and tests in Figure 6.2) is not su�cient, since each label may appear

multiple times. We call the new structure a labelled partial order with formulae (lpof).

As we already saw in Figure 6.2, the labels in an lpof consist of actions, tests, and no-ops (•).
In order to account for nondeterministic and probabilistic branching, we extend the set of test

labels to include symbols & and ⊕𝑒 . As we saw in Section 6.1.2, ⊥ is also label that represents an

incomplete computation, which is used to express �nite approximations of loops.

label 3 ℓ F 𝑎 | 𝑡 | • | ⊥ etest 3 𝑡 F 𝑏 | & | ⊕𝑒 (𝑎 ∈ act , 𝑏 ∈ test , 𝑒 ∈ exp)
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Labels form a pointed dcpo, with the �at order ≤ ⊆ label × label shown below.

ℓ ≤ ℓ′ i� ℓ = ⊥ or ℓ = ℓ′

Let nodes be a countable universe of identi�ers. Control �ow restrictions are expressed using

Boolean formulae over nodes, with the following grammar:

form 3 𝜓 F true | false | 𝜓1 ∧𝜓2 | 𝜓1 ∨𝜓2 | ¬𝜓 | 𝑥 (𝑥 ∈ nodes )

Formulae are interpreted by valuations 𝑣 : nodes → B. �e satisfaction relation, wri�en 𝑣 � 𝜓 , is

de�ned in the standard way. �e variables of a formula 𝜓 , wri�en vars(𝜓 ), are those nodes that
appear in 𝜓 . We write sat(𝜓 ) i� there exists a valuation 𝑣 such that 𝑣 � 𝜓 ; 𝜓 ⇒ 𝜓 ′ i� 𝑣 � 𝜓 ′, for

every 𝑣 � 𝜓 ; and 𝜓 ⇔ 𝜓 ′ i� 𝜓 ⇒ 𝜓 ′ and 𝜓 ′ ⇒ 𝜓 . Finally, we de�ne the level of a poset element

𝑥 , lev(𝑥), which denotes the maximum length of a chain ending at 𝑥 [Meyer and de Vink 1989].

De�nition 6.1 (Level). Given a strict poset 〈𝑋, <〉, de�ne lev : 𝑋 → N∞:

lev(𝑥) , sup {𝑛 | ∃𝑥0, . . . , 𝑥𝑛 ∈ 𝑋 . 𝑥𝑛 = 𝑥 ∧ ∀𝑖 < 𝑛. 𝑥𝑖 < 𝑥𝑖+1}

�e inverse image lev−1 : N→ 2𝑋 is de�ned lev−1(𝑛) , {𝑥 ∈ 𝑋 | lev(𝑥) = 𝑛}.

With those preliminary de�nitions, we can now de�ne the lpof structure.

De�nition 6.2 (lpof). A labelled partial order with formulae (lpof) 𝛼 = 〈𝑁, <, 𝜆, 𝜑〉 ∈ lpo is a

4-tuple where:

1. 𝑁 ⊆ nodes is a countable set of nodes;

2. 〈𝑁, <〉 is a (strict) poset such that:

(a) it is �nitely preceded, that is |↓𝑥 | < ∞, for every 𝑥 ∈ 𝑁 ;

(b) every level has a �nite number of nodes, i.e., |lev−1(𝑛) | < ∞ for all 𝑛 ∈ N; and
(c) it is single-rooted, that is: there exists an 𝑥 ∈ 𝑁 such that 𝑥 < 𝑦 for all 𝑦 ∈ 𝑁 \ {𝑥}.

3. 𝜆 : 𝑁 → label is a labelling function such that 𝑥 ≮ 𝑦 for all 𝑦 whenever 𝜆(𝑥) = ⊥.
4. 𝜑 : 𝑁 → form is a formula function satisfying:

(a) sat(𝜑 (𝑥)) and vars(𝜑 (𝑥)) ⊆ ↓𝑥 , for all 𝑥 ∈ 𝑁 ;

(b) 𝜑 (𝑦) ⇒ 𝜑 (𝑥), for all 𝑥 < 𝑦.
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lpofs must also be binary branching, which means that for every 𝑥 ∈ 𝑁 such that 𝜆(𝑥) ∈ etest , 𝑥

has exactly two immediate successors 𝑦1 and 𝑦2 such that:

a. 𝜑 (𝑦1) ⇔ 𝜑 (𝑥) ∧ 𝑥 ;
b. 𝜑 (𝑦2) ⇔ 𝜑 (𝑥) ∧ ¬𝑥 ; and
c. 𝑦1 and 𝑦2 have no immediate predecessors other than 𝑥 .

Furthermore, if 𝑥 is not the successor of a test, then 𝜑 (𝑥) ⇔ ∧
𝑦<𝑥 𝜑 (𝑦).

For some lpof 𝛼 , we use 𝑁𝛼 , <𝛼 , 𝜆𝛼 , and 𝜑𝛼 to refer to its constituent parts. As is typical

in pomset semantics, the partial order 〈𝑁, <〉 denotes causality: 𝑥 < 𝑦 i� 𝑥 must be scheduled

before 𝑦. If 𝑥 ≮ 𝑦 and 𝑦 ≮ 𝑥 , then 𝑥 and 𝑦 execute concurrently and can be interleaved in any

order. For example, see the diagrams below:

𝑧

𝑦

OO

𝑥
OO

𝑦1 𝑦2

𝑥
`` >>

𝑧

𝑦1

>>

𝑦2

``

𝑥
`` >>

From le� to right, the �rst lpof is a sequential (totally ordered) program, where 𝑥 < 𝑦 < 𝑧. �e

second lpof has a parallel branch, so that 𝑥 < 𝑦1 and 𝑥 < 𝑦2, but 𝑦1 and 𝑦2 have no relation,

which means that 𝑦1 and 𝑦2 execute concurrently since one is not required to come before the

other. �e last lpof also has a branch, but the branches eventually merge, as 𝑦1 < 𝑧 and 𝑦2 < 𝑧.

Here, 𝑦1 and 𝑦2 still execute concurrently, but both must be executed before 𝑧.

With the examples in mind, conditions (2a) and (2b) are standard. Since each node represents

an action, having �nitely many predecessors ensures that every action may be scheduled in a

�nite amount of time. Moreover, requiring that every level has a �nite number of nodes is a

weakening of the usual �nite branching property: a node can have in�nitely many successors,

but not all at the same level.

Concerning Condition (3), since⊥ denotes nontermination, nothing can occur a�er a⊥ node.

Condition (4) is about formulae, which are crucial for modeling conditional constructs (if and
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while), for example the program below corresponds to the lpof structure underneath it.

if 𝑏1 then 𝑎1 else if 𝑏2 then 𝑎2 else 𝑎3

𝜑 (𝑥𝑎2) = ¬𝑥𝑏1 ∧ 𝑥𝑏2 𝑥𝑎2 𝑥𝑎3 𝜑 (𝑥𝑎3) = ¬𝑥𝑏1 ∧ ¬𝑥𝑏2
𝜑 (𝑥𝑎1) = 𝑥𝑏1 𝑥𝑎1 𝑥𝑏2

T
cc cc

F
;;;;

𝜑 (𝑥𝑏2) = ¬𝑥𝑏1
𝜑 (𝑥𝑏1) = true 𝑥𝑏1

T
cc cc

F
;;;;

(6.1)

Hence, every node 𝑥 labelled with a Boolean test yields a (binary) branch and its (two) successors

have the same formula as 𝑥 , with an extra conjunct that is either 𝑥 or¬𝑥 , according to the outcome

of the test. �us, in De�nition 6.2(4), requiring sat(𝜑 (𝑥)) amounts to expressing the fact that

every node 𝑥 is reachable, i.e., there exists a truth assignment 𝑣 such that 𝑣 � 𝜑 (𝑥). �e truth

assignment 𝑣 tells us whether each test passes or not. In our example, 𝑥𝑎3 is reachable when both

the tests 𝑏1 and 𝑏2 fail, making 𝜑 (𝑥𝑎3) satis�able.
�at intuition about tests justi�es the other two requirements of De�nition 6.2(4): reachability

of a node can only depend on the values of the tests that precede it (and so𝜑 (𝑥) can only use nodes
that precede 𝑥 ) and, since along a path we shall only add conjuncts, the formula of a higher-level

node is stronger than the formulae of all of its predecessors.

6.2.2 Pomsets with Formulae

Although lpofs express causality and branching behavior, they are not ideal semantic structures

because information about node identi�ers is extraneous. We instead work with partially or-

dered multisets (pomsets), which abstract away from the speci�c names. Pomsets are equivalence

classes of lpofs. To formalize equivalence classes, we �rst need to de�ne isomorphism of lpofs.

Intuitively, two lpofs are isomorphic if they are equal, modulo renaming the node identi�ers.

De�nition 6.3 (lpof Isomorphism). Let 𝛼 and 𝛽 be lpofs and 𝑓 : 𝑁𝛼 → 𝑁𝛽 be a bijection between

their nodes. De�ne 𝑓 (𝛼) = 〈𝑁, <, 𝜆, 𝜑〉 as

𝑁 , {𝑓 (𝑥) | 𝑥 ∈ 𝑁𝛼 } < , {(𝑓 (𝑥), 𝑓 (𝑦)) | 𝑥 <𝛼 𝑦} 𝜆 , 𝜆𝛼 ◦ 𝑓 −1 𝜑 , 𝑓 ◦ 𝜑 ◦ 𝑓 −1
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where 𝑓 (𝜓 ) syntactically renames the variables of 𝜓 in the obvious way. We say that 𝛼 and 𝛽 are

isomorphic, wri�en 𝛼 ≡ 𝛽 , i� there is a bijection 𝑓 : 𝑁𝛼 → 𝑁𝛽 such that 𝑓 (𝛼) = 𝛽 .

Pomsets with formulae are isomorphism classes of lpofs.

De�nition 6.4 (Pomsets with Formulae). Let [𝛼] , {𝛽 ∈ lpo | 𝛼 ≡ 𝛽} be the isomorphism class

of 𝛼 . A pomset with formulae 𝜶 ∈ pom is an isomorphism class of lpofs:

pom , {[𝛼] | 𝛼 ∈ lpo}

6.2.3 Orders and Approximation

Next, we de�ne an order relation, which describes what it means for one lpof to approximate

another. Intuitively, 𝛼 vlpo 𝛽 i� 𝛽 has more behaviors than 𝛼 , meaning that 𝛽 can be obtained by

expanding ⊥ nodes in 𝛼 into larger, more de�ned structures. For example, each unfolding of a

while-loop produces a larger structure with respect to vlpo , as shown in Section 6.1.2.

De�nition 6.5 (Ordering on lpofs). We let 𝛼 vlpo 𝛽 i�:

1. 𝑁𝛼 is a downward-closed subset of 𝑁𝛽 , i.e., 𝑁𝛼 ⊆ 𝑁𝛽 , and 𝑥 ∈ 𝑁𝛽 if 𝑦 ∈ 𝑁𝛽 and 𝑥 <𝛼 𝑦;

2. <𝛼 = <𝛽 ∩ (𝑁𝛼 × 𝑁𝛼 );
3. For all 𝑥 ∈ 𝑁𝛼 :

(a) 𝜆𝛼 (𝑥) ≤ 𝜆𝛽 (𝑥);
(b) 𝜑𝛼 (𝑥) = 𝜑𝛽 (𝑥);
(c) For all 𝑦 ∈ 𝑁𝛽 , either 𝑦 ∈ 𝑁𝛼 or 𝑧 <𝛽 𝑦 for some 𝑧 ∈ 𝑁𝛼 such that 𝜆𝛼 (𝑧) = ⊥.

De�nition 6.5 is a partial order, making
〈
lpo, vlpo

〉
a poset [Zilberstein et al. 2025a, Lemma

C.3]. Moving to pomsets, we use the same order relation on the underlying lpofs.

De�nition 6.6 (Ordering on Pomsets). Let 𝜶 vpom 𝜷 i� ∃𝛼 ∈ 𝜶 . ∃𝛽 ∈ 𝜷 . 𝛼 vlpo 𝛽 .

We will now proceed to show that
〈
pom, vpom

〉
is a dcpo, and hence it is a suitable domain

for de�ning �xed points. To do so, we must �rst show how to �nd suprema of directed sets of

lpofs, which is done by direct construction.
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Lemma 6.7. For any directed set 𝐷 ⊆ lpo, sup𝐷 = 〈𝑁, <, 𝜆, 𝜑〉, where:

𝑁 ,
⋃
𝛽∈𝐷

𝑁𝛽 < ,
⋃
𝛽∈𝐷

<𝛽 𝜆(𝑥) , sup
𝛽∈𝐷 :𝑥∈𝑁𝛽

𝜆𝛽 (𝑥) 𝜑 (𝑥) , 𝜓𝑥

where𝜓𝑥 = 𝜑𝛽 (𝑥), for all 𝛽 ∈ 𝐷 such that 𝑥 ∈ 𝑁𝛽 , which is constant since 𝐷 is directed.

Proof. �e proof follows from Lemma 3.6 of Zilberstein et al. [2025a]. �

Stemming from the dcpo structure on lpofs, we get that pom is also a dcpo.

Lemma 6.8.
〈
pom, vpom

〉
is a pointed dcpo.

Proof.

〈
pom, vpom

〉
is a dcpo by Lemma D.6 of Zilberstein et al. [2025a]. Clearly, the singleton

pomset with label ⊥ at the root is the bo�om of the vpom order. �

When manipulating pomsets, it is o�en convenient to work with �nite structures. For ex-

ample, linearization (Section 6.4) is most naturally de�ned recursively, but recursion is not well-

founded for in�nite structures, as the number of remaining nodes to process does not decrease

each iteration. Instead, we can de�ne linearization (and related operations) recursively on �nite

approximations of the in�nite structure. To linearize the entire structure, we simply take the

supremum of the linearization of the �nite approximations. We now develop the necessary the-

ory to justify why that approach is correct. First, we need a notion of a �nite pomset. Let lpofin

and pomfin denote the set of lpofs and pomsets with �nitely many nodes, respectively.

lpofin , {𝛼 ∈ lpo | |𝑁𝛼 | < ∞} pomfin , {[𝛼] | 𝛼 ∈ lpofin}

Given that, we write 𝜶 � 𝜷 to mean that 𝜶 is a �nite approximation of 𝜷 , in other words:

𝜶 � 𝜷 i� 𝜶 ∈ pomfin and 𝜷 ∈ pom and 𝜶 vpom 𝜷

In order to de�ne operations such as linearization on �nite approximations, it is crucial that the

aggregate of the �nite approximations include all the information about the in�nite structure,

which is true since every node must appear at a �nite level. Formally, any pomset 𝜶 coincides to

the supremum of its �nite approximations 𝜶 = sup𝜷�𝜶 𝜷 [Zilberstein et al. 2025a, Lemma 3.9].
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�e �nal step is to show that functions de�ned on �nite pomsets can be extended to func-

tions on in�nite pomsets in a well-behaved way. �e extension of 𝑓 is performed by taking the

supremum of 𝑓 applied to each �nite approximation. For that supremum to be de�ned, 𝑓 must be

monotone, otherwise the set of results may not be directed, and hence it may not have a supre-

mum. In that case, we prove that the extension is not only well-de�ned, but also Sco� continuous.

Lemma 6.9 (Extension). Let 𝑓 : pom𝑛
fin → 𝑇 be a monotone function on the dcpo 〈𝑇, ≤〉. �en

𝑓 ∗ : pom𝑛 → 𝑇 , shown below, is well-de�ned and Sco� continuous:

𝑓 ∗(𝜶 1, . . . ,𝜶𝑛) , sup
𝜶 ′1�𝜶 1

· · · sup
𝜶 ′𝑛�𝜶𝑛

𝑓 (𝜶 ′1, . . . ,𝜶 ′𝑛)

Proof. �e proof follows from Lemma 3.10 of Zilberstein et al. [2025a]. �

Sco� continuity is important because it means that 𝑓 (𝜶 ) = 𝑓 ∗(𝜶 ) for all 𝜶 ∈ pomfin(𝐿), i.e.,
extension does not change the behavior of 𝑓 when applied to �nite pomsets.

6.3 POMSET SEMANTICS

We now de�ne the denotational semantics for commands 𝐶 ∈ cmd pc (see Figure 6.1) based on

pomsets with fourmulae. �e semantic function È−Épom : cmd pc → pom, mapping commands

to pomsets, is shown in Figure 6.3 and relies on several new operations that will be de�ned

throughout this section. We �rst de�ne the singleton lpof 〈ℓ〉𝑥 on node 𝑥 with label ℓ ∈ label

and 〈ℓ〉 on pomsets, which will be used to give the semantics to skip and atomic actions:

〈ℓ〉𝑥 , 〈{𝑥}, ∅, [𝑥 ↦→ ℓ], [𝑥 ↦→ true]〉 ∈ lpo
〈ℓ〉 , {〈ℓ〉𝑥 | 𝑥 ∈ nodes } ∈ pom

Singletons are the basic build block for pomsets; larger pomsets will be constructed by composing

singletons. In the following sections, we will see three such operators for composing pomsets.
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ÈskipÉpom , 〈 • 〉
È𝑎Épom , 〈𝑎〉

È𝐶1 #𝐶2Épom , È𝐶1Épom # È𝐶2Épom

È𝐶1 ‖ 𝐶2Épom , È𝐶1Épom ‖ È𝐶2Épom

È𝐶1 &𝐶2Épom , guard(&, È𝐶1Épom , È𝐶2Épom)
È𝐶1 ⊕𝑒 𝐶2Épom , guard(⊕𝑒, È𝐶1Épom , È𝐶2Épom)

Èif 𝑏 then 𝐶1 else 𝐶2Épom , guard(𝑏, È𝐶1Épom , È𝐶2Épom)
Èwhile 𝑏 do 𝐶Épom , lfp

(
Ψ〈𝐶,𝑏〉

)
where Ψ〈𝐶,𝑏〉 (𝜶 ) , guard(𝑏, È𝐶Épom # 𝜶 , 〈 • 〉)

Figure 6.3: Pomset semantics of commands È−Épom : cmd pc → pom.

6.3.1 Guarded Choice

As we saw in Section 6.1, the key novel functionality of pomsets with formulae is the ability to

encode guarded branching using Boolean formulae to express the sequence of tests that must

pass or fail to reach each point in the structure. We now de�ne the operation:

guard : nodes × etest × lpo × lpo → lpo

which constructs an lpof with a test at the root, and two branches corresponding to the cases

where the test passes and fails, respectively. Assuming that 𝑁𝛼 ∩𝑁𝛽 = ∅ and 𝑥 ∉ 𝑁𝛼 ∪𝑁𝛽 , we let
guard(𝑥, 𝑡, 𝛼, 𝛽) = 〈𝑁, <, 𝜆, 𝜑〉 where we overload ∧ s.t. 𝜓 ∧ true = true ∧𝜓 = 𝜓 , and:

𝑁 , {𝑥} ∪ 𝑁𝛼 ∪ 𝑁𝛽 < , <𝛼 ∪ <𝛽 ∪
({𝑥} × (𝑁𝛼 ∪ 𝑁𝛽))

𝜆(𝑦) ,

𝑡 if 𝑦 = 𝑥
𝜆𝛼 (𝑦) if 𝑦 ∈ 𝑁𝛼
𝜆𝛽 (𝑦) if 𝑦 ∈ 𝑁𝛽

𝜑 (𝑦) ,


true if 𝑦 = 𝑥
𝜑𝛼 (𝑦) ∧ 𝑥 if 𝑦 ∈ 𝑁𝛼
𝜑𝛽 (𝑦) ∧ ¬𝑥 if 𝑦 ∈ 𝑁𝛽

So, guard(𝑥, 𝑏, 𝛼, 𝛽) joins 𝛼 and 𝛽 with a new root node 𝑥 , whose label is 𝑡 , and additionally,

the formulae in 𝛼 and 𝛽 are updated to require that 𝑡 passes or fails, respectively. As an example,

guard(𝑥𝑏1, 𝑏1, 〈𝑎1〉𝑥𝑎1 , guard(𝑥𝑏2, 𝑏2, 〈𝑎2〉𝑥𝑎2 , 〈𝑎3〉𝑥𝑎3 )) produces the lpof depicted in (6.1). For �nite
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pomsets, we de�ne guard : etest × pomfin × pomfin → pomfin simply as the equivalence class of

the corresponding lpofs:

guard(𝑡,𝜶 , 𝜷) , {
guard(𝑥, 𝑡, 𝛼, 𝛽)

�� 𝛼 ∈ 𝜶 , 𝛽 ∈ 𝜷, 𝑁𝛼 ∩ 𝑁𝛽 = ∅, 𝑥 ∉ 𝑁𝛼 ∪ 𝑁𝛽
}

Unsurprisingly, guard is monotone, as making either branch larger will make the composed struc-

ture larger too. �erefore, we de�ne guard : etest × pom × pom → pom for in�nite structures

by extension, and we get that it is Sco� Continuous from Lemma 6.9.

guard(ℓ,𝜶 , 𝜷) , guard∗(ℓ,𝜶 , 𝜷) = sup
𝜶 ′�𝜶

sup
𝜷 ′�𝜷

guard(ℓ,𝜶 ′, 𝜷 ′)

�e semantics of if statements, nondeterministic branching, and probabilistic branching are all

de�ned using guard, but with di�erent kinds of extended tests.

Èif 𝑏 then 𝑎1 else 𝑎2Épom =
𝑎1 𝑎2

𝑏
T
YY YY

F
EEEE

È𝑎1 & 𝑎2Épom =
𝑎1 𝑎2

&T
[[ [[

F
DDDD È𝑎1 ⊕𝑒 𝑎2Épom =

𝑎1 𝑎2

⊕𝑒T
__ __

F
????

6.3.2 Sequential Composition

�e sequential composition operation 𝜶 #𝜷 enforces that all actions in 𝜶 must occur before any of

those in 𝜷 . Due to the interaction between causality and guarded branching, the formal de�nition

of # is complex. To see the complexity, consider the following example lpofs (where 𝑥 denotes

the singleton 〈ℓ〉𝑥 when the label is not relevant):

a. 𝑥 # 𝑦 =
𝑦

𝑥

OO b.
(
𝑦1 𝑦2

𝑥
[[ CC

)
# 𝑧 =

𝑧

𝑦1

CC

𝑦2

[[

𝑥
[[ CC

c.
(
𝑦1 𝑦2

𝑥
T
[[ [[

F
CCCC

)
# 𝑧 =

𝑧𝑥 𝑧¬𝑥

𝑦1

OO

𝑦2

OO

𝑥
T
[[ [[

F
@@@@

(6.2)

�e sequential composition of two singletons (6.2a) simply creates a causality between them.

When the program has forked into parallel (unguarded) branches (6.2b), # introduces a diamond

structure, as is typical in pomset semantics. However, if the program has a guarded branch (6.2c),

then the following actions must be copied a�er each branch. Copying is essential to correctly
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account for loops: in the program (while 𝑏 do 𝑎) ; 𝑎′, if we only created a single node labelled

with 𝑎′, then that node would not be �nitely preceded.

�e de�nition of # must also not introduce actions to occur a�er a ⊥ node. Consider the

following lpofs, where node 𝑦1 is labelled with ⊥ and all other nodes have non-⊥ labels:

a.

(
𝑦1(⊥) 𝑦2

𝑥
T
aa aa

F
DDDD

)
# 𝑧 =

𝑧

𝑦1(⊥) 𝑦2

OO

𝑥
T
aa aa

F
DDDD

b.

(
𝑦1(⊥) 𝑦2

𝑥
aa DD

)
# 𝑧 =

𝑦1(⊥) 𝑦2

𝑥
aa DD (6.3)

When composing the singleton 𝑧 a�er a guarded branch with one stuck path (6.3a), 𝑧 is only

added to the non-stuck branch. In the program execution, only one branch will be taken, so 𝑧

can be safely executed as long as the test at 𝑥 is false. However, the same is not true for parallel

branching: in (6.3b), both𝑦1 and𝑦2will eventually be scheduled, so 𝑧must occur a�er𝑦1—which is

equivalent to not occurring at all—thus it does not appear in the �nal structure. Dealing properly

with ⊥ ensures that # is monotonic.

Building on the above intuitions, we �rst de�ne # for �nite lpofs and pomsets, and then

extend our de�nition to in�nite ones using Lemma 6.9. In the rest of this section, we assume that

𝛼, 𝛽 ∈ lpofin(𝐿). We start by de�ning the notion of stuck computations, extensible nodes, and

branches. �e formula stuck𝛼 indicates which nodes are guaranteed to encounter a ⊥ later in

their execution. Extensible nodes 𝑥 ∈ ext𝛼 are not stuck, so there is some computation path that

they can take without encountering any ⊥ node.

stuck𝛼 ,
∨

𝑥∈𝑁𝛼 :𝜆𝛼 (𝑥)=⊥
𝜑𝛼 (𝑥) ext𝛼 , {𝑥 ∈ 𝑁𝛼 | 𝜑𝛼 (𝑥) 6⇒ stuck𝛼 }

In (6.2), all nodes are extensible, whereas in (6.3a) only 𝑥 and 𝑦2 are extensible and in (6.3b) none

are extensible. �e set of branches br𝛼 contains all of the maximal formulae that can be obtained

as the conjunction of formulae of extensible nodes:

br𝛼 , {𝜑𝛼 (𝑆) | ∅ ⊂ 𝑆 ⊆ ext𝛼 , 𝜑𝛼 (𝑆) ⇒ ¬stuck𝛼 , ∀𝑇 . 𝑆 ⊂ 𝑇 ⊆ ext𝛼 ⇒ ¬sat(𝜑𝛼 (𝑇 ))}

where, 𝜑𝛼 (𝑆) ,
∧
𝑥∈𝑆 𝜑𝛼 (𝑥) for any 𝑆 ⊆ 𝑁𝛼 . For example, in (6.2a,b), br = {true} since there are

no tests; in (6.2c), br = {𝑥,¬𝑥} since both outcomes of the test are not stuck; in (6.3a), br = {¬𝑥}
since the program is stuck if 𝑥 passes; and in (6.3b), br = ∅, since all paths are stuck.
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As we saw in (6.2c), we will need an isomorphic copy 𝛽𝜓 ≡ 𝛽 for each branch𝜓 ∈ br𝛼 . �ose

copies are generated by a function 𝑓 : br𝛼 → [𝛽] such that the nodes of 𝑓 (𝜓 ) are disjoint from
those of 𝛼 and of every 𝑓 (𝜓 ′) where𝜓 ≠ 𝜓 ′. �e function 𝑓 is drawn from the following set:

copy𝛼,𝛽 ,
{
𝑓 : br𝛼→ [𝛽]

�� ∀𝜓 ∈ br𝛼 . 𝑁 𝑓 (𝜓 ) ∩ 𝑁𝛼 = ∅ ∧ ∀𝜓 ′ ≠ 𝜓 . 𝑁 𝑓 (𝜓 ) ∩ 𝑁 𝑓 (𝜓 ′) = ∅
}

Given 𝛼, 𝛽 ∈ lpofin(𝐿) and 𝑓 ∈ copy𝛼,𝛽 , we de�ne sequential composition 𝛼 #𝑓 𝛽 = 〈𝑁, <, 𝜆, 𝜑〉
where the components are de�ned as follows (notationally, we let 𝛽𝜓 , 𝑓 (𝜓 )):

𝑁 , 𝑁𝛼 ∪
⋃
𝜓∈br𝛼

𝑁𝛽𝜓 < , <𝛼 ∪
⋃
𝜓∈br𝛼

(
<𝛽𝜓 ∪ ({𝑥 ∈ 𝑁𝛼 | 𝜓 ⇒ 𝜑𝛼 (𝑥)} × 𝑁𝛽𝜓 )

)
𝜆(𝑥) ,

{
𝜆𝛼 (𝑥) if 𝑥 ∈ 𝑁𝛼
𝜆𝛽𝜓 (𝑥) if 𝑥 ∈ 𝑁𝛽𝜓

𝜑 (𝑥) ,
{
𝜑𝛼 (𝑥) if 𝑥 ∈ 𝑁𝛼
𝜑𝛽𝜓 (𝑥) ∧𝜓 if 𝑥 ∈ 𝑁𝛽𝜓

(where, again, 𝜓 ∧ true = true ∧𝜓 = 𝜓 ). So, the nodes of 𝛼 #𝑓 𝛽 are the nodes of 𝛼 , and all the

nodes of the isomorphic copies 𝛽𝜓 . �e new order preserves the causalities in 𝛼 and in each 𝛽𝜓 ,

and additionally requires that 𝛽𝜓 occurs a�er all the nodes in the branch 𝜓 of 𝜶 . All labels are

preserved, and formulae in 𝛽𝜓 are updated to also include 𝜓 . Sequential composition for �nite

pomsets is de�ned by taking the equivalence class of all underlying lpofs:

𝜶 # 𝜷 , {𝛼 #𝑓 𝛽 | 𝛼 ∈ 𝜶 , 𝛽 ∈ 𝜷, 𝑓 ∈ copy𝛼,𝛽}

Following from the monotonicity properties of stuck, extensible nodes, and branches, sequential

composition is also monotone, therefore sequential composition of in�nite pomsets is de�ned by

extension, and is Sco� continuous:

𝜶 # 𝜷 , 𝜶 #∗ 𝜷 = sup
𝜶 ′�𝜶

sup
𝜷 ′�𝜷

𝜶 ′ # 𝜷 ′
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6.3.3 Parallel Composition

We �nally de�ne parallel composition. We reuse the no-op label • to denote thread forking and

let nFork𝛼 , 𝑁𝛼 \ {𝑥 ∈ 𝑁𝛼 | 𝜆𝛼 (𝑥) = •∧∀𝑦 ∈ 𝑁𝛼 \ {𝑥}. 𝑥 <𝛼 𝑦} denote the set of nodes of 𝛼 with

the root removed if the root is a • node. �en, for both �nite and in�nite lpofs 𝛼 and 𝛽 , and for

any 𝑥 ∉ 𝑁𝛼 ∪ 𝑁𝛽 , we let 𝛼 ‖𝑥 𝛽 , 〈𝑁, <, 𝜆, 𝜑〉, where

𝑁 , {𝑥} ∪ nFork𝛼 ∪ nFork𝛽

< , ({𝑥} × (nFork𝛼 ∪ nFork𝛽)) ∪ (<𝛼 ∩ (nFork𝛼 × nFork𝛼 )) ∪ (<𝛽 ∩ (nFork𝛽 × nFork𝛽))

𝜆(𝑦) ,

• if 𝑦 = 𝑥
𝜆𝛼 (𝑦) if 𝑦 ∈ nFork𝛼
𝜆𝛽 (𝑦) if 𝑦 ∈ nFork𝛽

𝜑 (𝑦) ,


true if 𝑦 = 𝑥
𝜑𝛼 (𝑦) if 𝑦 ∈ nFork𝛼
𝜑𝛽 (𝑦) if 𝑦 ∈ nFork𝛽

Notice that the branching that arises from ‖ is conceptually (and practically) di�erent from the

branching that arises from a test: ‖ does not exclude either branch, whereas the two branches

due to a test are mutually exclusive. �e di�erence is apparent in the de�nition of the formulae

associated to the nodes a�er the branch, which are not extended with a new conjunct under

parallel composition. �e complication arising in our handling of parallel composition through

• is that we want one single node labelled with •, even if we put in parallel many lpofs.

For example, by pu�ing in parallel the singleton lpofs made up, respectively, by nodes𝑦1 and

𝑦2 and by nodes 𝑧1, 𝑧2 and 𝑧3 (andwhere • is the label of the root nodes, say 𝑥1 and 𝑥2 respectively),
we obtain the lpofs 𝛼 , 𝛽 , and their parallel composition as follows:

𝛼 =

𝑦1 𝑦2

𝑥1(•)
bb <<

𝛽 =

𝑧1 𝑧2 𝑧3

𝑥2(•)
bb <<OO

𝛼 ‖𝑥 𝛽 =

𝑦1 𝑦2 𝑧1 𝑧2 𝑧3

𝑥 (•)
gg aa == 77

OO

where 𝑥1 and 𝑥2 disappear and the new root is 𝑥 , labelled •.
As a side note, observe that the way in which we de�ned parallel composition entails that

𝛼 vlpo 𝛼 ‖𝑥 𝛽 if and only if 𝛼 = 〈⊥〉𝑥 : the lpof 𝛼 has just a node 𝑥 labelled with ⊥; the second
lpof has node 𝑥 labelled with • that precedes a node labelled with ⊥ and all the nodes of 𝛽 . Also,

a somewhat unusual notion of associativity for ‖ holds: (𝛼 ‖𝑥 𝛽) ‖𝑦 𝛾 = 𝛼 ‖𝑦 (𝛽 ‖𝑧 𝛾), but the
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usual associativity is recovered for pomsets, where we abstract from the speci�c node set1. Like

before, we de�ne parallel composition for (�nite and in�nite) pomsets on top of that for lpofs:

𝜶 ‖ 𝜷 , {𝛼 ‖𝑥 𝛽 | 𝛼 ∈ 𝜶 , 𝛽 ∈ 𝜷, 𝑥 ∉ 𝑁𝛼 ∪ 𝑁𝛽}

6.3.4 Fixed Points and Loops

While loops are interpreted as the least �xed point of the function Ψ〈𝐶,𝑏〉 : pom → pom.

Ψ〈𝐶,𝑏〉 (𝜶 ) , guard(𝑏, È𝐶Épom # 𝜶 , 〈 • 〉)

Clearly Ψ〈𝐶,𝑏〉 is Sco� continuous, as it is de�ned using the Sco� continuous operations guard

and #. So, by Kleene’s �xed point theorem, Ψ〈𝐶,𝑏〉 has a least �xed point given by:

Èwhile 𝑏 do 𝐶Épom = lfp
(
Ψ〈𝐶,𝑏〉

)
= sup

𝑛∈N
Ψ𝑛〈𝐶,𝑏〉

(⊥pom
)

Considering a loop Èwhile 𝑏 do 𝑎Épom with a single action 𝑎 as its body, we can unroll the de�-

nition several times to get the following in�nite chain:

⊥ vpom

⊥
𝑎
OO

•
𝑏

T

\\ \\

F
CCCC vpom

⊥
𝑎
OO

•
𝑏

T

\\ \\

F
CCCC

𝑎

OO

•
𝑏

T
[[ [[

F
CCCC

vpom · · · vpom

...

𝑎

OO

•
𝑏T

]] ]]

F
CCCC

𝑎

OO

•
𝑏

T
[[ [[

F
CCCC

Φ0
〈𝑎,𝑏〉 (⊥pom) Φ1

〈𝑎,𝑏〉 (⊥pom) Φ2
〈𝑎,𝑏〉 (⊥pom) sup𝑛∈N Φ𝑛〈𝑎,𝑏〉 (⊥pom)

�e supremum of the chain above is clearly an in�nite structure with a terminating branch for

each 𝑛 ∈ N, and an in�nitely ascending spine. �e ⊥ node is pushed to a progressively higher

level a�er each unrolling, so in the supremum it does not appear at all.
1We remark that # on lpofs also satis�es a non-straightforward associativity, that however becomes the usual

one when passing to pomsets.
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Llpo (𝛼,𝜓, 𝑆) (𝜎) ,
{
𝜂 (𝑠) if next(𝛼,𝜓, 𝑆) = ∅
&𝑥∈next(𝛼,𝜓,𝑆) Lnode (𝛼,𝜓, 𝑆, 𝑥) (𝜎) if next(𝛼,𝜓, 𝑆) ≠ ∅

Lnode (𝛼,𝜓, 𝑆, 𝑥) (𝜎) ,

Llpo (𝛼,𝜓, 𝑆 ∪ {𝑥})†

(È𝜆𝛼 (𝑥)Éact (𝜎)
)

if 𝜆𝛼 (𝑥) ∈ act
Ltest (𝛼,𝜓, 𝑆, 𝑥) (𝜎)†(È𝜆𝛼 (𝑥)Éetest (𝜎)) if 𝜆𝛼 (𝑥) ∈ etest
⊥C if 𝜆𝛼 (𝑥) = ⊥
Llpo (𝛼,𝜓, 𝑆 ∪ {𝑥})(𝜎) if 𝜆𝛼 (𝑥) = •

Ltest (𝛼,𝜓, 𝑆, 𝑥) (𝜎) (𝑏) ,
{ Llpo (𝛼,𝜓 ∧ 𝑥, 𝑆 ∪ {𝑥})(𝜎) if 𝑏 = 1
Llpo (𝛼,𝜓 ∧ ¬𝑥, 𝑆 ∪ {𝑥})(𝜎) if 𝑏 = 0

next(𝛼,𝜓, 𝑆) , {𝑥 ∈ 𝑁𝛼 \ 𝑆 | ↓𝑥 ⊆ 𝑆 ∧𝜓 ⇒ 𝜑𝛼 (𝑥)}

È𝑡Éetest (𝜎) ,

𝜂 (È𝑡Étest (𝜎)) if 𝑡 ∈ test
𝜂 (1) & 𝜂 (0) if 𝑡 = &
𝜂 (1) ⊕È𝑒Éexp (𝜎) 𝜂 (0) if 𝑡 = ⊕𝑒

Figure 6.4: Linearization for finite lpofsLlpo : lpofin×form×2nodes → Mem[𝑉 ] → C(Mem[𝑉 ]).

6.4 LINEARIZATION AND ADEQUACY

We now discuss how to produce a state transformer from the pomset semantics of Section 6.3,

which is useful for understanding the input-output behavior of programs resulting from schedul-

ing concurrent threads. �e state transformer is obtained via linearization, which considers all

interleavings of the threads in order to interpret the semantics of a complete program as a func-

tion from inputs into the convex powerdomain. Once the program is linearized, more threads

cannot be composed in parallel, as the causality information is gone.

We start by de�ning a linearization operation on �nite lpofs, which is shown in Figure 6.4.

Linearization is de�ned recursively, until there are no more nodes to schedule. It must be de�ned

on �nite structures, otherwise the recursion is not well-founded, but it can be extended to in�nite

structures using the extension lemma. In Llpo (𝛼,𝜓, 𝑆), the set 𝑆 ⊆ 𝑁𝛼 contains all the nodes

that have already been processed and 𝜓 is a path condition, indicating the outcomes of the tests

129



associated to the nodes in 𝑆 .

�e function next(𝛼,𝜓, 𝑆) gives the nodes that are ready to be scheduled, which includes all

nodes that obey the path condition𝜓 , and whose predecessors are already in 𝑆 . If next(𝛼,𝜓, 𝑆) is
empty, then Llpo (𝛼,𝜓, 𝑆) simply returns the current state 𝑠 using the monad unit 𝜂, since there

are no more nodes to schedule. If not, then it nondeterministically selects a next node using&. If

the next node is an action, then it interprets the action using È−Éact and uses Kleisli composition

to compose the result with the linearization of the remaining lpof. If the next node is a test,

then that test is evaluated and the path condition is updated to account for the outcome of the

test. Standard tests are evaluated using È−Étest from Section 2.1.3, whereas & and ⊕𝑒 return 0 or

1 either nondeterministically and probabilistically, respectively. If the next node is ⊥, then the

linearization is ⊥C , and • is treated like a no-op.

We next de�ne linearization on �nite pomsets Lfin : pomfin → Mem[𝑉 ] → C(Mem[𝑉 ])
using Llpo . Clearly Llpo (𝛼, true, ∅) = Llpo (𝛽, true, ∅) if 𝛼 ≡ 𝛽 , so Lfin(𝜶 ) can be de�ned for

any arbitrary representative lpof 𝛼 ∈ 𝜶 using the trivial path condition true and an empty set

of visited nodes:
Lfin( [𝛼]) , Llpo (𝛼, true, ∅)

Linearization of �nite pomsets is monotone [Zilberstein et al. 2025a, Lemma G.3], therefore, lin-

earization can be extended to in�nite pomsets L : pom → Mem[𝑉 ] → C(Mem[𝑉 ]) by exten-

sion, which is well-de�ned and Sco� continuous.

L(𝜶 ) , L∗fin(𝜶 ) = sup
𝜶 ′�𝜶

Lfin(𝜶 ′)

To ensure that linearization acts as desired, we provide a sanity check lemma to show that the

linearized semantics behaves in the standard way from Section 2.1. Linearizing skip gives the

monad unit; linearizing a singleton action has the same behavior as interpreting the action; lin-

earizing a sequential composition is equal to Kleisli composition of the individual linearizations;

linearizing an if-statement is equal to linearizing one of the two branches, depending on the truth
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of the guard; and the linearization of a while loop is equal to the least �xed point over a di�er-

ent characteristic function Ξ〈𝐶,𝑏〉 . �e function Ξ〈𝐶,𝑏〉 inherits Sco� continuity from the Kleisli

composition operator, therefore the �xed point exists.

Lemma 6.10 (Linearization). �e following properties hold:

L(ÈskipÉpom) = 𝜂

L(È𝑎Épom) = È𝑎Éact

L(È𝐶1 #𝐶2Épom) = L(È𝐶2Épom)† ◦ L(È𝐶1Épom)

L(È𝐶1 &𝐶2Épom) (𝜎) = L(È𝐶1Épom) (𝜎) & L(È𝐶2Épom) (𝜎)

L(È𝐶1 ⊕𝑒 𝐶2Épom) (𝜎) = L(È𝐶1Épom) (𝜎) ⊕È𝑒Éexp (𝜎) L(È𝐶2Épom) (𝜎)

L(Èif 𝑏 then 𝐶1 else 𝐶2Épom) (𝜎) =
{ L(È𝐶1Épom) (𝜎) if È𝑏Étest (𝜎) = 1
L(È𝐶2Épom) (𝜎) if È𝑏Étest (𝜎) = 0

L
(
Èwhile 𝑏 do 𝐶Épom

)
= lfp

(
Ξ〈𝐶,𝑏〉

)
where Ξ〈𝐶,𝑏〉 (𝑓 ) (𝜎) ,

{
𝑓 †

(
L(È𝐶Épom)) (𝜎)

)
if È𝑏Étest (𝜎) = 1

𝜂 (𝜎) if È𝑏Étest (𝜎) = 0

Proof. Follows from Lemma 5.2 of Zilberstein et al. [2025a]. �

Lemma 6.10 is quite signi�cant; it implies that L(È𝐶Épom) corresponds to the convex power-
domain semantics from Chapter 5.

�eorem 6.11 (Adequacy). �e following diagram commutes:

cmd pd

È−Épom
//

È−ÉC
**

pom

L
��

(Mem[𝑉 ] → C(Mem[𝑉 ]))
In other words, L(È𝐶Épom) = È𝐶ÉC for all pdCL program 𝐶 ∈ cmd pd.

Proof. By induction on the structure of 𝐶 . �e cases follow immediately from Lemma 6.10. �
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As a consequence of �eorem 6.11, the dOL inference rules carry over to a more complex

logic for analyzing pcCL programs. But properties about parallel composition are notablymissing

from Lemma 6.10. In fact, no such compositional properties exist, since parallel composition can

completely change the behavior of each thread, as we saw in Section 6.1. In the next chapter, we

will develop compositional reasoning strategies for parallel programs based on separation logic.

6.5 RELATEDWORK

Pomsets with formulae is a new semantic structure, which we use as basis to provide semantics

for a probabilistic concurrent imperative language with unbounded loops. Our work builds on a

rich history of using partial orders and pomsets in denotational models of concurrent programs

[Grabowski 1981; Pra� 1976; Gischer 1988], which have been used as a semantic basis for concur-

rent separation logic [Brookes 2004], concurrent Kleene algebras [Hoare et al. 2011; Kappé et al.

2020; Laurence and Struth 2014; Jipsen and Moshier 2016], and other applications [Kavanagh and

Brookes 2018; Edixhoven et al. 2022; Jagadeesan et al. 2020].

While there are links between pomset semantics and operational models of concurrency

[Brookes 2002], pomsets are o�en preferred for their �ner notion of concurrency compared to

the interleaving semantics o�ered by operational models, which is especially useful in the con-

text of weak memory [Kavanagh and Brookes 2018; Jagadeesan et al. 2020]. Probabilistic event

structures model probabilistic process algebras [Katoen 1996; Winskel 2014; Varacca et al. 2006;

Varacca and Yoshida 2007], whereas we model a full imperative language with sequential com-

position, control �ow, and unbounded loops, for which adding formulae was essential.

Concurrency has previously been combined with other e�ects in limited ways. For exam-

ple, semantics for probabilistic concurrent programs have been de�ned operationally [Tassaro�i

and Harper 2019; Tassaro�i 2018], but that approach is limited to bounded loops due to the lack

of domain-theoretic tools to determine the in�nitary behavior. Whereas �nite-trace models are

su�cient for many non-probabilistic scenarios, unbounded looping in probabilistic programs re-
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quires in�nite traces, as the probability of termination may only become 1 in the limit. A proper

theory of in�nite traces requires pomsets to be enriched with a dcpo [Meyer and de Vink 1988,

1989] or metric [de Bakker and Warmerdam 1990] structure; prior work was very informative

to our own development, although the inclusion of deterministic branching in our own pomset

structure added signi�cant complexity.

Fesefeldt et al. [2022] introduced an operational model of probabilistic concurrency based on

Markov Decision Processes, which they used to lower bound expected values, but that approach

does not straightforwardly extend to more complex domains such as the convex powerdomain,

which gives the full set of distributions over outcomes.

Neves [2025] developed a denotational model where the underlying semantic structure is

obtained as the solution to a domain equation. Our construction is more concrete, giving a full

account of the causality in the program and thus captures non-interleavingmodels of concurrency

too. In addition, our extension theorem provides a convenient basis for inductive proofs over

unbounded programs, as we saw in �eorem 6.11 and will see again in Lemma 7.8.

Branching pomsets were recently introduced to model choices in choreographic programs

[Edixhoven et al. 2022; Edixhoven and Jongmans 2022; Edixhoven et al. 2024]. While branching

pomsets can, in theory, contain in�nitely many nodes, the domain theoretic properties needed to

approximate in�nite structures have not been explored, which was a signi�cant focus of this pa-

per. Indeed, our extension lemma (Lemma 6.9) was necessary for linearization, without which we

would not have been able to relate our pomeset model to the known convex powerset semantics

[He et al. 1997; McIver and Morgan 2005; Zilberstein et al. 2025b].
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CHAPTER 7

PROBABILISTIC CONCURRENT OUTCOME LOGIC

As a culmination of all the prior chapters, we now present Probabilistic Concurrent Outcome

Logic (pcOL), which combines pOL’s ability to reason about probabilistic outcomes and dOL’s

ability to reason about nondeterminism with compositional concurrency reasoning inspired by

Concurrent Separation Logic (CSL) and semantics based on pomsets with formulae.

�roughout this chapter, we will see how invariant-sensitive semantics allows us to com-

positionally model parallel threads, even if they interact with shared state. Furthermore, the

probabilistic independence guarantee of the separating conjunction allows us to compositionally

reason about parallel threads, but still recover the joint distribution over all of the program vari-

ables. Observations about shared state can result in nondeterminism, so just like dOL, pcOLmust

carefully control for correlations between the parallel threads that might disrupt probabilistic in-

dependence guarantees. In the next chapter, we will see larger case studies where the capabilities

that we have built up from pOL to dOL to pcOL are all on display.

7.1 OVERVIEW

As we saw in Section 2.4.3, Concurrent Separation Logic (CSL) achieves compositionality via

separation [O’Hearn 2004; Brookes 2004]. �e Par rule states that if two threads act on disjoint

memory regions, then their behavior will not change when they are run in parallel.

{𝑃1} 𝐶1 {𝑄1} {𝑃2} 𝐶2 {𝑄2}

{𝑃1 ∗ 𝑃2} 𝐶1 ‖ 𝐶2 {𝑄1 ∗𝑄2}
Par

�e central question behind pcOL is how to bring the kind of compositional concurrency rea-

soning that was pioneered by CSL into a more expressive se�ing where we can reason about

probabilistic and nondeterministic outcomes, as we did in pOL and dOL.
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7.1.1 Concurrent Separation Logic meets Demonic Outcome Logic

From pOL and dOL, we already know that if we separately �ip two coins and store the results

in the variables 𝑥 and 𝑦, then the respective variables will be distributed according to Bernoulli

distributions with parameter 1
2 .

〈d𝑥 ↦→ −e〉 𝑥 :≈ Ber ( 1
2
)
〈𝑥 ∼ Ber

( 1
2
)
〉 〈d𝑦 ↦→ −e〉 𝑦 :≈ Ber ( 1

2
)
〈𝑦 ∼ Ber

( 1
2
)
〉

Aswe have seen repeatedly throughout the prior chapters, probabilistic independence is a power-

ful tool for compositionally determining the joint distribution over the local and global memories

in a program. Indeed, pOL and dOL provide compositional ways to combine the two speci�ca-

tions above. For example, if they were composed in a sequence, then we could use Frame and

Seq to derive the following speci�cation.

〈d𝑥 ↦→ −e ∗ d𝑦 ↦→ −e〉 𝑥 :≈ Ber ( 1
2
)
# 𝑦 :≈ Ber ( 1

2
)
〈𝑥 ∼ Ber

( 1
2
) ∗ 𝑦 ∼ Ber

( 1
2
)
〉

Independence allows us to recover the entire joint distribution over all the program variables

above, for example, we know that 𝑥 and 𝑦 are both 1 with probability 1
2 · 12 = 1

4 .

Going forward, a version of Par based on probabilistic separation would give us a powerful

way to compositionally reason about probabilistic concurrency, which fully dictates the joint

distribution over all of the program variables. Instead of composing the two coin �ips in sequence,

we could compose them in parallel and obtain the speci�cation below.

〈d𝑥 ↦→ −e ∗ d𝑦 ↦→ −e〉 𝑥 :≈ Ber ( 1
2
) ‖ 𝑦 :≈ Ber ( 1

2
)
〈𝑥 ∼ Ber

( 1
2
) ∗ 𝑦 ∼ Ber

( 1
2
)
〉

Intuitively, a probabilistic interpretation of Par is justi�able because 𝑥 :≈Ber ( 1
2
)
and 𝑦 :≈Ber ( 1

2
)

execute without interaction, so there is no correlation between their random behaviors. �e

lack of correlation is due in part to the lack of shared state, which makes the nondeterminism

introduced by the interleaving behavior of the scheduler not observable in any way.

Bigger challenges arise when the threads do share state, so that the nondeterministic behavior

of the scheduler is observable. CSL handles shared state with resource invariants—threads can
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interact with shared state as long as the invariant 𝐼 is preserved by every atomic step. More

speci�cally, a more general Par rule allows the invariant resources to be used in both threads;

the Atom rule opens the invariant, as long as the program is a single atomic command 𝑎; and

Share allocates an invariant that is true before and a�er the program execution.

𝐼 ` 〈𝜑1〉 𝐶1 〈𝜓1〉 𝐼 ` 〈𝜑2〉 𝐶2 〈𝜓2〉

𝐼 ` 〈𝜑1 ∗ 𝜑2〉 𝐶1 ‖ 𝐶2 〈𝜓1 ∗𝜓2〉
Par

` 〈𝜑 ∗ d𝐼e〉 𝑎 〈𝜓 ∗ d𝐼e〉
𝐼 ` 〈𝜑〉 𝑎 〈𝜓〉

Atom

𝐼 ` 〈𝜑〉 𝐶 〈𝜓〉

` 〈𝜑 ∗ d𝐼e〉 𝐶 〈𝜓 ∗ d𝐼e〉Share

Under the probabilistic interpretation of ∗ from Chapter 3, the Par rule is valid when the shared

state described by the invariant 𝐼 is deterministic, for example, in the following program, where

𝑧 has a �xed value, which is read from both threads.

𝑧 ↦→ 1 ` 〈d𝑥 ↦→ −e ∗ d𝑦 ↦→ −e〉 𝑥 :≈ Ber ( 𝑧
2
) ‖ 𝑦 :≈ Ber ( 𝑧

2
)
〈(𝑥 ∼ Ber

( 1
2
)) ∗ (𝑦 ∼ Ber

( 1
2
))〉

However, with nondeterministic or randomized shared state, reasoning about programs becomes

more complicated because correlations can be introduced in subtle ways. We will see a few such

representative scenarios, and how they are handled in pcOL.

7.1.2 Handling Randomized Shared State with Conditioning

When shared state is randomized, compositional reasoning about outcomes becomes essential.

As an example, consider the following program, where 𝑥 and 𝑦 read from the shared randomized

variable 𝑧 in di�erent threads.

𝑧 :≈ Ber ( 1
2
)
# (𝑥 B 𝑧 ‖ 𝑦 B 1 − 𝑧) (7.1)

Here, 𝑥 and𝑦 are clearly not independently distributed, since both are derived from 𝑧. So it seems

dubious that Par could be used to reason about program (7.1). �e key observation is that 𝑥 and

𝑦 are conditionally independent on 𝑧, so we can compositionally reason about the threads by �rst

breaking down the outcomes of the sampling operation such that 𝑧 is deterministic in each case,

similarly to how we have handled randomized control �ow in prior chapters.
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𝑧 ↦→ 𝑍 ` 〈d𝑥 ↦→ −e〉 𝑥 B 𝑧 〈d𝑥 ↦→ 𝑍 e〉 𝑧 ↦→ 𝑍 ` 〈d𝑦 ↦→ −e〉 𝑦 B 1 − 𝑧 〈d𝑦 ↦→ 1 − 𝑍 e〉
𝑧 ↦→ 𝑍 ` 〈d𝑥 ↦→ − ∗ 𝑦 ↦→ −e〉 𝑥 B 𝑧 ‖ 𝑦 B 1 − 𝑧 〈d𝑥 ↦→ 𝑍 ∗ 𝑦 ↦→ 1 − 𝑍 e〉 Par

` 〈d𝑧 ↦→ 𝑍 ∗ 𝑥 ↦→ − ∗ 𝑦 ↦→ −e〉 𝑥 B 𝑧 ‖ 𝑦 B 1 − 𝑧 〈d𝑥 ↦→ 𝑍 ∗ 𝑦 ↦→ 1 − 𝑍 e〉 Share

` 〈⊕𝑍∼Ber( 12 ) d𝑧 ↦→ 𝑍 ∗ 𝑥 ↦→ − ∗ 𝑦 ↦→ −e〉 𝑥 B 𝑧 ‖ 𝑦 B 1 − 𝑧 〈⊕𝑍∼Ber( 12 ) d𝑥 ↦→ 𝑍 ∗ 𝑦 ↦→ 1 − 𝑍 e〉 Split1

Figure 7.1: Sketch of the derivation for program (7.1).

By considering each possible outcome of the sampling operation, we end up in a situation

where 𝑧 is deterministic, and therefore the Par rule can apply. A�er executing the sampling

operation, we get the assertion (𝑧 ∼ Ber
( 1
2
)) ∗ d𝑥 ↦→ − ∗ 𝑦 ↦→ −e, which is equivalent via the

distributive law to
⊕

𝑍∼Ber( 12 ) d𝑧 ↦→ 𝑍 ∗ 𝑥 ↦→ − ∗ 𝑦 ↦→ −e. From there, the derivation for the

remainder of the program is sketched in Figure 7.1.

Before applying the Par rule, we need to use the Split1 rule from pOL and dOL to do case

analysis on the value of 𝑍 . In the premise of Split1, we have that d𝑧 ↦→ 𝑍 e, so 𝑧 is now deter-

ministic and 𝑍 is unbound (and thus implicitly universally quanti�ed). Since 𝑧 is accessed in both

threads, the next step is to use Share to move the information about 𝑧 into the invariant. Finally,

we simply use Par to conclude that d𝑥 ↦→ 𝑍 ∗𝑦 ↦→ 1−𝑍 e for each outcome of the initial coin �ip.

Ultimately, the conclusion of Split1 has the postcondition
⊕

𝑍∼Ber( 12 ) d𝑥 ↦→ 𝑍 ∗ 𝑦 ↦→ 1 − 𝑍 e.
In other words, 𝑥 and 𝑦 are independent inside the scope of the

⊕
𝑍∼Ber( 12 ) , where they are

deterministic. So, although 𝑥 and 𝑦 are clearly correlated, applications of Par and Split1 in a

careful order allow us to obtain an expressive speci�cation for the program, which still recovers

the full joint distribution over 𝑥 and 𝑦. �e pa�ern of conditioning on randomized shared state

will arise frequently throughout the remaining examples.

7.1.3 Taming Nondeterminism with Precise Assertions

In the previous section, we saw a strategy for compositional concurrency reasoning, but it was

limited to scenarios where the shared state could be made deterministic via case analysis. In other

words, the nondeterministic scheduling order could not a�ect the outcome of the program.
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�e e�ects of scheduling become observable when threads mutate shared state, because dif-

ferent interleavings can cause the shared variables to take on di�erent values throughout the

program execution. Like standard CSL, we need to account for the ways in which di�erent pro-

gram interleavings can nondeterministically result in di�erent outcomes. For example, in the

following program, the value of 𝑦 is e�ectively nondeterministic, even though it is obtained by

observing 𝑥 immediately a�er 𝑥 is assigned to be 1.

𝑥 B 1 # 𝑦 B 𝑥 ‖ 𝑥 B 0

However, unlike standard CSL, in pcOL we also need to account for the probabilistic indepen-

dence guarantees of separation. As we saw in Section 5.4.2, reasoning about nondeterminism in

dOL can invalidate the strong frame rule. In a similar way, certain types of observations about

nondeterministic shared state can also invalidate Par.

As an example, consider the following program. Although both threads independently sample

from Bernoulli distributions, the parameter of the Bernoulli distribution in the second thread

depends on shared state, which is updated in the �rst thread.

𝑧 B 1 # 𝑥 :≈ Ber ( 1
2
)
# 𝑧 B 𝑥 ‖ 𝑦 :≈ Ber ( 𝑧

2
)

(7.2)

Using the invariant 𝑧 ∈ {0, 1}, we could derive the following speci�cation for the �rst thread.

Since all the operations on 𝑧 clearly satisfy the invariant, the speci�cation e�ectively only dictates

that 𝑥 is distributed according to Ber
( 1
2
)
.

𝑧 ∈ {0, 1} ` 〈d𝑥 ↦→ −e〉 𝑧 B 1 # 𝑥 :≈ Ber ( 1
2
)
# 𝑧 B 𝑥 〈𝑥 ∼ Ber

( 1
2
)
〉

Turning to the second thread, since we know that 𝑧 ∈ {0, 1}, then 𝑧
2 ≤ 1

2 , and therefore we could

obtain the following speci�cation, which states that 𝑦 is distributed according to a Bernoulli

distribution with parameter at most 1
2 .

𝑧 ∈ {0, 1} ` 〈d𝑦 ↦→ −e〉 𝑦 :≈ Ber ( 𝑧
2
)
〈∃𝑃 .d𝑃 ≤ 1

2e ∗ 𝑦 ∼ Ber (𝑃) 〉

However, the Par rule from Section 7.1.1 allows us to join the two triples above to obtain the

overall postcondition 𝑥 ∼ Ber
( 1
2
) ∗ ∃𝑃 .d𝑃 ≤ 1

2e ∗ 𝑦 ∼ Ber (𝑃), which is not sound since the
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scheduler can easily cause 𝑥 and 𝑦 to be correlated. Indeed, by selecting the interleaving where

the entire �rst thread is executed before the second thread, the program e�ectively becomes

𝑥 :≈Ber ( 1
2
)
#𝑦 :≈Ber (𝑥

2
)
. �e correlation in that interleaving is obvious by inspecting conditional

probabilities: P[𝑦 ↦→ 0 | 𝑥 ↦→ 0] = 1, whereas P[𝑦 ↦→ 0 | 𝑥 ↦→ 1] = 1
2 .

To ensure that the correlations between the local states of the two threads do not invalidate

the Par rule in pcOL, we additionally require the postconditions of each thread to be precise (Def-

inition 3.10), essentially meaning that they exactly determine the probability of each measurable

event. Clearly, the postcondition that we gave to the second thread of (7.2) was not precise, since

the parameter of the Bernoulli distribution was existentially quanti�ed. Hence, the application of

Parwas unsound. Instead, we could use the following triple that cannot measure the probabilistic

e�ects of nondeterminism in any way.

𝑧 ∈ {0, 1} ` 〈d𝑦 ↦→ −e〉 𝑦 :≈ Ber ( 𝑧
2
)
〈d𝑦 ∈ {0, 1}e〉

Just as we saw in Section 3.1.3, moving to the pure assertion d𝑦 ∈ {0, 1}e allows us to separate

the information about 𝑥 and 𝑦 without violating the independence guarantees of the separating

conjunction. As such, we could derive the following sound speci�cation for (7.2).

𝑧 ∈ {0, 1} ` 〈d𝑥 ↦→ − ∗ 𝑦 ↦→ −e〉
𝑧 B 1 #
𝑥 :≈ Ber ( 1

2
)
# 𝑦 :≈ Ber ( 𝑧

2
)

𝑧 B 𝑥
〈𝑥 ∼ Ber

( 1
2
) ∗ d𝑦 ∈ {0, 1}e〉

Once again, the use of an an almost sure assertion makes independence of the measurable events

trivial, for example:

P[𝑥 ↦→ 1 ∗ 𝑦 ∈ {0, 1}] =
1
2 =

1
2 · 1 = P[𝑥 ↦→ 1] · P[𝑦 ∈ {0, 1}]

Note that the precision requirement in the Par rule is very similar to the precision requirement in

the Strengthen rule of dOL; in both cases, precision ensures that the nondeterministic behavior

of the scheduler is not measurable in any way.
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7.2 INVARIANT SENSITIVE SEMANTICS

In the prior section, we saw how the rules of pcOL can be applied for expressive probabilistic

reasoning. We now turn to formalizing the metatheory, and discuss the semantic tools required

to justify the soundness of the pcOL inference rules. Soundness of the Par rule, and soundness

of pcOL more generally, essentially requires that each triple 𝐼 ` 〈𝜑〉 𝐶 〈𝜓〉 applies not only to 𝐶

running in isolation, but also to𝐶 with other threads composed in parallel. For example, consider

the simple parallel program below:

𝑥 B 1 # 𝑦 B 𝑥 ‖ 𝑥 B 0 (7.3)

In the le� thread, 𝑦 is immediately set to 𝑥 a�er 𝑥 is set to 1, so the pomsets with formula model

from Chapter 6 tells us that 𝑥 and 𝑦 are both 1 a�er running the thread in isolation.

L
(
È𝑥 B 1 # 𝑦 B 𝑥Épom

)
(𝜎) =

{[
𝜎 [𝑥 B 1, 𝑦 B 1] ↦→ 1

]}
But the semantics above does not take into account the fact that the program is running in a global

context where shared state could be modi�ed by other threads. �erefore, it cannot readily be

used to justify the soundness of the Par rule. In fact, the behavior of the thread depends on the

other threads that are running in parallel. In the case above, the second thread is racing to update

𝑥 to be 0, therefore the command 𝑦 B 𝑥 is e�ectively a nondeterministic update of 𝑦 to be 0 or 1.

As we saw in Section 7.1.1, we reason about shared state via invariants—assertions that must

be preserved by every atomic action. To model the ways in which shared state may be modi�ed

by other threads, we de�ne an invariant sensitive semantics, in which the scheduler may alter

shared state before executing each atomic action. In the case of program (7.3), the invariant is

simply 𝑥 ∈ {0, 1}, and the invariant-sensitive execution of the action𝑦 B 𝑥 is given below, where

the extensional interpretation of assertions L−M was de�ned in Section 2.4.1.

È𝑦 B 𝑥ÉL𝑥∈{0,1}Mact (𝜎) =
{[

𝜎 [𝑥 B 1, 𝑦 B 1] ↦→ 𝑝
𝜎 [𝑥 B 0, 𝑦 B 0] ↦→ 1 − 𝑝

] ���� 𝑝 ∈ [0, 1]}
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�e scheduler can set 𝑥 to be 0 or 1 before executing the action, and so the invariant sensitive

semantics includes options where 𝑥 and 𝑦 are both 0 or both 1. Since we are still working in

the convex powerdomain model, nondeterminism is represented as a convex choice, therefore

the scheduler’s choice of value for 𝑥 can be made probabilistically. Even without a probabilistic

scheduler, the convex choice would still be needed to model invariants, since shared state can be

updated probabilistically, for example, in the modi�cation of program (7.3) below.

𝑥 B 1 # 𝑦 B 𝑥 ‖ 𝑥 :≈ Ber ( 1
2
)

�e convex choice in È𝑦 B 𝑥ÉL𝑥∈{0,1}Mact (𝜎) still captures the behavior of 𝑦 B 𝑥 in the presence of

the new randomized thread.

To formalize the semantics, we use semantic invariants, which are �nite sets of memories

I ⊆fin Mem[𝑈 ] that represent the legal values of shared state. Invariantsmust be �nite in order to

avoid issues related to unbounded nondeterminism, as discussed in Section 5.2.1. However, �nite

invariants are su�cient for a wide variety of veri�cation tasks, such as the ones in Chapter 8.

�e invariant-sensitive model is based on a family of semantic functions for actions, indexed

by a semantic invariant: È𝑎ÉIact : Mem[𝑉 ] → C(Mem[𝑉 ]), where I ⊆fin Mem[𝑈 ] and𝑈 ⊆ 𝑉 .

È𝑎ÉIact ,
(
checkI

)†
◦ È𝑎É†act ◦

(
replaceI

)†
◦ checkI

checkI (𝜎) ,
{
𝜂 (𝜎) if 𝜋𝑈 (𝜎) ∈ I
⊥C if 𝜋𝑈 (𝜎) ∉ I replaceI (𝜎) =&

𝜏∈I
𝜂 (𝜋𝑉 \𝑈 (𝜎) ] 𝜏)

In the invariant sensitive semantics, I is �rst checked to ensure that the current state satis�es the

invariant. Next, a new valid state (or distribution thereof) is chosen to replace the shared portion

of memory, simulating a parallel thread that alters the shared state at that step. �e standard

action semantics is then executed, followed by another check to ensure that the invariant still

holds. If the invariant is ever violated, then ⊥C is returned to indicate that the execution is faulty.

Le�ing emp ∈ Mem[∅] be the empty memory, we remark that È𝑎Éact = È𝑎É{emp}
act , meaning

that invariant sensitive execution using the empty invariant is equal to normal execution, since

check{emp} = replace{emp} = 𝜂.
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�e invariant sensitive semantics is monotonic: adding more variables into the invariant can

only increase the set of nondeterministic outcomes.

Lemma 7.1 (Invariant Monotonicity for Actions). For any action 𝑎 ∈ act and semantic invariants

I ⊆fin Mem[𝑈 ] and J ⊆fin Mem[𝑉 ] such that𝑈 ∩𝑉 = ∅:

È𝑎ÉI ⊆• È𝑎ÉI∗J

Where ⊆• is the pointwise extension of ⊆ as de�ned in Lemma 2.9.

Proof. Note that the conclusion is equivalent to È𝑎ÉI∗J v•C È𝑎ÉI for all 𝜎 . If 𝜋𝑈∪𝑉 (𝜎) ∉ I ∗ J ,

then È𝑎ÉI∗J (𝜎) = ⊥C , therefore we trivially have that:

È𝑎ÉI∗J (𝜎) = ⊥C vC È𝑎ÉI (𝜎)

Now, suppose that 𝜋𝑈∪𝑉 (𝜎) ∈ I ∗ J , which means that the initial invariant check passes in both

sides of the inequality. Clearly, the replacement using I ∗ J results in more nondeterministic

possibilities compared to I, therefore the inequality holds in that case too. �

Monotonicity is apparent in the execution 𝑦 B 𝑥 from (7.3). Suppose that 𝜎 is a mem-

ory such that 𝜎 (𝑥) = 1, then È𝑦 B 𝑥Éact (𝜎) simply results in 𝑦 being assigned to 1, whereas

È𝑦 B 𝑥ÉL𝑥∈{0,1}Mact (𝜎) sets 𝑥 and 𝑦 to 0 or 1 probabilistically. Choosing 𝑝 = 1, the single outcome

of È𝑦 B 𝑥Éact (𝜎) is clearly contained in the set obtained by invariant sensitive execution.

È𝑦 B 𝑥Éact (𝜎) =

{[
𝜎 [𝑦 B 1] ↦→ 1

]}
⊆

{[
𝜎 [𝑥 B 1, 𝑦 B 1] ↦→ 𝑝
𝜎 [𝑥 B 0, 𝑦 B 0] ↦→ 1 − 𝑝

] ���� 𝑝 ∈ [0, 1]} = È𝑦 B 𝑥ÉL𝑥∈{0,1}Mact (𝜎)

Now, we extend invariant sensitive execution from actions to any commands by also indexing the

linearization function by a semantic invariant LI , indicating which semantic function to use for

actions. So LI is de�ned in exactly the same was as L from Section 6.4, except for the selection

of which function to use for È−Éact . Returning to program (7.3), we get the following invariant

sensitive semantics for the �rst thread.

LL𝑥∈{0,1}M
(
È𝑥 B 1 # 𝑦 B 𝑥Épom

)
(𝜎) =

{[
𝜎 [𝑥 B 1, 𝑦 B 1] ↦→ 𝑝
𝜎 [𝑥 B 0, 𝑦 B 0] ↦→ 1 − 𝑝

] ���� 𝑝 ∈ [0, 1]}
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As with the invariant sensitive action execution, the value of 𝑦 is now nondeterministically se-

lected by the scheduler. Moreover, the possible distributions over the thread’s local state—i.e., the

variable 𝑦—no longer change when we compose the two threads of (7.3) in parallel, which un-

derlies the ability to reason about the two threads compositionally. Invariant sensitive execution

e�ectively reduces concurrent execution into standard nondeterminism.

�e linearized state transformer is ideal for modeling a program logic, where programs are

speci�ed in terms of preconditions and postconditions. As shown by Lemma 6.10, linearization

of non-parallel programming constructs is well-behaved; it is compositional with respect to se-

quencing, if statements, and while loops. In fact, �eorem 6.11 showed that the parallel-free

fragment of the linearized model is equivalent to the model of dOL, and therefore the metathe-

ory for standard commands carries over exactly from dOL to pcOL. As we will see formally in

the next section, LL𝑥∈{0,1}M supports the soundness of the triple below.

𝑥 ∈ {0, 1} ` 〈d𝑦 ↦→ −e〉 𝑥 B 1 # 𝑦 B 𝑥 〈d𝑦 ∈ {0, 1}e〉

We omit the indexing invariant I and just write L when I = {emp}. When the invariant is

{emp}, the scheduler does not simulate any mutations performed by other threads, since all

actions are evaluated according to È𝑎É{emp}
act = È𝑎Éact , so L(È𝐶Épom) (𝜎) can be viewed as the

true semantics of the program. Similar to action evaluation, linearization is also monotonic with

respect to invariants.

Lemma 7.2 (Invariant Monotonicity). For any pomset 𝜶 ∈ pom and invariants I ⊆fin Mem[𝑈 ]
and J ⊆fin Mem[𝑉 ] such that𝑈 ∩𝑉 = ∅:

L(𝜶 )I ⊆• L(𝜶 )I∗J

Proof. Follows immediately frommonotonicity of linearization [Zilberstein et al. 2025a, Corollary

G.4] and Lemma 7.1, see Lemma 5.3 of Zilberstein et al. [2026] for more details. �

Lemma 7.2 guarantees that an invariant only adds new behaviors, so safety properties about

LI (È𝐶Épom) automatically carry over to L(È𝐶Épom), justifying the soundness of Share.
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7.3 PROBABILISTIC CONCURRENT OUTCOME LOGIC

Probabilistic Concurrent Outcome Logic (pcOL) speci�cations are given as triples of the form

𝐼 �pcOL𝑚 〈𝜑〉𝐶 〈𝜓〉, where𝜑 and𝜓 are the extended outcome assertions from Figure 5.3,𝐶 ∈ cmd pc

is a pcCL program, 𝐼 is a basic separation logic assertion (Figure 2.6), and𝑚 ∈ {s,w} is a mode.

�e meaning of pcOL triples are exactly like their dOL counterparts, except that the program 𝐶

is interpreted using an invariant sensitive linearization semantics LI (È𝐶Épom).
Since invariant sensitive execution requires the invariant states to be drawn from a �nite set,

𝐼 must be a �nitary basic assertion; formally, finitary(𝐼 ) i� L𝐼MΓ is a �nite set for any context Γ.

�e formal validity de�nition of pcOL triples is below, which is exactly the same as that of dOL

triples except that the semantic function is now LL𝐼MΓ (È−Épom) instead of È−ÉC and d𝐼e is added
to the precondition and postcondition.

De�nition 7.3 (pcOL Triples). �e pcOL triple 𝐼 �pcOL𝑚 〈𝜑〉 𝐶 〈𝜓〉 is valid i� for all Γ : LVar→ Val,

𝜇, and probability spaces P, P𝐹 , and P′ ∈ P �𝑚 P𝐹 such that P′ � 𝜇 and Γ,P � 𝜑 ∗ d𝐼e, then:

∀𝜈 ∈ LL𝐼MΓ
(
È𝐶Épom

)†
(𝜇). ∃Q, Q′ ∈ Q �𝑚 P𝐹 . Q′ � 𝜈 and Γ,Q � 𝜓 ∗ d𝐼e

Just as dOL is a conservative extension of pOL, the de�nition above gives us that pcOL is also

a conservative extension of dOL.

�eorem 7.4. pcOL is a conservative extension of dOL. �at is, for any pdCL program𝐶 ∈ cmd pd:

emp �pcOL𝑚 〈𝜑〉 𝐶 〈𝜓〉 i� �dOL𝑚 〈𝜑〉 𝐶 〈𝜓〉

Proof. Since the invariant 𝐼 specialized to emp and 𝜑 ∗ dempe ⇔ 𝜑 for any assertion 𝜑 , we get

that emp �pcOL𝑚 〈𝜑〉 𝐶 〈𝜓〉 is de�nitionally equal to:

∀Γ, 𝜇,P,P𝐹 ,P′ ∈ P �𝑚 P𝐹 .
P ⊗ P𝐹 � 𝜇 ∧ Γ,P � 𝜑 =⇒
∀𝜈 ∈ L

(
È𝐶Épom

)†
(𝜇). ∃Q, Q′ ∈ Q �𝑚 P𝐹 . Q ⊗ P𝐹 � 𝜈 ∧ Γ,Q � 𝜓

By �eorem 6.11, we know that L
(
È𝐶Épom

)
= È𝐶ÉC , and by rewriting that equality in the

formula above, we get exactly �dOL𝑚 〈𝜑〉 𝐶 〈𝜓〉. �
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As a corollary, pcOL is also a conservative extension of pOL.

Corollary 7.5. pcOL is a conservative extension of pOL. �at is, for any pCL program 𝐶 ∈ cmd p:

emp �pcOLs 〈𝜑〉 𝐶 〈𝜓〉 i� �pOL 〈𝜑〉 𝐶 〈𝜓〉

Proof. Follows immediately from �eorems 7.4 and 5.8. �

In the remainder of this section, we will present inference rules for deriving pcOL triples. We

will henceforth omit the pcOL superscript and simply write 𝐼 �𝑚 〈𝜑〉 𝐶 〈𝜓〉 to mean that a pcOL

triple is valid. We write 𝐼 `𝑚 〈𝜑〉 𝐶 〈𝜓〉 to mean that a triple is derivable using the pcOL rules.

As with dOL, we will also omit the mode𝑚 when𝑚 = s. We will also omit the invariant 𝐼 when

𝐼 = emp. Following from �eorem 7.4 and Corollary 7.5, the rules of pOL and dOL carry over

to pcOL, but we also add new rules for reasoning about concurrency. �e soundness of all three

logics is discussed in Section 7.4.

7.3.1 Carryover Rules

Following from�eorem 7.4, the reasoning principles in pcOL carry over exactly from dOL. �e

one caveat is that there is now an additional component to the judgements, namely the invariant

𝐼 . In dOL rules that have premises, the invariant must match in all premises and the conclusion.

Apart from that, the inference rules for analyzing commands carry over exactly from dOL to

pcOL, as shown in Figure 7.2.

�e structural rules also carry over from dOL to pcOL, as shown in Figure 7.3. In addition to

requiring the invariant to match between premises and conclusion, the spli�ing rules additionally

require that the bound variable 𝑋 is not free in 𝐼 . If 𝑋 were free in 𝐼 , then those rules would be

unsound, since the𝑋 that is referenced in the invariant would become the same𝑋 as is referenced

in the precondition and postcondition.

Note additionally that in the rule of Conseqence, the invariant cannot be strengthened or

weakened, as that would violate the contract between the local thread and other threads that
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𝐼 `𝑚 〈𝜑〉 skip 〈𝜑〉
Skip

𝐼 `𝑚 〈𝜑〉 𝐶1 〈𝜗〉 𝐼 `𝑚 〈𝜗〉 𝐶2 〈𝜓〉

𝐼 `𝑚 〈𝜑〉 𝐶1 #𝐶2 〈𝜓〉
Seq

𝜑 ⇒ d𝑏 ↦→ 1e 𝐼 `𝑚 〈𝜑〉 𝐶1 〈𝜓〉

𝐼 `𝑚 〈𝜑〉 if 𝑏 then 𝐶1 else 𝐶2 〈𝜓〉
IfT

𝜑 ⇒ d𝑏 ↦→ 0e 𝐼 `𝑚 〈𝜑〉 𝐶2 〈𝜓〉

𝐼 `𝑚 〈𝜑〉 if 𝑏 then 𝐶1 else 𝐶2 〈𝜓〉
IfF

𝐼 `𝑚 〈𝜑〉 𝐶1 〈𝜓1〉 𝐼 `𝑚 〈𝜑〉 𝐶2 〈𝜓2〉 𝜑 ⇒ d𝑒 ↦→ 𝐸e 𝜓1 ⇒ d𝑒′ ↦→ 1e 𝜓2 ⇒ d𝑒′ ↦→ 0e
𝐼 `𝑚 〈𝜑〉 𝐶1 ⊕𝑒 𝐶2 〈𝜓1 ⊕𝐸 𝜓2〉

Prob

𝐼 `w 〈d𝑃e〉 𝐶1 〈𝜓〉 𝐼 `w 〈d𝑃e〉 𝐶2 〈𝜓〉 convex(𝜓 )
𝐼 `w 〈d𝑃e〉 𝐶1 &𝐶2 〈𝜓〉

Nondet

𝜑 ⇒ d𝑒 ↦→ 𝐸e ∧ (𝜓 ∗ own(𝑥))
𝐼 `𝑚 〈𝜑〉 𝑥 B 𝑒 〈d𝑥 ↦→ 𝐸e ∗𝜓〉Assign

𝜑 ⇒ d𝑒 ↦→ 𝐸e ∧ (𝜓 ∗ own(𝑥))
𝐼 `𝑚 〈𝜑〉 𝑥 :≈ 𝑑 (𝑒) 〈(𝑥 ∼ 𝑑 (𝐸)) ∗𝜓〉Samp

d𝑃e ⇒ d𝑒 ↦→ 𝐸e ∧ (𝑄 ∗ down(𝑥)e) finite(𝐸)
𝐼 `w 〈d𝑃e〉 𝑥 ← 𝑒 〈&𝑋∈𝐸 d𝑄 ∗ 𝑥 ↦→ 𝑋 e〉 NAssign

𝐼 `𝑚 〈𝜑 ∗ d𝑅 = 𝑁 > ℓe〉 𝐶 〈
(
&𝑁−1
𝑅=ℓ 𝜑

) ⊕≥𝑝 (
&ℎ
𝑅=𝑁 𝜑

)
〉

𝜑⇒dℓ≤𝑅≤ℎe
𝜑∗d𝑅=ℓe⇒d𝑏 ↦→0e
𝜑∗d𝑅>ℓe⇒d𝑏 ↦→1e

𝑁∉vars(𝜑)
0<𝑝≤1

precise(𝜑 [ℓ/𝑅])
𝐼 `𝑚 〈&ℎ

𝑅=ℓ 𝜑〉 while 𝑏 do 𝐶 〈𝜑 [ℓ/𝑅]〉
BoundedRank

Figure 7.2: Inference rules for commands that carry over to pcOL from dOL.

might be running in parallel. For a more complete description of all of the carry over rules, refer

to Sections 4.3 and 5.4.

7.3.2 Concurrency Rules

�e new rules for pcOL pertain speci�cally to reasoning about concurrency and appear in Fig-

ure 7.4. �e concurrency rules are inspired by Concurrent Separation Logic (CSL) [O’Hearn 2004;

Brookes 2004; Vafeiadis 2011], but the metatheory behind them takes into account the more ex-

pressive assertion model, which guarantees probabilistic independence in addition to just dis-

jointness of state.
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𝐼 `𝑚 〈𝜑〉 𝐶 〈𝜓〉 𝜓⇒d𝑒 ↦→𝑋 e
𝑋∉vars(𝐼 )

𝐼 `𝑚 〈
⊕
𝑋∼𝑑 (𝐸)

𝜑〉 𝐶 〈
⊕
𝑋∼𝑑 (𝐸)

𝜓〉
Split1

𝐼 `𝑚 〈𝜑〉 𝐶 〈𝜓〉 convex(𝜓 )
𝑋∉vars(𝜓,𝐼 )

𝐼 `𝑚 〈
⊕
𝑋∼𝑑 (𝐸)

𝜑〉 𝐶 〈𝜓〉
Split2

𝐼 `𝑚 〈𝜑〉 𝐶 〈𝜓〉 𝜓⇒d𝑒 ↦→𝑋 e
𝑋∉vars(𝐼 )

𝐼 `𝑚 〈&
𝑋∈𝐸

𝜑〉 𝐶 〈&
𝑋∈𝐸

𝜓〉
NSplit1

𝐼 `𝑚 〈𝜑〉 𝐶 〈𝜓〉 convex(𝜓 )
𝑋∉vars(𝜓,𝐼 )

𝐼 `𝑚 〈&
𝑋∈𝐸

𝜑〉 𝐶 〈𝜓〉
NSplit2

𝜑′⇒ 𝜑 𝐼 `𝑚 〈𝜑〉 𝐶 〈𝜓〉 𝜓 ⇒ 𝜓 ′

𝐼 `𝑚 〈𝜑′〉 𝐶 〈𝜓 ′〉
Conseqence

𝐼 `𝑚 〈𝜑〉 𝐶 〈𝜓〉

𝐼 `𝑚 〈𝜑 ∗𝑚 𝜗〉 𝐶 〈𝜓 ∗𝑚 𝜗〉
Frame

𝐼 ` 〈𝜑〉 𝐶 〈𝜓〉

𝐼 `w 〈𝜑〉 𝐶 〈𝜓〉
Weaken

𝐼 `w 〈𝜑〉 𝐶 〈𝜓〉 precise(𝜓 )
𝐼 ` 〈𝜑〉 𝐶 〈𝜓〉

Strengthen

𝐼 `w 〈&𝑋∈𝐸 d𝑃e〉 𝐶 〈𝜓〉 d𝑃e ⇒ 𝑒 ↦→ 𝑋

𝐼 `w 〈d∃𝑋 ∈ 𝐸. 𝑃e〉 𝐶 〈𝜓〉
Exists

Figure 7.3: Structural rules that carry over to pcOL from dOL.

First is the Par rule for parallel composition. Although Par looks like the analogous rule from

CSL, aside from the condition about precision, the soundness of the rule is substantially more

complicated due to the probabilistic interpretation of the separating conjunction. As we saw in

Section 7.1.3, when two threads interact with shared state, the scheduler can induce correlation

between the distributions over their local variables. As such, the outcomes of the two threads

are not probabilistically independent. However, they are observably independent in a restricted

event space. As an example, recall program (7.2), which is shown again below.

𝑧 B 1 # 𝑥 :≈ Ber ( 1
2
)
# 𝑧 B 𝑥 ‖ 𝑦 :≈ Ber ( 𝑧

2
)

In the schedule where the entire le� thread is executed before the right thread, the program is

e�ectively equivalent to 𝑥 :≈Ber ( 1
2
)
#𝑦 :≈Ber (𝑥

2
)
, and thus there is clearly a correlation between

𝑥 and 𝑦 since 𝑦 is more likely to be 1 if 𝑥 is also 1, as seen in the conditional probabilities below.

P[𝑦 ↦→ 1 | 𝑥 ↦→ 1] = 1
2 P[𝑦 ↦→ 1 | 𝑥 ↦→ 0] = 0
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𝐼 ` 〈𝜑1〉 𝐶1 〈𝜓1〉 𝐼 ` 〈𝜑2〉 𝐶2 〈𝜓2〉 precise(𝜓1,𝜓2)
𝐼 ` 〈𝜑1 ∗ 𝜑2〉 𝐶1 ‖ 𝐶2 〈𝜓1 ∗𝜓2〉

Par

𝐽 `𝑚 〈𝜑 ∗ d𝐼e〉 𝑎 〈𝜓 ∗ d𝐼e〉
𝐼 ∗ 𝐽 `𝑚 〈𝜑〉 𝑎 〈𝜓〉

Atom
𝐼 ∗ 𝐽 `𝑚 〈𝜑〉 𝐶 〈𝜓〉 finitary(𝐼 )
𝐽 `𝑚 〈𝜑 ∗ d𝐼e〉 𝐶 〈𝜓 ∗ d𝐼e〉 Share

Figure 7.4: Concurrent Separation Logic Rules

On the other hand, a precise postcondition such as 𝑥 ∼ Ber
( 1
2
) ∗ d𝑦 ∈ {0, 1}e is valid, since the

likelihood of 𝑦 taking on a particular value is not measurable at a �ne enough level of granularity

to observe the correlation (recall the example from Section 3.1.3).

By requiring the postconditions of each thread to be precise, we know that the probability

of each measurable event must be speci�ed exactly, so that the nondeterministic behavior of the

scheduler will not be measurable in the local distributions of either thread. More formally, since

𝜓1 and 𝜓2 are precise, then there are unique minimal probability spaces Q1 and Q2 that satisfy

them. �e soundness proof for Par requires us to show that for any distribution 𝜈 resulting

from running 𝐶1 ‖ 𝐶2, and for any events 𝐵1 ∈ FQ1 and 𝐵2 ∈ FQ2 , it must be the case that

𝜈 (𝐵1 ∗ 𝐵2) = 𝜇Q1 (𝐵1) · 𝜇Q2 (𝐵2). We do so beginning with �nite pomsets.

Lemma 7.6. For any �nite pomsets 𝜶 and 𝜷 , events 𝐵1 ⊆ Mem[𝑈1] and 𝐵2 ⊆ Mem[𝑈2], invariant
I ⊆fin Mem[𝑉 ], and memories 𝜎1 ∈ Mem[𝑈1], 𝜎2 ∈ Mem[𝑈2], and 𝜏 ∈ I,

minProb
(
LIfin(𝜶 ‖ 𝜷) (𝜎1 ] 𝜎2 ] 𝜏), 𝐵1 ∗ 𝐵2 ∗ I

)
= minProb

(
LIfin(𝜶 ) (𝜎1 ] 𝜏), 𝐵1 ∗ I

)
·minProb

(
LIfin(𝜷) (𝜎2 ] 𝜏), 𝐵2 ∗ I

)
Where minProb(𝑆,𝐴) , inf𝜇∈𝑆 𝜇 (𝐴).

Proof. By induction on the length of the remaining execution (equivalently, the number of re-

maining scheduling steps). If the next step schedules a command from 𝜶 , then we condition on

that transition and apply the induction hypothesis to the remainder of the execution to factor

the probability into the contribution from 𝜶 and the remaining execution of 𝜷 (the case where
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the next step comes from 𝜷 is symmetric, yielding the desired product form). See Lemma C.3 of

Zilberstein et al. [2026] for the full derivation. �

Since the proof of Lemma 7.6 is by induction on the length of the computation, it is only appli-

cable to �nite approximations of the program. However, the property also extends to unbounded

computations, as the following lemma shows.

Lemma 7.7. For any pomsets 𝜶 and 𝜷 , events 𝐵1 ⊆ Mem[𝑈1] and 𝐵2 ⊆ Mem[𝑈2], invariant
I ⊆fin Mem[𝑉 ], and memories 𝜎1 ∈ Mem[𝑈1], 𝜎2 ∈ Mem[𝑈2], and 𝜏 ∈ I,

∀𝜈 ∈ LI (𝜶 ‖ 𝜷) (𝜎1 ] 𝜎2 ] 𝜏).
𝜈 (𝐵1 ∗ 𝐵2 ∗ I) ≥ minProb

(
LI (𝜶 ) (𝜎1 ] 𝜏), 𝐵1 ∗ I

)
·minProb

(
LI (𝜷) (𝜎2 ] 𝜏), 𝐵2 ∗ I

)
Proof. Take any 𝜈 ∈ LI (𝜶 ‖ 𝜷) (𝜎1 ] 𝜎2 ] 𝜏).

𝜈 (𝐵1 ∗ 𝐵2 ∗ I)
≥ minProb

(
LI (𝜶 ‖ 𝜷) (𝜎1 ] 𝜎2 ] 𝜏), 𝐵1 ∗ 𝐵2 ∗ I

)
= minProb

(
sup
𝜶 ′�𝜶

sup
𝜷 ′�𝜷

LIfin(𝜶 ′ ‖ 𝜷 ′) (𝜎1 ] 𝜎2 ] 𝜏), 𝐵1 ∗ 𝐵2 ∗ I
)

= sup
𝜶 ′�𝜶

sup
𝜷 ′�𝜷

minProb
(
LIfin(𝜶 ′ ‖ 𝜷 ′) (𝜎1 ] 𝜎2 ] 𝜏), 𝐵1 ∗ 𝐵2 ∗ I

)
By Lemma 7.6.

= sup
𝜶 ′�𝜶

sup
𝜷 ′�𝜷

minProb
(
LIfin(𝜶 ′) (𝜎1 ] 𝜏), 𝐵1 ∗ I

)
·minProb

(
LIfin(𝜷 ′) (𝜎2 ] 𝜏), 𝐵2 ∗ I

)
= minProb

(
LI (𝜶 ) (𝜎1 ] 𝜏), 𝐵1 ∗ I

)
·minProb

(
LI (𝜷) (𝜎2 ] 𝜏), 𝐵2 ∗ I

)
�

�e prior two lemmas deal with cases where the start state is an individual memory, but in

reality, soundness of the Par rule requires us to already start with a distribution of memories. As

a �nal step, we prove a lemma that directly justi�es soundness of the Par rule.
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Lemma 7.8. For any pairwise disjoint 𝑈1,𝑈2,𝑉 ⊆ Var and 𝜶 1,𝜶 2 ∈ pom, let PI be the trivial

probability space where 𝜇PI (I) = 1. For all 𝑘 ∈ {1, 2}, P𝑘 , Q𝑘 , and 𝜇 ∈ D(Mem[𝑈1 ∪ 𝑈2 ∪ 𝑉 ])
such that P1 ⊗ P2 ⊗ PI � 𝜇, if:

∀𝜇𝑘 . P𝑘 ⊗ PI � 𝜇𝑘 =⇒ ∀𝜈𝑘 ∈ LI (𝜶 𝑘)†(𝜇𝑘). Q𝑘 ⊗ PI � 𝜈𝑘 (7.4)

�en:

∀𝜈 ∈ LI (𝜶 1 ‖ 𝜶 2)†(𝜇). Q1 ⊗ Q2 ⊗ PI � 𝜈

Proof. Let (𝐴1,𝑖)𝑖∈𝐼1 and (𝐴2,𝑖)𝑖∈𝐼2 be the generators of P1 and P2, respectively, as witnessed by

Lemma 3.6. We start by showing that for every 𝑘 ∈ {1, 2}, 𝑖 ∈ 𝐼𝑘 , and 𝐵 ∈ FQ𝑘 :

∃𝑝𝐵,𝑘,𝑖 ∈ [0, 1] . ∀𝜎 ∈ 𝐴𝑘,𝑖 . ∀𝜏 ∈ I . ∀𝜈 ∈ LI (𝜶 𝑘) (𝜎 ] 𝜏) . 𝜈 (𝐵 ∗ I) = 𝑝𝐵,𝑘,𝑖 (7.5)

First, for every 𝑗 ∈ 𝐼𝑘 , �x an arbitrary 𝜎 𝑗 ∈ 𝐴𝑘,𝑗 , 𝜏 𝑗 ∈ I, and 𝜈 𝑗 ∈ LI (𝜶 𝑘) (𝜎 𝑗 ] 𝜏 𝑗 ) and let

𝑝𝐵,𝑘,𝑖 = 𝜈𝑖 (𝐵 ∗ I). Now, take any 𝜎 ∈ 𝐴𝑘,𝑖 and 𝜏 ∈ I and de�ne two distributions as follows:

𝜇1(𝜎 𝑗 ] 𝜏 𝑗 ) , 𝜇P𝑘 (𝐴𝑘,𝑗 ) 𝜇2(𝜌) ,
{
𝜇P𝑘 (𝐴𝑘,𝑖) if 𝜌 = 𝜎 ] 𝜏
𝜇1(𝜌) if ∃ 𝑗 ≠ 𝑖 . 𝜌 = 𝜎 𝑗 ] 𝜏 𝑗

So 𝜇1 places all of the probability mass of the event 𝐴𝑘,𝑗 at the single point 𝜎 𝑗 ] 𝜏 𝑗 for each
𝑗 ∈ 𝐼𝑘 , and 𝜇2 does the same, but the mass of 𝐴𝑘,𝑖 is placed speci�cally at 𝜎 ] 𝜏 . By construction,

P𝑘 ⊗ PI � 𝜇1 and P𝑘 ⊗ PI � 𝜇2. Now, take any 𝜈 ∈ LI (𝜶 𝑘) (𝜎 ] 𝜏) and let:

𝜈1 ,
∑︁
𝑗∈𝐼𝑘

𝜇P𝑘 (𝐴𝑘,𝑗 ) · 𝜈 𝑗 𝜈2 , 𝜇P𝑘 (𝐴𝑘,𝑖) · 𝜈 +
∑︁
𝑗≠𝑖

𝜇P𝑘 (𝐴𝑘,𝑗 ) · 𝜈 𝑗

By construction, 𝜈1 ∈ LI (𝜶 𝑘)†(𝜇1) and 𝜈2 ∈ LI (𝜶 𝑘)†(𝜇2), therefore by (7.4), Q𝑘 ⊗ PI � 𝜈1 and
Q𝑘 ⊗ PI � 𝜈2 and therefore 𝜈1(𝐵 ∗ I) = 𝜈2(𝐵 ∗ I), which gives us:

𝜈1(𝐵 ∗ I) = 𝜈2(𝐵 ∗ I)∑︁
𝑗∈𝐼𝑘

𝜇P𝑘 (𝐴𝑘,𝑗 ) · 𝜈 𝑗 (𝐵 ∗ I) = 𝜇P𝑘 (𝐴𝑘,𝑖) · 𝜈 (𝐵 ∗ I) +
∑︁
𝑗≠𝑖

𝜇P𝑘 (𝐴𝑘,𝑗 ) · 𝜈 𝑗 (𝐵 ∗ I)

�����𝜇P𝑘 (𝐴𝑘,𝑖) · 𝑝𝐵,𝑘,𝑖 +
������������∑︁
𝑗≠𝑖

𝜇P𝑘 (𝐴𝑘,𝑗 ) · 𝜈 𝑗 (𝐵 ∗ I) =�����𝜇P𝑘 (𝐴𝑘,𝑖) · 𝜈 (𝐵 ∗ I) +
������������∑︁
𝑗≠𝑖

𝜇P𝑘 (𝐴𝑘,𝑗 ) · 𝜈 𝑗 (𝐵 ∗ I)

𝑝𝐵,𝑘,𝑖 = 𝜈 (𝐵 ∗ I)
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We now move on to prove the main claim. Take any 𝜈 ∈ LI (𝜶 1 ‖ 𝜶 2)†(𝜇), which must have the

form 𝜈 =
∑
𝜎∈supp(𝜇) 𝜇 (𝜎) · 𝜈𝜎 where 𝜈𝜎 ∈ LI (𝜶 1 ‖ 𝜶 2) (𝜎) for each 𝜎 . It just remains to show

that Q1 ⊗ Q2 ⊗ PI � 𝜈 . Take any 𝐵1 ∈ FQ1 and 𝐵2 ∈ FQ2 :

𝜈 (𝐵1 ∗ 𝐵2 ∗ I) =
∑︁

𝜎∈supp(𝜇)
𝜇 (𝜎) · 𝜈𝜎 (𝐵1 ∗ 𝐵2 ∗ I)

Instead of summing over supp(𝜇), we can alternatively sum over the elements of 𝐴1 and 𝐴2.

=
∑︁
𝑖∈𝐼1

∑︁
𝑗∈𝐼2

∑︁
𝜎1∈𝐴1,𝑖

∑︁
𝜎2∈𝐴2, 𝑗

∑︁
𝜏∈I

𝜇 (𝜎1 ] 𝜎2 ] 𝜏) · 𝜈𝜎1]𝜎2]𝜏 (𝐵1 ∗ 𝐵2 ∗ I)

By Lemma 7.7 and (7.5):

≥
∑︁
𝑖∈𝐼1

∑︁
𝑗∈𝐼2

∑︁
𝜎1∈𝐴1,𝑖

∑︁
𝜎2∈𝐴2, 𝑗

∑︁
𝜏∈I

𝜇 (𝜎1 ] 𝜎2 ] 𝜏) · 𝑝𝐵1,1,𝑖 · 𝑝𝐵2,2, 𝑗

=
∑︁
𝑖∈𝐼1

∑︁
𝑗∈𝐼2

𝜇 (𝐴1,𝑖 ∗𝐴2, 𝑗 ∗ I) · 𝑝𝐵1,1,𝑖 · 𝑝𝐵2,2, 𝑗

Since P1 ⊗ P2 ⊗ PI � 𝜇 and 𝜇PI (I) = 1:

=
∑︁
𝑖∈𝐼1

∑︁
𝑗∈𝐼2

𝜇P1⊗PI (𝐴1,𝑖 ∗ I) · 𝜇P2⊗PI (𝐴2, 𝑗 ∗ I) · 𝑝𝐵1,1,𝑖 · 𝑝𝐵2,2, 𝑗

=

(∑︁
𝑖∈𝐼1

𝜇P1⊗PI (𝐴1,𝑖 ∗ I) · 𝑝𝐵1,1,𝑖
)
·
(∑︁
𝑗∈𝐼2

𝜇P2⊗PI (𝐴2, 𝑗 ∗ I) · 𝑝𝐵2,2, 𝑗
)

= 𝜇Q1⊗PI (𝐵1,𝑖 ∗ I) · 𝜇Q2⊗PI (𝐵2, 𝑗 ∗ I)
= 𝜇Q1 (𝐵1,𝑖) · 𝜇Q2 (𝐵2, 𝑗 ) · 𝜇PI (I)

�erefore 𝜈 (𝐵1 ∗ 𝐵2 ∗ I) ≥ 𝜇Q1⊗Q2⊗PI (𝐵1 ∗ 𝐵2 ∗ I) for all 𝐵1 ∈ FQ1 and 𝐵2 ∈ FQ2 . However, it is
impossible that any of those probabilities are strictly greater than their lower bounds, since then

the cumulative probability mass in Q1 ⊗ Q2 ⊗ PI would be strictly greater than 1. �erefore, we

have that 𝜈 (𝐵1 ∗ 𝐵2 ∗ I) = 𝜇Q1⊗Q2⊗PI (𝐵1 ∗ 𝐵2 ∗ I), which implies that Q1 ⊗ Q2 ⊗ PI � 𝜈 . �

�e next two rules in Figure 7.4 are for interacting with invariants. �e Atom rule opens the

invariant by moving it into the triple as an almost sure assertion, as long as the program is a

single atomic action 𝑎. Since the entire program executes atomically and 𝐼 is true before and a�er

execution, then 𝐼 is true at every step of the program, therefore it is a valid invariant.
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Finally, the Share rule allows a �nitary almost sure assertion 𝐼 to be moved into the invari-

ant. �e soundness of Share follows immediately from the invariant monotonicity property

(Lemma 7.2). Since the premise of Share has a larger invariant, then the set of nondeterminis-

tic outcomes resulting from running 𝐶 is larger than the set resulting from running 𝐶 with the

smaller invariant.
LJ (È𝐶Épom) ⊆• LI∗J (È𝐶Épom)

We know from the premise that the postcondition 𝜓 holds for any distribution resulting from

interpreting the program using LI∗J (È𝐶Épom), and thus 𝜓 must also apply to any distribution

in the smaller set resulting from LJ (È𝐶Épom).

7.3.3 Treating Shared State as Nondeterministic Assignment

In Section 7.2, we saw how the invariant sensitive semantic model of pcOL e�ectively treats the

observation of shared variables as nondeterminism. We now re�ect that intuition into the logic

by deriving an inference rule called AssignShared for reading a value from shared memory.

d𝑃 ∗ 𝐼e ⇒ d𝑒 ∈ 𝐸e d𝑃e ⇒ down(𝑥) ∗𝑄e 𝑋 ∉ vars(𝑄, 𝐼 )
𝐼 `w 〈d𝑃e〉 𝑥 B 𝑒 〈&𝑋∈𝐸 d𝑥 ↦→ 𝑋 ∗𝑄e〉 AssignShared

Indeed, AssignShared looks a lot like NAssign. Both rules result in a weakly frame preserving

triple since the scheduler may be able to induce probabilistic correlation between the distribution

over values of 𝑥 and other variables in the global memory. �e key di�erence is that in Assign-

Shared, we can use information from the invariant 𝐼 to determine what values 𝑒 can range over.

As before, the precondition 𝑃 alone must imply that 𝑥 is owned by the local thread.

Lemma 7.9. �e AssignShared rule de�ned above is valid.
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Proof. �e derivation using rules of pcOL is shown below.

d𝑒 ↦→ 𝑋 ∧ own(𝑥) ∗𝑄 ∗ 𝐼e ⇒ d𝑒 ↦→ 𝑋 e ∧ down(𝑥) ∗𝑄 ∗ 𝐼e
`w 〈d𝑒 ↦→ 𝑋 ∧ own(𝑥) ∗𝑄 ∗ 𝐼e〉 𝑥 B 𝑒 〈d𝑥 ↦→ 𝑋 ∗𝑄 ∗ 𝐼e〉 Assign

`w 〈&𝑋∈𝐸 d𝑒 ↦→ 𝑋 ∧ own(𝑥) ∗𝑄 ∗ 𝐼e〉 𝑥 B 𝑒 〈&𝑋∈𝐸 d𝑥 ↦→ 𝑋 ∗𝑄 ∗ 𝐼e〉 NSplit1

`w 〈d∃𝑋 ∈ 𝐸. 𝑒 ↦→ 𝑋 ∧ own(𝑥) ∗𝑄 ∗ 𝐼e〉 𝑥 B 𝑒 〈&𝑋∈𝐸 d𝑥 ↦→ 𝑋 ∗𝑄 ∗ 𝐼e〉 Exists

`w 〈d𝑃e ∗ d𝐼e〉 𝑥 B 𝑒 〈
(
&𝑋∈𝐸 d𝑥 ↦→ 𝑋 ∗𝑄e) ∗ d𝐼e〉 Conseqence

𝐼 `w 〈d𝑃e〉 𝑥 B 𝑒 〈&𝑋∈𝐸 d𝑥 ↦→ 𝑋 ∗𝑄e〉 Atom

First, we use Atom to bring the invariant 𝐼 into the precondition and postcondition. We then

apply a Conseqence to get the precondition into a form where the value of the expression 𝑒 is

existentially quanti�ed. Since ∧ is idempotent, we can �rst make two copies of d𝑃e ∗ d𝐼e, then we

apply the two consequences from the premise of AssignShared, and �nally, since𝑋 ∉ vars(𝑄, 𝐼 ),
we can combine all three of the pure assertions with an existential quanti�er on the outer level.

d𝑃e ∗ d𝐼e =⇒ d𝑃 ∗ 𝐼e ∧ (d𝑃e ∗ d𝐼e)
=⇒ d𝑒 ∈ 𝐸e ∧ (down(𝑥) ∗𝑄e ∗ d𝐼e)
=⇒ d∃𝑋 ∈ 𝐸. 𝑒 ↦→ 𝑋 ∧ own(𝑥) ∗𝑄 ∗ 𝐼e

Next, we apply Exists to convert the pure existential quanti�er into a nondeterministic outcome

conjunction. �e application of Exists forces the resulting speci�cation to be a weakly frame

preserving triple, since it makes correlations with the expression 𝑒 measurable.

Now, we have the same nondeterministic outcome conjunction over the precondition and

postcondition, so we apply NSplit1 to do case analysis on the nondeterministic value of 𝑒 . Finally,

we complete the derivation with a simple application of Assign. �

7.4 SOUNDNESS

We now return to the question of soundness of the proof rules for pcOL, in addition to pOL and

dOL.�at is, wemust prove that any triple that is derivable from the rules is valid according to the

relevant validity de�nition (4.1, 5.7 and 7.3). We begin with pcOL, and the remaining soundness
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proofs will follow from the fact that pcOL is a conservative extension of pOL (Corollary 7.5) and

dOL (�eorem 7.4).

�eorem 7.10 (Soundness of pcOL).

𝐼 `𝑚 〈𝜑〉 𝐶 〈𝜓〉 =⇒ 𝐼 �pcOL𝑚 〈𝜑〉 𝐶 〈𝜓〉

Proof. �e proof is by induction on the length of the derivation. Refer to �eorem 5.2 of Zilber-

stein et al. [2026] for the full proof. We will focus here on the cases where the last step of the

derivation is an application a concurrency rule from Figure 7.4.

• Par.
𝐼 ` 〈𝜑1〉 𝐶1 〈𝜓1〉 𝐼 ` 〈𝜑2〉 𝐶2 〈𝜓2〉 precise(𝜓1,𝜓2)

𝐼 ` 〈𝜑1 ∗ 𝜑2〉 𝐶1 ‖ 𝐶2 〈𝜓1 ∗𝜓2〉
Par

Since we are using a strong triple, suppose that P1 ⊗ P2 ⊗ P𝐼 ⊗ P𝐹 � 𝜇 such that Γ,P1 � 𝜑1 and
Γ,P2 � 𝜑2 and Γ,P𝐼 � d𝐼e. Without loss of generality, suppose that P𝐼 is minimal. To complete

the proof, we need to establish the premise of Lemma 7.8. Since 𝜓1 and 𝜓2 are precise, let Q1

and Q2 be the unique smallest probability spaces that satisfy them under Γ (note that if 𝜓1 or

𝜓2 is unsatis�able, then the premise of the rule is false, so the claim holds vacuously). Take any

𝜇1 such that P1 ⊗ P𝐼 � 𝜇1 and any 𝜈1 ∈ LL𝐼MΓ (È𝐶1É)†(𝜇1). By the premise of the Par rule, we

know that there is a Q′1 � 𝜈1 such that Γ,Q′1 � 𝜓1 ∗ d𝐼e, therefore Q1 ∗ P𝐼 � Q′1, and therefore

we have shown that:

∀𝜇1. P1 ⊗ P𝐼 � 𝜇1 =⇒ ∀𝜈1 ∈ LL𝐼MΓ (È𝐶1É)†(𝜇1). Q1 ⊗ P𝐼 � 𝜈1

We now perform a nearly identical argument for𝐶2, but we also handle the frame. Take any 𝜇2

such that P2 ⊗ P𝐼 ⊗ P𝐹 � 𝜇2 and any 𝜈2 ∈ LL𝐼MΓ (È𝐶2É)†(𝜇2). By the second premise of the Par

rule, we get that there is a Q′2 such that Q′2 ⊗ P𝐹 � 𝜈2 and Γ,Q′2 � 𝜓2 ∗ d𝐼e. Due to precision, we
know that Q2 ∗ P𝐼 � Q′2 and so Q2 ⊗ P𝐼 ⊗ P𝐹 � Q′2 ⊗ P𝐹 � 𝜈2, so we have shown that:

∀𝜇2. P2 ⊗ P𝐼 ⊗ P𝐹 � 𝜇2 =⇒ ∀𝜈2. LL𝐼MΓ (È𝐶2É)†(𝜇2). Q2 ⊗ P𝐼 ⊗ P𝐹 � 𝜈2
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Now, by Lemma 7.8, Q1 ⊗ Q2 ⊗ P𝐼 ⊗ P𝐹 � 𝜈 for all 𝜈 ∈ LL𝐼MΓ (È𝐶1É ‖ È𝐶2É)†(𝜇). Let Q =

Q1 ⊗Q2 ⊗P𝐼 . So Q ⊗P𝐹 � 𝜈 and since Γ,Q1 � 𝜓1 and Γ,Q2 � 𝜓2, we get that Γ,Q � 𝜓1 ∗𝜓2 ∗ d𝐼e,
so we are done.

• Share.
𝐼 ∗ 𝐽 `𝑚 〈𝜑〉 𝐶 〈𝜓〉 finitary(𝐼 )
𝐽 `𝑚 〈𝜑 ∗ d𝐼e〉 𝐶 〈𝜓 ∗ d𝐼e〉 Share

Suppose that P′ ∈ P�𝑚P𝐹 , P′ � 𝜇, and Γ,P � 𝜑 ∗ d𝐼e ∗ d𝐽 e. Now, take any 𝜈 ∈ LL𝐽 MΓ (È𝐶É)†(𝜇).
By Lemma 7.2, we know that:

LL𝐽 MΓ (È𝐶É)†(𝜇) ⊆ LL𝐼MΓ∗L𝐽 MΓ (È𝐶É)†(𝜇) = LL𝐼∗𝐽 MΓ (È𝐶É)†(𝜇)

�erefore 𝜈 ∈ LL𝐼∗𝐽 MΓ (È𝐶É)†(𝜇) and by the induction hypothesis, we know that there exist Q
and Q′ ∈ Q �𝑚 P𝐹 such that Q′ � 𝜈 and Γ,Q � 𝜓 ∗ d𝐼 ∗ 𝐽 e. Since d𝐼 ∗ 𝐽 e ⇔ d𝐼e ∗ d𝐽 e, we get that
Γ,Q � (𝜓 ∗ d𝐼e) ∗ d𝐽 e, completing the proof.

• Atom.
𝐽 `𝑚 〈𝜑 ∗ d𝐼e〉 𝑎 〈𝜓 ∗ d𝐼e〉

𝐼 ∗ 𝐽 `𝑚 〈𝜑〉 𝑎 〈𝜓〉
Atom

Suppose that P′ ∈ P �𝑚 P𝐹 , P′ � 𝜇, and Γ,P � 𝜑 ∗ d𝐼 ∗ 𝐽 e. �is means that there exist P1
and P2 such that P1 ⊗ P2 � P and Γ,P1 � 𝜑 and Γ,P2 � d𝐼 ∗ 𝐽 e. Let P𝐼 and P𝐽 be the trivial
probability spaces that satisfy d𝐼e and d𝐽 e, respectively, so clearly P𝐼 ⊗P𝐽 � P2. Now, take any
𝜈 ∈ LL𝐼∗𝐽 MΓ (È𝑎É)†(𝜇) and note that:

LL𝐼∗𝐽 MΓ (È𝑎É)†(𝜇) = (È𝑎ÉL𝐼∗𝐽 MΓact )†(𝜇)

=

((
checkL𝐼∗𝐽 MΓ

)†
◦ È𝑎É†act ◦

(
replaceL𝐼∗𝐽 MΓ

)†
◦

(
checkL𝐼∗𝐽 MΓ

))†
(𝜇)

=

(
checkL𝐼MΓ∗L𝐽 MΓ

)† (
È𝑎É†act

((
replaceL𝐼MΓ∗L𝐽 MΓ

)† ((
checkL𝐼MΓ∗L𝐽 MΓ

)†
(𝜇)

)))
=

(
checkL𝐼MΓ

)† (
LL𝐽 MΓ (È𝑎É)†

((
replaceL𝐼MΓ

)† ((
checkL𝐼MΓ

)†
(𝜇)

)))
Since we already assumed that 𝜇 satis�es 𝐼 ∗ 𝐽 , the �rst check does nothing.

=

(
checkL𝐼MΓ

)† (
LL𝐽 MΓ (È𝑎É)†

((
replaceL𝐼MΓ

)†
(𝜇)

))
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�erefore, we know that 𝜈 = (checkL𝐼MΓ )†(𝜈′) for some 𝜈′ ∈ LL𝐽 MΓ (È𝑎É)†(𝜇′) and 𝜇′ ∈
(replaceL𝐼MΓ )†(𝜇)). We know that P1 ⊗ P𝐼 ⊗ P𝐽 � P1 ⊗ P2 � P, so there must be a

P′′ ∈ (P1 ⊗ P𝐼 ⊗ P𝐽 ) �𝑚 P𝐹 such that P′′ � P′ and therefore P′′ � 𝜇. Since P′′ only contains

trivial information about 𝐼 , and 𝜇 and 𝜇′ di�er only in the states that satisfy 𝐼 , then P′′ � 𝜇′ too.
�erefore, by the induction hypothesis, there must be Q and Q′ ∈ Q �𝑚 P𝐹 such that Q′ � 𝜈′

and Γ,Q � 𝜓 ∗ d𝐼e ∗ d𝐽 e. �is implies that Γ, 𝜈′ � d𝐼e, and therefore 𝜈 = 𝜈′, since the check

operation does nothing. �erefore, we get that Q′ � 𝜈′ = 𝜈 , and so we are done. �

Now that we have established the soundness of pcOL, we can move on to pOL and dOL. Note

that all the rules of pOL and dOL appear in Figures 7.2 and 7.3 (albeit, in a more generalized form),

therefore any pOL (resp. dOL) derivation using the rules from Chapter 4 (resp. Chapter 5) can

be replicated using the pcOL proof rules from Section 7.3. We can therefore use �eorem 7.10 to

directly justify the soundness of pOL and dOL. We begin with pOL. By restricting the invariant

𝐼 to be emp, the mode𝑚 to be s, and the program 𝐶 to be a pCL program, we are able to derive

triples of the form ` 〈𝜑〉 𝐶 〈𝜓〉. As the following corollary shows, any such triple is valid in pOL.

Corollary 7.11 (Soundness of pOL). For any pCL program 𝐶 ∈ cmd p:

` 〈𝜑〉 𝐶 〈𝜓〉 =⇒ �pOL 〈𝜑〉 𝐶 〈𝜓〉

Proof. ` 〈𝜑〉 𝐶 〈𝜓〉 =⇒ �pcOL 〈𝜑〉 𝐶 〈𝜓〉 By �eorem 7.10.

⇐⇒ �pOL 〈𝜑〉 𝐶 〈𝜓〉 By Corollary 7.5.
�

If we instead restrict 𝐼 to be emp and the program 𝐶 to be a pdCL program, we can derive

triples of the form `𝑚 〈𝜑〉 𝐶 〈𝜓〉, and any such triple is valid in dOL.

Corollary 7.12 (Soundness of dOL). For any pdCL program 𝐶 ∈ cmd pd:

`𝑚 〈𝜑〉 𝐶 〈𝜓〉 =⇒ �dOL𝑚 〈𝜑〉 𝐶 〈𝜓〉

Proof. `𝑚 〈𝜑〉 𝐶 〈𝜓〉 =⇒ �pcOL𝑚 〈𝜑〉 𝐶 〈𝜓〉 By �eorem 7.10.

⇐⇒ �dOL𝑚 〈𝜑〉 𝐶 〈𝜓〉 By �eorem 7.4.
�

156



7.5 EXAMPLES

We now turn back to the running examples one �nal time. Compared to the examples in Sec-

tion 5.5, we now modify the two programs so that nondeterminism comes from observing the

values of shared variables rather than an explicit demonic choice. As such, the derivations are

very similar to their prior versions, except that they now include a resource invariant and the

applications of NAssign are replaced with applications of the AssignShared rule that we just

derived in the previous section.

7.5.1 The Concurrent RandomWalk

In Section 4.4.1 we saw a random walk program where an agent moves towards termination

with probability 1
2 , and in Section 5.5.1 we saw a demonic variant of the random walk where

an adversary could reset the agent’s position in the case that it does not take a step towards

termination. Now, we present a new version of the randomwalkwhere the reset position is stored

in shared state rather than being chosen demonically. In e�ect, the reset is still nondeterministic

because we do not know what other threads are running in parallel. �e program representing

the new concurrent random walk is shown below.

while 𝑥 > 0 do
𝑥 B 𝑥 − 1 ⊕ 1

2
𝑥 B max(𝑥, 𝑧)

�e reset position is stored in the variable 𝑧. When a reset happens, the agent’s position 𝑥 is

updated to max(𝑥, 𝑧), which ensures that the agent will not move towards termination.

As before, the goal is to prove that the program almost surely terminates with 𝑥 ↦→ 0, and

hence the desired postcondition is d𝑥 ↦→ 0e. �e derivation is shown in Figure 7.5. Compared to

the demonic version (Figure 5.9), there are essentially two changes. First, instead of 𝑧 ↦→ 𝑍 being

a constant assertion in the precondition, 𝑧 is now a shared variable governed by the resource

invariant 𝑧 ∈ {0, .., 𝑍 }. As such, the loop invariant 𝜑 no longer references 𝑧.

𝜑 , d𝑥 ↦→ 𝑅 ∗ 0 ≤ 𝑅 ≤ max(𝑋,𝑍 )e
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�e second change is that we use the derived AssignShared rule instead of NAssign to analyze

the second branch of the probabilistic choice. �e premise of that rule requires that:

d𝑥 ↦→ 𝑁 ∗ 0 < 𝑁 ≤ max(𝑋,𝑍 ) ∗ 𝑧 ∈ {0, .., 𝑍 }e ⇒ dmax(𝑥, 𝑧) ∈ {𝑁, ..max(𝑋,𝑍 )}e

d𝑥 ↦→ 𝑁 ∗ 0 < 𝑁 ≤ max(𝑋,𝑍 )e ⇒ down(𝑥)e 𝑅 ∉ vars(𝑧 ∈ {0, .., 𝑍 })

�e second two premises clearly hold. We can prove the �rst implication by upper and lower

bounding max(𝑥, 𝑧). For the lower bound, we we know that 𝑥 = 𝑁 and 𝑥 ≤ max(𝑥, 𝑧), therefore
𝑁 ≤ max(𝑥, 𝑧). For the upper bound, we know that 𝑧 ≤ 𝑍 ≤ max(𝑋,𝑍 ) and 𝑥 = 𝑁 ≤ max(𝑋,𝑍 ),
therefore since both 𝑥 and 𝑧 are upper bounded by max(𝑋,𝑍 ), then max(𝑥, 𝑧) ≤ max(𝑋,𝑍 ).

7.5.2 The Concurrent von Neumann Trick

As we saw in Section 4.4.2, the von Neumann [1951] trick is a randomness preserving protocol

for simulating a fair coin using a biased coin. In Section 5.5.2, we worked with a demonic version

of the protocol, where the bias of the coin is updated by an adversary on each round. We now

present a concurrent version, where the bias is instead stored in the shared variable 𝑞 and each

round it is copied into the local variable 𝑝 .

𝑥 B 0 #
𝑦 B 0 #
while 𝑥 = 𝑦 do
𝑝 B 𝑞 #
𝑥 :≈ Ber (𝑝) #
𝑦 :≈ Ber (𝑝)

Since parallel threads could alter 𝑞 between rounds, the bias on each round is e�ectively cho-

sen nondeterministically. Nevertheless, the program almost surely terminates with 𝑥 being dis-

tributed like a fair coin. �e derivation is shown in Figure 7.6.

Just as in the previous section, there are two di�erences when compared to the correctness

proof for the demonic version of the von Neumann trick (Figure 5.10). First, we have added

a shared variable 𝑞, and so we also must add a resource invariant 𝑞 ∈ [𝜀, 1 − 𝜀]Δ governing

the allowed values of 𝑞. As before, keeping 𝑞 within the bounds 𝜀 and 1 − 𝜀 ensures that the
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adversary cannot force nontermination, and the step size Δ ensures that the interval is �nite. �e

loop invariant 𝜑 remains exactly the same:

𝜑0 ,
⊕

𝑋∼Ber( 12 )
d𝑥 ↦→ 𝑋 ∗ 𝑦 ↦→ ¬𝑋 e 𝜑1 , d(𝑥 = 𝑦) ↦→ 1 ∗ own(𝑝)e

𝜑 , (𝜑0 ∗ d𝑅 = 0e) ∨ (𝜑1 ∗ d𝑅 = 1e)

�e second change is that we use AssignShared to analyze the read from shared state, instead

of NAssign, which was used to analyze the prior nondeterministic choice. �e premises of As-

signShared all clearly hold:

d(𝑥 = 𝑦) ↦→ 1 ∗ own(𝑝) ∗ 𝑞 ∈ [𝜀, 1 − 𝜀]Δe ⇒ d𝑞 ∈ [𝜀, 1 − 𝜀]Δe

d(𝑥 = 𝑦) ↦→ 1 ∗ own(𝑝)e ⇒ d(𝑥 = 𝑦) ↦→ 1 ∗ own(𝑝)e 𝑅 ∉ vars((𝑥 = 𝑦) ↦→ 1, 𝑞 ∈ [𝜀, 1 − 𝜀]Δ)

�e �nal speci�cation is quite interesting. Although an adversary can in�uence the amount of

time that it takes for the program to terminate, it cannot in�uence the probability of eventual

termination. In addition, pcOL tells us not only that the �nal speci�cation from Figure 7.6 holds,

but also that 𝑥 is probabilistically independent from the local variables of any other concurrent

threads. Not only can an adversary not a�ect the termination probability or distribution over

values of 𝑥 , but it also cannot induce any correlation with 𝑥 .

7.6 RELATEDWORK

Logics for Probabilistic Concurrency. Polaris is a relational separation logic built on Iris

[Jung et al. 2018] for reasoning about concurrent probabilistic programs [Tassaro�i 2018; Tas-

saro�i and Harper 2019]. Compared to Polaris, pcOL has two main advantages: it supports un-

bounded looping and it supports direct probabilistic reasoning about the distribution of outcomes.

Polaris cannot handle the von Neumann trick, which involves unbounded looping. Because it is

a relational logic, Polaris works by relating a randomized concurrent program to a speci�cation

program, which is randomized and nondeterministic (but not concurrent). �at requires the ran-

dom choices between the two programs to be coupled in lockstep.

161



In the concurrent shu�ing example that was introduced in Section 1.2, we prove with pcOL

that a sequence of many random choices results in a completely di�erent uniform distribution of

outcomes. It would be impossible to recreate this proof in Polaris, since the natural speci�cation

program for a randomized shu�e would only make a single random choice (a uniform sample

over permutations), whereas the actual program makes a large sequence of coin �ips. By instead

picking a speci�cation program in Polaris that also makes a similar sequence of random choices,

one might be able to do the relational proof, but then would be le� with the challenge of proving

that such a speci�cation program actually generated a uniform shu�e, which Polaris cannot do.

In pcOL, we combine the two steps, avoiding the need for a speci�cation program by building

quantitative reasoning tools into the logic itself. However, the approaches do have similarities.

�e invariant sensitive semantics implicitly captures the behavior of the speci�cation program

by converting parallel manipulation of shared state into nondeterminism, which is slightly easier

since the user must only write down an invariant rather than an entire speci�cation program.

�en, rather than externally analyzing the speci�cation program, we directly prove a quantitative

postcondition. While pcOL does not support all the capabilities of Polaris (e.g., ghost state, higher

order state, etc.), proofs are carried out in fewer steps using a single, self-contained logic. In the

future, it may be fruitful to combine the two approaches. Indeed, Bao et al. [2025] showed the

advantages of supporting both relational and unary reasoning in a single probabilistic logic.

Fesefeldt et al. [2022] pursued an alternative technique for reasoning about probabilistic con-

current programs, based on a quantitative interpretation of separation logic [Batz et al. 2019].

�eir logic can be used to lower bound the probability of a single outcome, making all but the

private information retrieval example in this paper out of reach. While Fesefeldt et al. do sup-

port unbounded looping, the probability of nontermination is always added to the �nal expected

values, and so it cannot be used to prove almost sure termination.

Fan et al. [2025] developed another logic based on Probabilistic Rely-Guarantee [McIver et al.

2016]. While it supports outcome spli�ing, the program must be re-instrumented to explicitly
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declare where spli�ing occurs, whereas in pcOL spli�ing can be used anywhere. Fan et al. have a

rule similar to Split2, but not Split1. In addition, their parallel composition rules do not give in-

dependence guarantees, and accordingly can only make conclusions about the local distributions

of all threads, and not the joint distributions of all the variables in global memory, and programs

must be proven to almost surely terminate externally to the logic.

�eir logic is based on an oblivious adversary model—a weaker model than our unrestricted

adversary. More programs are veri�able in the oblviious model, so it is sometimes preferred,

however the logic of Fan et al. can only reason about obliviousness in limitedways, i.e., by treating

coin �ip actions as atomic. Refer to Section 9.1 for more information about the connections

between pcOL and oblivious schedulers.
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CHAPTER 8

CASE STUDIES

To cap o� the technical development, we now present three case studies to show how the cumula-

tive features from the prior chapters come together for expressive veri�cation of pcCL programs

in pcOL. In general, the proofs require probabilistic reasoning from Chapter 4 to handle sampling

operations; nondeterministic reasoning fromChapter 5 to handle observations about shared state;

and concurrency reasoning from Chapter 7 to handle parallel composition of multiple threads.

8.1 THE ENTROPY MIXER

Entropy mixers produce pseudorandom bits by combining several potential sources of random-

ness. For example, the Linux kernel mixes entropy from physical sources such as disk timing and

human interaction into its pseudorandom generator, which helps to ensure that an adversary

cannot guess future random bits even if it learns the value of the seed [Gu�erman et al. 2006]. A

simple entropy mixer program is shown below.

EntropyMixer :
𝑦 B 0 #©­«

𝑥1 B 𝑦 #
𝑥2 :≈ Ber

( 1
2
)
#

𝑧 B xor(𝑥1, 𝑥2)
𝑦 B 1 ª®¬

Here, 𝑥2 is obtained via a fair coin �ip and is therefore a high quality source of randomness. On

the other hand, 𝑥1 is a potentially unreliable source of entropy that it is obtained by observing the

value of 𝑦 from shared memory. We can make no guarantees about the way that 𝑥1 is distributed,

just as we can make no guarantees about physical phenomena such as disk timing. Despite that,

we will prove that 𝑧, which is obtained by mixing 𝑥1 and 𝑥2 using an xor, is uniformly random.

We begin the proof by analyzing the two threads on their own. To do so, we �rst need a

resource invariant, which will simply be 𝑦 ∈ {0, 1}. �e derivation for the �rst thread is shown
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in Figure 8.1, and is best read from the lowermost precondition up to the uppermost triple, and

then back down to the lowermost postcondition.

We start in (8.3) with the precondition down(𝑥1, 𝑥2, 𝑧)e, simply stating that the thread has

permission to read and write all of its local variables. Since the thread contains an observation

from shared state, wewill need to use aweak triple, but we are able to strengthen it at the last step.

�e �rst step is to break up the sequential composition and use AssignShared to determine that

&𝑌∈{0,1} d𝑥1 ↦→ 𝑌 ∗own(𝑥2, 𝑧)e a�er assigning 𝑥1 B 𝑦. �e derivation for the second command in

the sequence is shown in (8.2). �e �rst step is to use NSplit2 to do case analysis on the possible

nondeterministic values of 𝑥1. �en, we can mechanically use Seq and Samp to determine that

𝑥2 ∼ Ber
( 1
2
) ∗ d𝑥1 ↦→ 𝑌 ∗ own(𝑧)e for each value of 𝑌 .

Next, in (8.1), we do a second case analysis on the outcome of the coin �ip using Split1 so

that in the premise, the values of both 𝑥1 and 𝑥2 are deterministic, and therefore we can easily

determine that the assignment 𝑧 B xor(𝑥1, 𝑥2) results in d𝑧 ↦→ (𝑌,𝑋 )e. In the conclusion of

Split1, we get that
⊕

𝑋∼Ber( 12 ) d𝑧 ↦→ xor(𝑌,𝑋 )e. Since𝑌 is �xed outside the scope of the outcome

conjunction and xor(𝑌,−) is a bijection, then we use a consequence to equivalently say that

𝑧 ∼ Ber
( 1
2
)
, which no longer depends on 𝑌 , and therefore it carries over into the conclusion of

NSplit2 and down the rest of the derivation. So, the �rst thread has the speci�cation below.

𝑦 ∈ {0, 1} ` 〈down(𝑥1, 𝑥2, 𝑧)e〉 𝑥1 B 𝑦 # 𝑥2 :≈ Ber
( 1
2
)
# 𝑧 B xor(𝑥1, 𝑥2) 〈𝑧 ∼ Ber

( 1
2
)
〉

Now, we move on to the second thread. Since the second thread has no local state, the precondi-

tion and postcondition will both simply be dtruee. �e derivation is shown below.

` 〈d𝑦 ∈ {0, 1}e〉 𝑦 B 1 〈d𝑦 ↦→ 1e〉 Assign

` 〈dtruee ∗ d𝑦 ∈ {0, 1}e〉 𝑦 B 1 〈dtruee ∗ d𝑦 ∈ {0, 1}e〉 Conseqence

𝑦 ∈ {0, 1} ` 〈dtruee〉 𝑦 B 1 〈dtruee〉 Atom
(8.4)

First we use Atom to move information about 𝑦 into the triple. �e assign rule tells us that

d𝑦 ↦→ 1e, which can be easily weakened to d𝑦 ∈ {0, 1}e using the rule of Conseqence so that

we can close the invariant.
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Now, we derive a speci�cation for thewhole program in Figure 8.2. We begin by using Seq and

Assign to determine that d𝑦 ↦→ 0e a�er𝑦 B 0. Next, we come to the parallel composition in (8.5).

First, we weaken the information about𝑦 to d𝑦 ∈ {0, 1}e and then we move the information about

𝑦 into the invariant using Share. Finally, we simply use the Par rule with the prior derivations

for the two threads to complete the proof, which results in the following triple, showing that 𝑧 is

distributed according to a fair coin �ip, and is therefore a high quality source of entropy.

` 〈down(𝑥1, 𝑥2, 𝑦, 𝑧)e〉 EntropyMixer 〈𝑧 ∼ Ber
( 1
2
) ∗ d𝑦 ∈ {0, 1}e〉

Curiously, if we swap 𝑥1 :≈ Ber
( 1
2
)
and 𝑥2 B 𝑦, then 𝑧 is not a high quality source of entropy.

𝑦 B 0 # ©­«
𝑥2 :≈ Ber

( 1
2
)
#

𝑥1 B 𝑦 #
𝑧 B xor(𝑥1, 𝑥2)

𝑦 B 1 ª®¬
In the entropy mixer variant above, the scheduler can use the outcome of the coin �ip to decide

how to schedule 𝑦 B 1 and thereby in�uence the value of 𝑧. For example, if 𝑥2 = 1, then the

scheduler can execute 𝑦 B 1 before 𝑥1 B 𝑦, therefore 𝑥1 = 𝑥2 = 1 and 𝑧 = xor(1, 1) = 0. And

if 𝑥2 = 0, then the scheduler can execute 𝑥1 B 𝑦 before 𝑦 B 1, therefore 𝑥1 = 𝑥2 = 0 and

𝑧 = xor(0, 0) = 0. In that case, we have d𝑧 ↦→ 0e, i.e., 𝑧 is deterministically determined by the

scheduler and is certainly not a high quality source of entropy.

�e correctness proof in Figure 8.1 relied on applying NSplit2 before Split1, so that the non-

deterministic value of 𝑥1 is �xed before performing the coin �ip and we could therefore conclude

that 𝑥2 is probabilistically independent of 𝑥1. Swapping the order means that we would need to

apply Split1 �rst to �x the value of 𝑥1, but since 𝑥2 is demonically chosen, �xing 𝑥1 does not help

us in ensuring that we always get a uniform distribution over 𝑧.

It may be surprising that the program becomes incorrect a�er swapping 𝑥1 :≈ Ber
( 1
2
)
and

𝑥2 B 𝑦, two commands that have no data dependencies. Indeed, many compilers may perform

that swap in reality, implying that it should not change the program behavior. In Section 9.1, we

will discuss alternative semantic models that are more accommodating to command reordering.
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ConcurrentShuffle :
Partition # (Shuffle1 ‖ Shuffle2) # 𝑎 B 𝑎1 ++ 𝑎2

Partition :
𝑎1 B [] # 𝑎2 B [] # 𝑖 B 0 #
while 𝑖 < len(𝑎) do
(𝑎1 B snoc(𝑎1, 𝑎[𝑖])) ⊕ 1

2
(𝑎2 B snoc(𝑎2, 𝑎[𝑖])) #

𝑖 B 𝑖 + 1

Shuffle𝑘 :
𝑖𝑘 B len(𝑎𝑘) #
while 𝑖𝑘 > 0 do
𝑗𝑘 :≈ unif ( [0, .., 𝑖𝑘]) #
𝑎𝑘 B swap(𝑎𝑘 , 𝑖𝑘 , 𝑗𝑘) #
𝑖𝑘 B 𝑖𝑘 − 1

Figure 8.3: A concurrent shu�ling algorithm.

8.2 CONCURRENT SHUFFLE

Shu�ing is a fundamental tool in randomized algorithms, where it is used used to prevent adver-

sarial input orderings from forcing worse case runtime behavior [Motwani and Raghavan 1995]

and to improve the convergence properties of machine learning algorithms [Gürbüzbalaban et al.

2021]. Bacher et al. [2018] showed that shu�ing algorithms can be made up to seven times faster

through parallelization, so we will now prove the correctness of a concurrent shu�ing algorithm.

�e program, shown in Figure 8.3 is inspired by the Rao-Sandelius shu�ing algorithm [Rao

1961; Sandelius 1962]. Let ℓ1 ++ ℓ2 be an operator that concatenates two lists, snoc(ℓ, 𝑥) , ℓ ++ [𝑥]
be an operator that appends 𝑥 to the end of ℓ (the reverse of cons), and swap(ℓ, 𝑖, 𝑗) be an operator
that return the list ℓ with the elements at positions 𝑖 and 𝑗 swapped.

�e input list is �rst partitioned into two segments 𝑎1 and 𝑎2 using the Partition routine,

which randomly appends each element to 𝑎1 or 𝑎2. Next, the two segments are shu�ed in parallel

using Shuffle𝑘 , which is an implementation of the Fisher and Yates [1938] algorithm. Finally,

the two shu�ed segments are concatenated together to produce the output.1 We will now prove

that the output is a uniform permutation of the input.
1Note that although pcCL does not include functions or subroutines, Partition and Shuffle𝑘 are simply de�-

nitions of programs that are directly inserted into the body of ConcurrentShuffle, we only factor them into sub-
routines for ease of reading.
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8.2.1 The Fisher-Yates Shu�le

Let us begin by verifying Shuffle𝑘 , which is an implementation of the Fisher-Yates shu�ing

algorithm. �e goal is to show that if 𝑎𝑘 initially has some value given by the expression 𝐸, then

𝑎𝑘 will hold a uniform permutation of 𝐸 upon termination. For some list ℓ , let Π(ℓ) be the set

of all permutations of ℓ . For the purposes of this example, we will presume that all lists do not

contain duplicate values. �e speci�cation for Shuffle𝑘 is given below, and proven in Figure 8.4.

` 〈d𝑎𝑘 ↦→ 𝐸 ∗ own(𝑖𝑘 , 𝑗𝑘)e〉 Shuffle𝑘 〈𝑎𝑘 ∼ unif (Π(𝐸)) 〉

To de�ne the loop invariant, we �rst recursively de�ne swaps(𝑛, ℓ), which gives the set of possible
lists obtained when 𝑖𝑘 ↦→ 𝑛. Once 𝑖𝑘 reaches 𝑛, all permutations of the elements above position 𝑛

are accounted for, therefore swaps(0, ℓ) = Π(ℓ) (all permutations of ℓ).

swaps(𝑛, ℓ) ,
{ {ℓ} if 𝑛 = len(ℓ) − 1
{swap(ℓ′, 𝑛 + 1, 𝑗) | ℓ′ ∈ swaps(𝑛 + 1, ℓ), 𝑗 ∈ {0, .., 𝑛 + 1}} if 0 ≤ 𝑛 < len(ℓ) − 1

We now de�ne the loop invariant 𝜑 using swaps. �e rank 𝑅 is given by 𝑖𝑘 , which is bounded

between 0 and len(𝐸) − 1.

𝜑 , d𝑖𝑘 ↦→ 𝑅 ∗ 0 ≤ 𝑅 < len(𝐸) ∗ own( 𝑗𝑘)e ∗ (𝑎𝑘 ∼ unif (swaps(𝑅, 𝐸)))

�e �nal postcondition 𝜑 [0/𝑅] can also be simpli�ed as follows, since swaps(0, 𝐸) = Π(𝐸).

𝜑 [0/𝑅] = d𝑖𝑘 ↦→ 0 ∗ own( 𝑗𝑘)e ∗ (𝑎𝑘 ∼ unif (Π(𝐸)))

�e derivation for the loop body is shown in (8.6) of Figure 8.4 as a decorated program. When

entering the loop body, we know that the tail of 𝑎𝑘 is already shu�ed. A�er performing the swap

of 𝑖𝑘 and 𝑗𝑘 , we extend the shu�ed tail by one position. Clearly, the shu�es remain uniformly

distributed, since 𝑋 is uniformly distributed, and the element at position 𝑁 is also chosen uni-

formly. �e remaining derivation of Shuffle𝑘 is quite mechanical given the derivation of the

loop body, and is shown in (8.7) of Figure 8.4.
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8.2.2 Partition

We now move on to prove correctness of the Partition routine. �e program iterates over the

input list 𝑎 and assigns each element to a uniformly random binary bucket, indexed by 0 or 1. We

can therefore index the outcomes of Partition using a bitstring 𝑥 ∈ {0, 1}len(𝐴) of length len(𝐴)
(where 𝑎 ↦→ 𝐴). Our speci�cation will show that those outcomes are uniformly distributed.

To formalize the speci�cation, let us �rst de�ne some notation. For some list ℓ and bitstring

𝑥 , let ℓ [𝑥] be the list obtained by �ltering ℓ to only contain the indices 𝑖 such that 𝑥 [𝑖] = 1, for

example, [1, 2, 3, 4] [1001] = [1, 4]. If 𝑥 is shorter than ℓ , then we pad 𝑥 on the right with zeros

so that no additional items are taken, for example [1, 2, 3, 4] [101] = [1, 2, 3, 4] [1010] = [1, 3]. In
addition, let ¬𝑥 be the bitwise negation of a bitstring, for example, ¬1001 = ¬0110. Given the

new operators, we can state the speci�cation for Partition:

〈d𝑎 ↦→ 𝐴 ∗ own(𝑎1, 𝑎2, 𝑖, 𝑏, 𝑖1, 𝑖2, 𝑗1, 𝑗2)e〉
` Partition

〈down(𝑎, 𝑖1, 𝑖2, 𝑗1, 𝑗2)e ∗
⊕

𝑋∼unif
(
{0,1}len(𝐴)

) d𝑎1 ↦→ 𝐴[𝑋 ] ∗ 𝑎2 ↦→ 𝐴[¬𝑋 ]e〉
(8.9)

A�er executing the program, the elements of 𝑎 are split between 𝑎1 and 𝑎2 with the partition

being represented by a uniformly chosen bitstring 𝑥 ∈ {0, 1}len(𝐴) . To prove the speci�cation, we
�rst need to devise a loop invariant𝜓 , which is shown below.

𝜓 =
⊕

𝑋∼unif ({0,1}len(𝐴)−𝑅)
d𝑎 ↦→ 𝐴 ∗ 𝑎1 ↦→ 𝐴[𝑋 ] ∗ 𝑎2 ↦→ 𝐴[¬𝑋 ] ∗ 𝑖 ↦→ len(𝐴) − 𝑅 ∗ 0 ≤ 𝑅 ≤ len(𝐴)e

�e rank 𝑅 is given by len(𝑎) − 𝑖 , so that as 𝑖 iterates from 0 to the end of the input list 𝑎, the

loop deterministically moves closer to termination. On iteration 𝑖 , the outcomes are indexed by

a uniformly random bitstring 𝑋 ∼ unif
({0, 1}𝑖 ) of length 𝑖 . Each 𝑋 corresponds to the �rst 𝑖

elements of the input list 𝑎 being allocated to 𝑎1 and 𝑎2 in a di�erent way.

We now show the derivation of the loop body as a decorated program in Figure 8.5. We start

by using Split1 to condition on the allocation of 𝑎 from the previous iterations. �e probabilistic

choice to either extend 𝑎1 or 𝑎2 results in two fresh outcomes. We represent those outcomes by
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appending either a 1 or 0 to the end of 𝑋 , which dictates where the element 𝑎[𝑖] will be included.
Since𝑋 is used directly in 𝑎1 and is negated in 𝑎2, then appending a 1 to𝑋 has the e�ect of adding

an element to 𝑎1, whereas adding a 0 has the e�ect of adding it to 𝑎2. With uniform postconditions

for the two branches, we can use Prob to put that postcondition under an outcome conjunction.

A�er incrementing 𝑖 and applying a Conseqence, we again satisfy the invariant, but with

the rank decreased to 𝑁 −1. Note that when 𝑅 = len(𝐴), the invariant simply states that 𝑖 is zero

and 𝑎1 and 𝑎2 are both empty.

𝜓 [len(𝐴)/𝑅] =
⊕

𝑋∼unif ({0,1}0)
d𝑎 ↦→ 𝐴 ∗ 𝑎1 ↦→ 𝐴[𝑋 ] ∗ 𝑎2 ↦→ 𝐴[¬𝑋 ] ∗ 𝑖 ↦→ 0e

= d𝑎 ↦→ 𝐴 ∗ 𝑎1 ↦→ [] ∗ 𝑎2 ↦→ [] ∗ 𝑖 ↦→ 0e

�at is precisely the postcondition that we get a�er 𝑎1 B [] # 𝑎2 B [] # 𝑖 B 0, the opening

sequence of Partition. In addition, when 𝑅 = 0, we essentially get the desired postcondition of

Partition from (8.9).

𝜓 [0/𝑅] =
⊕

𝑋∼unif ({0,1}len(𝐴))
d𝑎 ↦→ 𝐴 ∗ 𝑎1 ↦→ 𝐴[𝑋 ] ∗ 𝑎2 ↦→ 𝐴[¬𝑋 ] ∗ 𝑖 ↦→ len(𝐴)e

⇒
⊕

𝑋∼unif ({0,1}len(𝐴))
d𝑎1 ↦→ 𝐴[𝑋 ] ∗ 𝑎2 ↦→ 𝐴[¬𝑋 ] ∗ own(𝑎)e

�erefore, we can complete the derivation using an application of BoundedRank.

(8.8)
` 〈𝜓 [len(𝐴)/𝑅]〉 while 𝑖 < len(𝑎) do (..) 〈𝜓 [0/𝑅]〉 BoundedRank

8.2.3 The Main Algorithm

To complete the proof of ConcurrentShuffle, we now simply put the previous pieces together.

�e �nal speci�cation simply states that if 𝑎 ↦→ 𝐴 before the program runs, then 𝑎 will be a

uniform permutation of 𝐴 a�er the program execution.

` 〈d𝑎 ↦→ 𝐴 ∗ own(𝑎1, 𝑎2, 𝑖, 𝑖1, 𝑖2, 𝑗1, 𝑗2)e〉 ConcurrentShuffle 〈𝑎 ∼ unif (Π(𝐴)) 〉
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�e full derivation is shown in Figure 8.6. For brevity, we let:

𝑑 , unif
(
{0, 1}len(𝐴)

)
𝑑1 , unif (Π(𝐴[𝑋 ])) 𝑑2 , unif (Π(𝐴[¬𝑋 ]))

�e �rst step in the derivation is to apply the speci�cation for Partition from Section 8.2.2,

a�er which point the outcomes are indexed by a bitstring 𝑋 ∈ {0, 1}len(𝑎) , and are distributed

according to 𝑑 . Each 𝑋 witnesses the way that the elements of 𝑎 are partitioned between 𝑎1

and 𝑎2. Moving to (8.12), the next step is to use Split1 to condition on 𝑋 . �en, in (8.10), we

apply the Par rule using the speci�cation for Shuffle𝑘 from Section 8.2.1 for each thread, which

gives us that 𝑎1 ∼ 𝑑1 ∗ 𝑎2 ∼ 𝑑2. �at is 𝑎1 and 𝑎2 are independently and uniformly distributed

permutations of their original values. Using Conseqence and the distributive law of
⊕

, we

rewrite the postcondition to be
⊕

𝐴1∼𝑑1
⊕

𝐴2∼𝑑2 d𝑎1 ↦→ 𝐴1 ∗𝑎2 ↦→ 𝐴2e. �at allows us to conclude

that
⊕

𝐴1∼𝑑1
⊕

𝐴2∼𝑑2 d𝑎 ↦→ 𝐴1 ++𝐴2e a�er executing 𝑎 B 𝑎1 ++ 𝑎2 in (8.11).

Returning to (8.12) in the conclusion of Split1, the �nal step is to prove that the three nested

outcome conjunctions imply that 𝑎 is a uniform permutation of 𝐴. Take any ℓ ∈ Π(𝐴) and let

𝑛 = len(𝐴). For every 0 ≤ 𝑘 ≤ 𝑛, there is exactly one split 𝑋 such that 𝑋 assigns the elements

ℓ [0], . . . , ℓ [𝑘 − 1] to 𝑎1 and the rest to 𝑎2, and 𝑋 occurs with probability 1
2𝑛 . Further, given that 𝑎

was partitioned according to 𝑋 , then 𝑎1 and 𝑎2 are shu�ed so that 𝑎1 ++ 𝑎2 = ℓ with probability
1
𝑘!

1
(𝑛−𝑘)! . �us the probability of ge�ing the permutation ℓ is

∑𝑛
𝑘=0

1
2𝑛

1
𝑘!

1
(𝑛−𝑘)! , which is equal to 1

𝑛!

by a straightforward application of the Binomial �eorem. Since there are exactly |Π(𝐴) | = 𝑛!

permutations, that means that each permutation is produced uniformly.

8.3 PRIVATE INFORMATION RETRIEVAL

Private information retrieval (PIR) protocols allow users to fetch data from a server without the

database operator learning what data was requested [Chor et al. 1998]. A simple form of private

information retrieval is modeled in the program shown in Figure 8.7. �e Fetch𝑘 programs pro-

cess a bitstring query 𝑞𝑘 , indicating which entries of the database 𝑑 to return. �ose entries are

then bitwise xor’ed together to form the response 𝑟𝑘 .
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PrivFetch :
𝑞1 :≈ unif ({0, 1}𝑛) #
𝑞2 B xor(𝑞1, 𝑥) #
fetch1 ‖ fetch2 #
𝑟 B xor(𝑟1, 𝑟2)

Fetch𝑘 :
𝑖𝑘 B 0 # 𝑟𝑘 B 0 #
while 𝑖𝑘 < len(𝑞𝑘) do
𝑟𝑘 B xor(𝑟𝑘 , 𝑞𝑘 [𝑖𝑘] · 𝑑 [𝑖𝑘]) #
𝑖𝑘 B 𝑖𝑘 + 1

Figure 8.7: A concurrent private information retrieval protocol.

Private retrieval is implemented in PrivFetch. �e input 𝑥 is a one-hot bit string of length 𝑛

1hot(𝐾), with a 1 in position𝐾 (indicating the index of the data to retrieve) and zeros everywhere

else. Two queries are then made concurrently. �e �rst one uses a uniformly random bit string

𝑞1, and the second uses the same random string xor’ed with 1hot(𝐾).
�e �nal result 𝑟 is an xor of the two responses, which reveals the data at position 𝐾 . Barthe

et al. [2020] proved the correctness of a similar example in PSL, but their version was sequen-

tial; both fetches happened within a single for loop. Our version be�er models a distributed

system where the computation does not occur in lockstep, but rather occurs concurrently. We

�rst present a speci�cation for Fetch𝑘 , which states that 𝑟𝑘 is an xor of data entries 𝑖 , such that

𝑞𝑘 [𝑖] = 1, subject to the invariant that 𝑑 ↦→ 𝐷 .

𝑑 ↦→ 𝐷 ` 〈d𝑞𝑘 ↦→ 𝐸e ∗ down(𝑖𝑘 , 𝑟𝑘)e〉 Fetch𝑘 〈d𝑟𝑘 ↦→ xor
0≤𝑖<𝑛:𝐸 [𝑖]=1

𝐷 [𝑖]e〉

�e derivation of the speci�cation is shown in Figure 8.8. We �rst use Seq and Assign in (8.15)

to conclude that 𝑖𝑘 ↦→ 0 and 𝑟𝑘 ↦→ 0 a�er the initialization. �e next step is to analyze the loop,

which requires a loop invariant. �e invariant 𝜑 simply states that a�er 𝑖𝑘 iterations, 𝑟𝑘 holds the

xor of the �rst 𝑖𝑘 elements of 𝐷 , which were requested according to the query 𝑞𝑘 .

𝜑 , d𝑞𝑘 ↦→ 𝐸 ∗ 𝑖𝑘 ↦→ 𝑛 − 𝑅 ∗ 0 ≤ 𝑅 ≤ 𝑛 ∗ 𝑟𝑘 ↦→ xor
0≤𝑖<𝑛−𝑅:𝐸 [𝑖]=1

𝐷 [𝑖]e

�e rank 𝑅 indicates the remaining number of iterations until termination, and it clearly bounded

between 0 and 𝑛. We can also specialize 𝜑 to obtain the precondition and postcondition of the

whole loop, shown below:

𝜑 [𝑛/𝑅] = d𝑞𝑘 ↦→ 𝐸 ∗ 𝑖𝑘 ↦→ 0 ∗ 𝑟𝑘 ↦→ 0e 𝜑 [0/𝑅] = d𝑞𝑘 ↦→ 𝐸 ∗ 𝑖𝑘 ↦→ 𝑛 ∗ 𝑟𝑘 ↦→ xor
0≤𝑖<𝑛:𝐸 [𝑖]=1

𝐷 [𝑖]e
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Analyzing the loop is simply a ma�er of applying BoundedRank in (8.14), leaving only the

derivation for the loop body in (8.13). A�er breaking up the sequential composition, we use Atom

to gain access to 𝑑 in the �rst command. Since 𝑟𝑘 is updated to an xor of itself with 𝑞𝑘 [𝑖𝑘] · 𝑑 [𝑖𝑘],
then its value will only change if 𝑞𝑘 [𝑖𝑘] · 𝑑 [𝑖𝑘] is nonzero. �at means that 𝑟𝑘 will only change if

𝑞𝑘 [𝑖𝑘] is nonzero, which means that the data value at position 𝑖𝑘 was requested according to the

query 𝑞𝑘 . �erefore, the application of Assign simply extends the bounds of the xor operation.

A�er incrementing 𝑖𝑘 , the loop invariant 𝜑 holds again, but now with 𝑅 = 𝑁 − 1.
Now, we move on to the main procedure, whose speci�cation is shown below. �at is, if

𝑥 ↦→ 1hot(𝐾) before execution, then 𝑟 ↦→ 𝐷 [𝐾] a�er execution, proving that the correct piece

of data was fetched.

` 〈d𝑥 ↦→ 1hot(𝐾) ∗ 𝑑 ↦→ 𝐷 ∗ own(𝑞1, 𝑞1, 𝑟1, 𝑟2, 𝑟 , 𝑖1, 𝑖2)e〉 PrivFetch 〈d𝑟 ↦→ 𝐷 [𝐾]e〉

�ederivation is shown in Figure 8.9. We begin by using Share tomove the information about the

database 𝑑 into the invariant. A�er sampling into 𝑞1, we use Split2 to condition on the outcome

of the query. A�er assigning 𝑞2, we get d𝑞1 ↦→ 𝑄e ∗ d𝑞2 ↦→ xor(𝑄, 1hot(𝐾))e. We can then apply

the Par rule in (8.16) to analyze the concurrent fetches to get the following postcondition:

d𝑟1 ↦→ xor
0≤𝑖<𝑛:𝑄 [𝑖]=1

𝐷 [𝑖]e ∗ d𝑟2 ↦→ xor
0≤𝑖<𝑛:xor(𝑄,1hot(𝐾)) [𝑖]=1

𝐷 [𝑖]e

A�er the �nal assignment 𝑟 B xor(𝑟1, 𝑟2), we want to conclude that d𝑟 ↦→ 𝐷 [𝐾]e. To do, so, we

use the fact that 𝑟1 and 𝑟2 di�er only in the term at index 𝐾 .

xor(𝑟1, 𝑟2) = xor

(
xor

0≤𝑖<𝑛:𝑄 [𝑖]=1
𝐷 [𝑖], xor

0≤𝑖<𝑛:xor(𝑄,1hot(𝐾)) [𝑖]=1
𝐷 [𝑖]

)
=

𝑛−1
xor
𝑖=0


xor(𝐷 [𝑖], 𝐷 [𝑖]) if 𝑄 [𝑖] = xor(𝑄, 1hot(𝐾)) [𝑖] = 1
𝐷 [𝑖] if 𝑄 [𝑖] = ¬ xor(𝑄, 1hot(𝐾)) [𝑖]
0 otherwise

Since xor(𝐷 [𝑖], 𝐷 [𝑖]) = 0, we can combine the �rst and last cases.

=
𝑛−1
xor
𝑖=0

{
𝐷 [𝑖] if 𝑄 [𝑖] = ¬ xor(𝑄, 1hot(𝐾)) [𝑖]
0 otherwise
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Note that𝑄 [𝑖] = ¬ xor(𝑄, 1hot(𝐾)) [𝑖] occurs onlywhen 𝑖 = 𝐾 , sowe can rewrite the conditional.

=
𝑛−1
xor
𝑖=0

{
𝐷 [𝑖] if 𝑖 = 𝐾
0 otherwise

Since xor(𝑥, 0) = 𝑥 , then we can drop all the zero terms.

= 𝐷 [𝐾]

Since the assertion 𝑟 ↦→ 𝐷 [𝐾] is convex and does not depend on 𝑄 , we meet the side conditions

of the Split2 rule, and therefore the �nal postcondition is simply d𝑟 ↦→ 𝐷 [𝐾]e.
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CHAPTER 9

CONCLUSION

�roughout the prior chapters, we have seen how reasoning about randomized program behavior

(Chapters 3 and 4), nondeterministic program behavior (Chapter 5), and concurrency (Chapters 6

and 7), come together in pcOL. �e result is an expressive logic, which can be used to composi-

tionally prove correctness of concurrent programs in terms of the distribution of outcomes that

they produce, as demonstrated in Chapter 8.

Whereas most prior approaches to formal methods for randomized concurrency have taken

the approach of starting with an expressive concurrency logic and adding probabilistic reasoning

[Li et al. 2025a; Tassaro�i 2018; Tassaro�i and Harper 2019], pcOL is designed from the ground up

to support probabilistic reasoning natively. Consequently, pcOL has the expressivity to describe

the distribution of outcomes that result from execution of the program, compositional reasoning

principles based on probabilistic independence, and the ability to prove almost sure termination

of unbounded loops.

However, just as Concurrent Separation Logic (CSL) [O’Hearn 2004; Brookes 2004] has been

developed over the past two decades to support more expressive ways to reason about concur-

rency, there are also promising directions to further develop the base pcOL theory. We will dis-

cuss future directions in Section 9.1 as well as goals for mechanizing pcOL in Section 9.2 and

applications in Section 9.3.

9.1 FURTHER THEORETICAL DEVELOPMENTS

Relaxed Scheduler Assumptions. �e semantics of pcOL is based on the convex powerdo-

main, which represents a very strong scheduler model. Not only can the scheduler use random-

ization [Varacca and Winskel 2006], but it is also adaptive [Ben-David et al. 1990], in that it can

adapt its decisions based on the random choices that occur during the program execution.

�e adaptive model is too strong for some use cases. For example, some consensus algorithms
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requires an oblivious scheduler, which cannot see the random values that have been sampled

[Chor et al. 1994; Aspnes 2012]. At the end of Section 8.1, we also saw how the adaptive model is

sensitive to reordering of commands that do not have data dependencies, which does not agree

with the way that compilers may rewrite programs.

Operationally, we can think of an oblivious scheduler as a simple deterministic function

𝑓 : {0, 1}∗ → {0, 1}, which produces its next binary choice given the �nite sequence of prior

choices that it has made. Denotationally, we can represent oblivious execution using a composi-

tion of the probability distribution monad and the state monad.

O(𝑋 ) , {0, 1}𝜔 → D(𝑋 × {0, 1}𝜔 )

So, O(𝑋 ) is a function whose input is an in�nite stream of scheduler decisions 𝜌 and whose

output is a probability distribution over pairs (𝑥, 𝜌′), where 𝑥 is the result of the computation and

𝜌′ is the su�x of 𝜌 with the consumed scheduling bits removed from the beginning. We de�ne

a nondeterministic choice 𝑜1 & 𝑜2 as a function that takes in a stream 𝜎 and returns the result of

running 𝑜1 (resp. 𝑜2) if the �rst bit of 𝜎 is 1 (resp. 0).

(𝑜1 & 𝑜2) (𝜌) ,
{
𝑜1(𝜌′) if 𝜌 = 1 · 𝜌′
𝑜2(𝜌′) if 𝜌 = 0 · 𝜌′

�e linearization functionL for pomsets with formulae was originally formulated to be paramet-

ric over a computational domain 𝐷 [Zilberstein et al. 2025a], so the underlying semantic model

of pcOL could be immediately instantiated using O instead of C. Le�ing L𝐷 be the function from

Section 6.4 instantiated to the domain 𝐷 , and given any pomset 𝜶 and schedule 𝜌 ∈ {0, 1}𝜔 , the
oblivious scheduler model produces an outcome of the adaptive scheduler model.

LO (𝜶 ) (𝜌) (𝜎) ∈ LC (𝜶 ) (𝜎)

�at means that all of the inference rules of pcOL carry over to the more constrained oblivious

case, giving us an expressive base logic to reason about randomized concurrent programs in the

oblivious scheduler model.

183



Of course, it is also possible to add more powerful rules that leverage obliviousness. Fan et al.

[2025] recently introduced such a logic, but the only rule pertaining to obliviousness was the

lazy coin principle, which allows one to treat a probabilistic choice between two atomic actions

𝑎1 ⊕𝑒 𝑎2 as a single atomic program, meaning that the scheduler e�ectively cannot make any

choices between the probabilistic choice and the execution of the resulting action. However, any

nondeterministic choice that occurs a�er the lazy coin cannot be assumed to be oblivious in that

logic, meaning that programs must be wri�en in a very speci�c style in order for the logic to

apply. �at opens up major risks when translating programs into code, especially since most real

languages do not include a 𝐶1 ⊕𝑒 𝐶2 operator.

By contrast, pcOL opens new possibilities for compositional reasoning about obliviousness

in terms of probabilistic independence. For example, the triple below is valid in the oblivious (but

not adaptive) model since an adaptive scheduler can introduce a correlation between 𝑥 and 𝑦.

〈down(𝑥,𝑦)e〉 𝑥 :≈ Ber ( 1
2
)
# 𝑦 ← {0, 1} 〈𝑥 ∼ Ber

( 1
2
) ∗&𝑌∈{0,1} d𝑦 ↦→ 𝑌 e〉

One might imagine that such a triple can be proven by changing NAssign to produce a strongly

frame preserving triple. However, that would not be sound. �e di�culty in designing oblivious

rules is that information about random choices can still leak to the scheduler through side chan-

nels. For example, in the following program, the value of 𝑧 might be decided by either the �rst

or second bit in the scheduling sequence depending on the initial coin �ip into 𝑥 .

𝑥 :≈ flip ( 1
2
)

#
©­­­«
if 𝑥 = 1 then
𝑦 ← {0, 1}

else
𝑦 B 2

ª®®®¬ # 𝑧 ← {0, 1}

�erefore, using any sequence where the �rst two bits di�er, the program above results in either

𝑥 = 𝑧 with probability 1 or 𝑥 ≠ 𝑧 with probability 1, which is a clear correlation. So, rules like

NAssign cannot always produce strong triples, but rather only when no random information has

been leaked, making the sound formulation of such a rule challenging.
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Fair Termination. Although pcOL can be used to prove almost sure termination, it is limited

to cases where the behavior of parallel threads cannot a�ect the eventual probability of termina-

tion. Concurrent algorithms o�en require one thread to make progress before another thread can

advance. As a very simple example, consider the program belowwhere the �rst thread busy-waits

until the second thread releases a resource.

while 𝑥 = 0 do skip 𝑥 B 1

�e program above does not terminate in the semantic model from Chapter 6, since the scheduler

can run the busy-wait forever and never allow the second thread to make progress. In other

words, the scheduler is not fair [Francez 1986] because it can starve individual threads. Many

randomized consensus, leader election, and synchronization algorithms only terminate with a

fair scheduler [Ben-Or 1983; Lehmann and Rabin 1981; Itai and Rodeh 1990; Hart et al. 1983].

One di�culty in de�ning a fair semantics is that fairness is a non-compositional property of

in�nite traces; it is impossible to determine if an execution is fair by looking at its �nite approx-

imations. Fairness also results in unbounded nondeterminism [Apt and Plotkin 1986], as we can

see in the following modi�cation of the prior program, which now counts iterations.

𝑖 B 0 # while 𝑥 = 0 do 𝑖 B 𝑖 + 1 𝑥 B 1

Since the scheduler could delay the assignment 𝑥 B 1 for any �nite number of steps, then 𝑖 is

e�ectively assigned to be a nondeterministic natural number at the end of the execution. �at

poses a problem because the convex powerdomain cannot represent unbounded nondeterministic

choices [McIver and Morgan 2005]. One solution is to adopt the weaker notion of probabilistic

fairness, which states that each nondeterministic choice must be made with probability at least

𝜀 > 0 [de Alfaro 1999]. Rather than standard fairness, which is a global property on in�nite traces,

probabilistic fairness is a local property of each nondeterministic choice. Another possibility is

to move to a tree semantics, where unbounded nondeterminism is permissible [Back 1980, 1983].

As a further challenge, compositional approaches to liveness and fair termination veri�cation

are very complex even without randomization [D’Osualdo et al. 2021; Liang and Feng 2016, 2017;
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Lee et al. 2025]. Moving to a probabilistic liveness se�ing, where each thread only makes progress

probabilistically rather than deterministically, adds an additional layer of unpredictability. Enea

et al. [2026] recently introduced a proof rule for reasoning about fair termination of randomized

programs, but their approach only models round-based protocols rather than true concurrency.

As with the case of oblivious schedulers, fair schedulers are a restriction of the unconstrained

schedulers of pcOL, meaning that the rules of pcOL over-approximate the behavior of programs

under a fair scheduler model and therefore all the rules of pcOL apply to fair schedulers as is.

�e challenge is designing new rules for loops that allow us to prove termination of loops when

termination depends on shared state.

Resources and Fine-Grained Concurrency. As with PSL [Barthe et al. 2020] and most other

logics that build on it [Li et al. 2023; Bao et al. 2025, 2022, 2021], our resource model uses variables

rather than dynamically allocated pointers. �e challenge in adding dynamic allocation is that

di�erent heap addresses may be used in di�erent random computation branches, and therefore

the notion of separation becomes more di�cult because the domains of the heaps in each distri-

bution may not be disjoint. Outcome Separation Logic (OSL) combined dynamic allocation and

separation with the ability to specify the probabilities of many outcomes [Zilberstein et al. 2024],

butOSL used a simpler form of separation 𝜑 ~ d𝑃e, which could only combine outcome assertions

𝜑 with pure assertions d𝑃e, and thus did not include any probabilistic independence guarantees.

Amaryllis extends PSL to support dynamic allocation and more general forms of resource

algebras [Lohse et al. 2026], but it is limited to �nitely supported distributions, and therefore the

underlyingmodel does not have a dcpo structure that can be used to give semantics to unbounded

loops. Modern CSL implementations such as Iris [Jung et al. 2018, 2015] use resource algebras,

so that additional types of physical and logical state can be added to govern the ways in which

concurrent threads modify shared resources. Bluebell already includes permissions, which help

to duplicate knowledge about read-only variables [Bao et al. 2025], howevermany other resources

are used in practice making the Amaryllis approach more promising.
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As an example, it seems reasonable that we should be able to prove the following triple. �e

program probabilistically increments 𝑥 in two threads, and we want to conclude that 𝑥 is uni-

formly distributed between 0 and 3 as a result.

〈𝑥 ↦→ −〉 𝑥 B 0 #
(
𝑥 B 𝑥 + 1 ⊕ 1

2
skip 𝑥 B 𝑥 + 2 ⊕ 1

2
skip

)
〈𝑥 ∼ unif ( [0, 1, 2, 3]) 〉

However, the triple above requires ghost state in order to describe how the shared state evolves,

whereas a simple pcOL resource invariant can only describe a property that is always true.

An interesting alternative direction is to exploit internal determinism [Blelloch et al. 2012] to

verify concurrent programs as if they were sequential. Moine et al. [2026] introduced the no-

tion of schedule-independent-safety to show that a non-probabilistic concurrent program behaves

equivalently in all interleavings, which allows them to sequentialize the program in any way they

want using an angelic program logic. Using the same idea, the following rule that sequentializes

a parallel composition would be sound in pcOL.

𝐼 ` 〈𝜑〉 𝐶1 #𝐶2 〈𝜓〉 ScheduleIndependent(𝐶1 ‖ 𝐶2)
𝐼 ` 〈𝜑〉 𝐶1 ‖ 𝐶2 〈𝜓〉

As Moine et al. [2026] showed, for programs that are internally deterministic, sequentialization

leads to simpler proofs as compared to using ghost state. Further, the proof of schedule indepen-

dent safety can be fully automated. For the program above that results in 𝑥 ∼ unif ( [0, 1, 2, 3]), it
would certainly be easy to verify the sequentialized version using pOL.

9.2 MECHANIZATION AND AUTOMATION

�is dissertation presents the pcOL metatheory from the ground up. Although the traditional

pen-and-paper approach best communicates the theory in a human readable way, applications of

pcOL do not scale on paper. In Chapter 8, we already began to see the limits of typese�ing pcOL

proofs on a page. Going forward, it therefore makes sense to move the development of pcOL into

a mechanized proof assistant to bene�t from the machine-checked correctness guarantees, the

scalability of working with code, and automation.
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Mechanization of the pcOL metatheory is already underway in the Lean �eorem Prover

[de Moura et al. 2015; Moura and Ullrich 2021]. Some key results such as the convex powerdo-

main1, pomsets with formulae2, and Lemma 7.83 have already been formalized. Lean is the ideal

choice because much the underlying probability theory, domain theory, and topology needed to

support pcOL are already formalized in mathlib [mathlib Community 2020], although more work

is still needed to formalize all the foundational theories of pcOL, such as the convex powerdomain.

A further bene�t ofmoving to Lean is the ability to take advantage of automation. For decades,

program logics have been automated through the formulation ofweakest precondition calculi [Di-

jkstra 1976], and that approach has extended to logics with outcome assertions too [Zhang et al.

2024]. However, weakest preconditions run into undecidable problems, such as �nding loop in-

variants, for which automation is only possible via heuristic based approaches.

More recently, tools such asHarmonics’ Aristotle [Achim et al. 2025] andGoogle’s AlphaProof

[Hubert et al. 2026] have shown that generative AI can be e�ectively tailored to solve complex

mathematical problems in Lean. By the same token, tools like Aristotle and AlphaProof could be

trained speci�cally towork in a logic like pcOL to prove the correctness of randomized concurrent

programs, or at least to automate some parts of the proof.

Given that a growing amount of real-world so�ware is being generated by opaque AI agents,

rigorous semantic models to ensure that correctness proofs are faithful to our intuitions take

on new importance. A speci�cation 〈𝜑〉 𝐶 〈𝜓〉 is only as meaningful as the de�nitions of the

assertions 𝜑 and 𝜓 , the program semantics, and the validity de�nition of the triple itself. So,

well understood theories such as pcOL and pomsets with formulae will play a signi�cant role

towards so�ware safety as AI use continues to proliferate. As we will see in the next section,

many critical so�ware components rely on the combination of concurrency and randomization,

further motivating the need to mechanize pcOL.
1https://github.com/zilberstein/convex-powerset
2https://github.com/zilberstein/pomsets-with-formulae
3https://github.com/zilberstein/pcol-iris
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9.3 APPLICATIONS

Randomized concurrent algorithms are crucial to modern distributed systems, but are also noto-

riously di�cult to design and implement correctly. Formal methods o�er a promising solution,

but existing logics are not powerful enough to prove full functional correctness (especially live-

ness) of real programs. �e developments of pcOL outlined in Sections 9.1 and 9.2 will unlock the

ability verify programs in new domains. �e following examples constitute only a brief survey

of applications for pcOL. As a common thread, randomization is o�en instrumental to safety and

performance of distributed systems.

Consensus Protocols. Consensus ensures that multiple independent processes agree on a sin-

gle data value, despite failures, asynchrony, or con�icting proposals. It is fundamental to modern

computing because it ensures consistency across distributed systems, underpinning technologies

such as replicated databases, blockchain networks, and fault-tolerant services.

Fischer et al. [1985] famously showed that consensus cannot be achieved deterministically

in an asynchronous system with faults. Hence, many classical approaches to consensus, such as

Ben-Or’s [1983] algorithm, fundamentally rely on randomization. In Ben-Or’s algorithm, nodes

broadcast their current values in an a�empt to reach a majority vote, and decide on a value if

enough proposals match. If consensus is not reached, nodes adopt a random value for the next

round to probabilistically converge to a single value. Consensus therefore intersects with almost

sure termination, as convergence is not guaranteed a�er a �xed number of rounds, but rather the

probability of convergence goes to 1 as the system continues to execute. Similar algorithms have

been applied to the related problem of leader election [Itai and Rodeh 1990].

More recently, consensus has a�racted renewed interest in blockchain and cryptocurrency

applications. Indeed, consensus is crucial to blockchain because it enables a decentralized net-

work of untrusted participants to agree on a tamper-proof version of the truth without a central

authority, thereby securing the network against fraud. New randomized consensus protocols
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have been introduced as part of the Algorand [Gilad et al. 2017] and Avalanche [Amores-Sesar

et al. 2024] blockchains, and Frank et al. [2025] advocated for the ongoing use of randomization

in consensus to increase reliability and e�ciency. Although formal methods have been applied

to safety veri�cation of blockchain consensus [Alturki et al. 2019; Esposito et al. 2025], liveness

veri�cation (i.e., almost sure termination) is still out of reach.

Secure Multiparty Computation (MPC). MPC enables multiple parties to jointly compute a

function over their private inputs without revealing anything beyond the �nal result. Randomiza-

tion makes the protocol execution unpredictable, ensuring privacy and correctness by preventing

adversaries from inferring private data or exploiting deterministic pa�erns.

MPC grew out of Shamir’s [1979] secret sharing, which distributes randomized shares of se-

cret data so that only authorized subsets of parties can reconstruct the original value. Randomness

ensures that each individual fragment reveals nothing about the secret. Yao [1982] subsequently

introduced the �rst secure two-party protocol for the millionaires’ problem, where two million-

aires determine which one of them is richer without disclosing their net worths. A general MPC

algorithm was later developed by Goldreich et al. [1987].

Multiparty computation has been used in the real world to analyze income inequality [Lapets

et al. 2018], to analyze Google advertisement conversions [Ion et al. 2020], and to decentralized the

storage of cryptographic keys [Shoup 2000]. Refer to Lindell [2020] for a survey of the techniques

and additional applications.

Sketching and Approximation. Compact probabilistic representations of large datasets en-

able e�cient computations and queries in distributed and streaming environments. For example,

Morris [1978] showed how to compactly represent large counts using randomized updates, and

Flajolet [1985] extended the technique to count distinct elements in a data stream. �at work

formed the basis for the HyperLogLog algorithm [Flajolet et al. 2007], which is used in industrial

database applications at Google [Heule et al. 2013], Meta [Honarkhah and Talebzadeh 2018], and
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Amazon [Yu and Zari�s 2021]. Further examples of probabilistic data structures include Count-

Min Sketch [Cormode andMuthukrishnan 2005], which is used for networkmonitoring byAT&T,

and skip lists [Pugh 1990], which are used in database applications.

191



BIBLIOGRAPHY

Samson Abramsky and Achim Jung. 1995. Domain �eory. Oxford University Press, Inc., USA, 1–168.

Tudor Achim, Alex Best, Alberto Bie�i, Kevin Der, Mathı̈s Fédérico, Sergei Gukov, Daniel Halpern-Leistner,
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TonyHoare, BernhardMöller, Georg Struth, and IanWehrman. 2011. Concurrent KleeneAlgebra and its Foundations.
J. Log. Algebraic Methods Program. 80, 6 (2011), 266–296. https://doi.org/10.1016/J.JLAP.2011.04.005

Mehrdad Honarkhah and Arya Talebzadeh. 2018. HyperLogLog in Presto: A Signi�cantly Faster Way to Handle
Cardinality Estimation. https://engineering.fb.com/2018/12/13/data-infrastructure/hyperloglog/. En-
gineering at Meta blog, accessed 2026.

Justin Hsu. 2017. Probabilistic Couplings for Probabilistic Reasoning. PhD dissertation. University of Pennsylvania.
https://repository.upenn.edu/handle/20.500.14332/29996

�omas Hubert, Rishi Mehta, Laurent Sartran, Miklós Z. Horváth, Goran Žužić, Eric Wieser, Aja Huang, Julian
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